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PREFACE 


The subject of Applied Mechanics is one which covers a very wide field, 
and it would not be possible adec|uately, to cover the ground in a single 
volume. In the present work the author has attempted to cohifU’ess into 
one volume of moderate dimensions sufficient material for a two years’ 
course in the subject. To carry out this object the author has- endea- 
voured to be as clear and concise as possible, and he has written the text 
on the assumption that the student will spend a considerable time in 
working out the numerous exercises which are given. 

The illustrations, which are very numerous, have all been specially 
prepared for this work, they have been made as small as possible 
consistent with clearness, and they ha%^e been set up with the text in 
such a inaiiner as to be in close connection with it and to economise 
space as much as possible. 

A special feature has been made of the exercises, which will be found 
in groups in the various chapters. Of the 780 exercises given, 600 are 
original, and the author has given as much attention to these as to the 
text. The remaining 180 exercises have been selected with great care 
from the exanimation papers of various examining bodies. Many of the 
exercises will be found to amplify the text, and thus add to the scope of 
the book. 

The author would here desire to impress upon the student the great 
importance of working a large number of exercises. A student may 
imagine, after hearing a lecture, or after reading the text on a part of 
the subject, that he knows it thoroughly, and that he may therefore 
leave it, but he will generally find, if he proceeds to apply Ms knowledge 
to a practical example, that some important point has escaped his 
attention or has not been thoroughly understood. This applies to the 
clever student as well as to the student of ordinary ability. Besides, the 
working of exercises is essential for thoroughly impressing the subject on 
his mind. Another matter of very great importance to the student is 
the cultivation of neatness and accuracy and the systematic arrangement 
of his work. 

The majority of the exercises given involve numerical answers, and 
these will he found at the end of the book. Some teachers who may use 
this book in tlieir classes may object to their students having the answers 
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to tlie exercises beforehand, but such teachers inay, if they choose, make 
simple alterations in the- data of the exercises before giving them to their 
students, and thus in an easy way have their own set of good exercises. 
The answers given at the end of the book will, however, be useful to 
students who may be studying privately, and also to conscientious and 
industrious students who may desire to get thoroughly familiar with the 
subject byworking examples. 

The three chapters on the design of structures have been written and 
illustrated, on lines suggested by the author, by Mr. E. H. Salmon, B.Sc. 
(Lond.), A.M.Inst.C.E., and the author feels that these chapters will add 
very considerably to any merit ^vhich the other chapters may give to the 
book. 

To Mr. J. W. Barrett the author is deeply indebted for the great care, 
intelligence, and skill -which he has besto-wed on the preparation of the 
illustrations from the author’s pencil drawings and sketches. 

A good and enthusiastic teacher interested in his subject does not as 
a rule follow strictly any particular text-book, not even if he has written 
it himself, and many of the best teachers seldom refer to any text-book 
in their lectures. It is, however, very important that a student should 
form as good a library of his own as he can ailbrd, and the author of this 
book hopes that it will not be unworthy of a place in such a library, 
especially in the initial stages of its formation. 

D. A. Xi. 


East London College (University op London) 
September 1909. 
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APPLIED MEOHAOTOS 


CHAPTER I 

PRELIMINARY 

{Mainl if for Reference) 

1. Befinitions Eelating to Divisions of Subject. —Newton used the 
term 'iperltanicA for tlie science of macliines and the art of making 
tliem/* but the term has been used by most writers since Newton’s time 
for the science which treats of the laws of motion and force. This 
includes (1) khie/nntics, the science of motion without reference to its 
cause ; (2) shffirs, the science of forces which balance one another ; and 
(3) khaifica, tlie science of unbalanced forces, or the relations between 
niotiini and force. i\Iany modern writers use the term dynamics in the 
same sense as that of mechanics as just defined, but the most logical 
writers restrict the term dynamics to statics and kinetics, and consider 
kinematics as a branch of pure mathematics. Writers who use the term 
mechanics in place of dynamics generally apply the latter term to what 
has been defined above as kinetics. 

In statics the forces considered may act at a point, or on a solid, a 
liquid, or a gas. That branch of statics which considers the relations 
between forces acting on a liquid at rest is called hydrostatics^ and that 
branch which considers the equilibrium of a gas is called pneumatics. In 
hydrodpnmnics relations between motion and force in fluids is con- 
sidered. Hydraiilics relates to the application of the principles of hydro- 
statics and liydrodynamics to engineering. 

2. Values of Various Constants. — Except where otherwise given, 
the values of the more common constants required in working the 
exercises in this book should be taken as given below. Various useful 
functions of V are also given. 

Eatio of the circumference of a circle to its diameter = = 3*1416. 

= 9*8696. 3 1*0063. 1*7725. 4/7r-P4646.' 

4 = 0-1013. 1 = 0-03225. A = 0-5642. -,L- = 0'6828. 

ff- TT-’ ^/TT 

1 = 0-3183. Log 3- = 0-49715. 

. 

Accelerating effect of gravity = p' = 32'‘2 feet per second per second. 

Weight of I cubic foot of water = 62 *3 lbs. 

. 1 gallon of water' ' at 6 2'" F. ■ w^eighs 1 0 ■ lbs« . 
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3, Tie C. G. S. System of Ilnits. — TMs is the svsb?iii of 
recommended, for scientific piirj)Oses, by a coiiiiiiittee ut the Lritish 
Association. The eentimefre is the unit of length, the granune is the 
unit of 'mass, and the second is the unit of tune. 

The unit of area is the square centimetre. 

The unit of mhme is the cubic centimetre.^ 

The unit of velocity is a velocity of a mdhndre per' second. 

The unit of momentum is the momentuiii of a grarmm moving with. 
^ velocity of a, ceritimetre 2 ^er second. 

The unit of force is that force which generates a wiit of mmienfum 
in a second, and is. therefore that force which, acting on a gramme for 
one second, generates a velocity of a centimetre per second. This unit 
of force is called the dyne. 

The unit of work is the work done by a force of a dyfw acting through 
a distance of a csntimetre. This unit of work is called the erg, 

4. Eciuivalents of Ordinary British and C. G. S. Units. 

1 foot = 30*479 centimetres. 

1 centimetre = 0*0328 foot. 

1 square inch = 6*451 square centimetres. 

1 square foot = 928*997 square centimetres. 

1 square centimetre = 0*155 square inch = 0*001076 square foot 
1 cubic inch = 16*386 cubic centimetres. 

1 cubic foot = 28315*3 cubic een timet les. 

1 cubic centimetre = 0*061027 cubic inch = 0110003532 cubic foot 
1 lb. avoirdupois = 453*593 grammes. 

1 gramme = 0*0022 lb. avoirdupois. 

1 foot per second = 30*479 centimetres per second. 

1 mile per hour = 44*703 centimetres per second. 

1 centimetre per second = 0*0328 foot per second = 0*02237 mile 
per hour. 

1 lb. per cubic foot = 0*01602 grammes per cubic ceiitimetre. 

1 gramme per cubic centimetre = 62*4245 lbs. per cubic foot. 
Accelerating effect of gravity = 32*2 feet per second per second 
= 981*44 centimetres per second per second. 

In the equivalents below g is taken = 981 centimetres per second 
per second. 

1 lb. avoirdupois = 444974 dynes. 

1 gramme = 981 dynes. 

1 foot-pound = 1 35 6 2 5 70 ergs. 

1 kilogrammetre = 98100000 ergs. 

1 lb. per square inch = 68974 d 3 nies per square centimetre. 

1 lb. per square foot = 478*98 denies per square eentiiiietre. 

1 kilogramme per, square centimetre = 981000 dyiies . per square 
centimetre. 

5. Algebraical Formulae. — ^ 

, : Quadratic ' equations, — If +'a;i*+ = 0, then rr = - ? ± 

l^he roots of an equation are the values of a; which satisfy the equation. 
If a and /i are the roots of the equation .r- -f ax -1-5 = 0, tlien a + /i ™ - a, 
and a/5 = 5. 
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Cubic equations. — If .i:® + aa: + 6 = 0, then Cardan’s solution gives 

+ /^V- 

I 2 VaT 4j 12 V 27 4 jf. 

The equation + ?* ^ 0 may be reduced to the form 

.1’^ + m + & = 0 by substituting x - f for x in the given equation. 

Arithmetical 2 ycogression, 

The terms a, (a 4*^)5 (a+2Z/), (« + 3&), etc,, are in arithmetical pro- 
gressioii. The term from the beginning is a + (?i - 1)5. 

9Z f ' ^ 

The sum of n terms = ~ + (n ~ l)hj. 

If M, A, and N are in arithmetical progression, then , A = — , and 

A is the arithmetical mean of M and IST. 

. Geometrical progression. 

The terms a, ar, ar^, ar^, etc., are in geometrical progression. 

The term from the beginning is 

mi f 4 . a(r'’^~l) a(l-rA 

The sum of n term = = ^ . 

r-1 1-r 


If r is less than 1 , the sum of an infinite number of terms is 


1 - r 


If M, G, and N are in geometrical progression, then G = and 

G is the geometrical niea7i of M and N. 

Miscelkmeous series. = sum of terms. 


S. 

s„ 


= 1-42 + 3 + + = ?(yz + 1). 


= 12 + 22 + 32 + . .... .+yi' 


2_'??(y2 + 1)(2'/?-+ 1) 


S,-F + 2^ + 33 + . 


. + 


f n(n 


f^r. 


Bmomial theorem, (a + .r)'*' — 

a. «(« - 

1.2 1.2.3 


.+0!®. 


The ()•+ 1)“' term of {a + xf = ^ ^ 

where jr, read /ac/or/nZ ?•,== 1.2.3. . , . . . . r. 
Exponential and logarithmic series. 


, cf == 1 + Aa' + 


A2;F A^F A%^ 


- + - 


o'" + -T 


■ + . 


where A = lGg,«, and e = base of Napierian system of logarithms. 
e-2‘71828. 


iog/1 +«) = ;«- 
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Loqariihms.—lt f/=N, then a- is the logadtlim of N to the base a. 
In the' comwow system of logarithms the base is 10. In the 
system of logarithms the base is e=2-71828. . . . Napierian ioganthms 

are also called natural and also hyperhohe logaritliiiis. 

log ( A X B X G) - log A + log B + log C . 


log g = log A -log B. 


log K!\-=^n log 


log iA-:: log A, 


If then x log a = log and x — 




The foregoing rules are true whatever be the system of logantlims 
used. 

If X = log^w^, and y ~ log^m^ then y -x logj,n = . 




If rr==logio»b and y==log,??i, then y-=x loglCb 
log^lO = 2*3026 nearly, and log^,/ = 0*4343 nearly. 

6. Trigonometrical Formula. — 


cosec A = . * * 

sin A 


sec A ^ 


tan A = 


sin A 1 


cot A = 


cos A cot A 

sin**^ A + cos- A = 1 . 


1 

c< >s A 

ctjsA 1 

" sin A ™ tan A 


sec- A = 1 4- tan- A. 


cosec- A ~ 1 + CO# A 


sin (A + B) = sin A cos B + cos A siu B. 
sin (A - B) = sin A cos B - cos A siu B. 
cos (A + B) = cos A cos B - sin A sin B. 
cos (A - B) = cos A cos B + sin A sin B. 

tan A -h tan B 

ta“(A + I>) = i_ta„AtanB* 

tan A - tan B 
tan(A-B) = yy^^— 

sin 2A == 2 sin A cos A. 

cos 2 A cos- A - sin- A = 2 cos‘^ A - 1 1 - 2 sii# A 

2 tan A 
i-tan-A 


tan 2A- 


^ 1 ™ tail- A 

cos 2A- 


sin 3A = 3 sin A ~ 4 sii# A. 
cos 3A — 4 cos^A - 3 cos A. 
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sin (A + B) sin (A - B) = sin^ A -’-sin^ B = cos- B - cos” A., 
cos (A + B) cos (A - B) = cos'- A - sin^ B = cos‘^ B - sin^ A. 


cos 


+ .v'ACi “ cos A), 
± cos A). 


tan 


sin A 


2 l+,cosA 


.A A . 

SlTl -- + COS ™ + A,/l + Sill A.. 


sin - cos = ± - sill A. 

2 sin A cos B = sin (A + B) + sin (A - B). 
2 cos A sin B = sin (A + B) - sin (A - B). 
2 cos A cos B = cos (A + B) 4- cos (A - B^ 
« 2 sin A sin B == cos (A + B) ~ cos (A - B). 

• A . • T> o • A + B A~B 

sin A + sin B = 2 sm — - — cos — — 


* A ‘T* o A"{"B.A“B 
sin A -- sin B = 2 cos — - — sin — - — . 

2 2 

I a A + B A“B 

cos A 4* cos B “ 2 cos — — cos 


cos A ”■ cos B ^ 


o . A4-B . A~B 

.2sin-^-sin — 


7. Fomulse for Triangles. — a, b, and e are the .sides of a tnangle, 

and A, B, and C are the opposite angles. 

a + h + e= 26*. 


a ■ _ __ c 

sin A sin B sin G * 

= //- 4 - C“ — 2he cos A. 

2 V be 

A /sis -a) 

. 


A4-B + C-180°. 
a~h cos C 4 - e cos B, 

. cos A = — . 

Ihc 


cos 


he 


tan - 


(S- 'C) 


s{s - a) 


sin - 


^ 

A = sjs(s - a) (b - h) (s - c). 


, A-B a-b.G 

tan — ^ cot — . 

2 a -^b 2 


1 


Area of ti*iangle = A = sin A - s(s - a) (s ~ h) {s - c). 
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R radius uf the elrcumseribirig circle of a triaijgle. 
r==radms of the inscribed circle. 




a 

2 sin A 


a!M‘ 

' 4A’ 


.2A,. 

rr h €- 


A 


■. {s - a) tan ^ 


'■ .8. Differential and Integral Oalenlns.™ '•Tlie cairve Aidl (Fig. li is 
the gra^)h of the equation y^ 20x - 2uF'.. Let a and //Jn* the co-oi’diiiatt's 
of the point P on the curve. Take another point Q on the curve near 
to P 3 ' and let its co-ordinates be x + Sx and |/ + <5//. Then tor 
•^==:. 20 ii’ - 2 /"^, and for 'Q . 

?/ + d?7 — 20 (.^’ + -- 2 (;c q- 

= 20.r + 205,1’ - 2.1*^ - 6.c-d,i’ - C.r{o.r)“ - 2(dr’)^, 

therefore 5^^ — 205.7’ ~ 6 .r’n!^ - 6 ;c(d.r)- - , 


and 


% 

& 


, 20-6.r- - 6xBx~-2{o.tf. 


Now let Q approach nearer 
and nearer to P so that dacand 
By get smaller and smaller, 
then the terms 6.r5.r and 2(5a’)- 
•will get smaller and smaller, 

and the value of ^ approaches 
ox 

nearer and nearer to 20 - 6xK 
In the limit when Q is inde- 
finitely near to P the ratio 

is written and is equal 
Bx cix 


25 


20 



— 

. *1 


c“ 




"IT 




M 



i 

! 

! 



2 

rr 

f . 




1 

1 

1 


7 ^ 


» I 

U 

...1 . 



c 

1 

i 

1 

» 

/A 


-JC - 
H 

Jl. 


■ilr . 




to 20 - 6 ^ 2 . 


1-0 

FlO. L 


2*0 


dy 


The ratio --- is evidently a 'measure of the -sloi^e of tlie curve or 

.dx ' ■ . ' 


dy 

dx 


IS a 


tangent at any point whose co-ordinates are x and ?/. Also, 

measure of the rate of increase of y with respect to x. 

The ratio ^ is -called the difere7itial eoefictent of .y with respect 
dx 

to X. 

At the highest point B of the curve APB, y has its maximum value, 
and the slope of the tangent GB is zero. Hence W'here y is a inaxiiiiuia, 

^ = 20 - 6 .r- = 0 , or ir= . = 1*826 nearly, and the maximum value 

dx V 6 

of y is 20 X 1*826 - 2 X 1*8263=: 24*34 nearly. 

The process of finding a differential coefficient is called differentiation. 

Now let = 20 - be plotted as shown by the curve A'Y'B'' 

■ dx ■ .. . .. - ■ 


= || very nearly, 


in Fig. 1 . Then, when Bx and By are very small, 

and uBx = By very nearly. But nBx is the area of the shaded strip very 
nearly when Bx is very small, and when Bx is indefinitely small ndx = dy. 
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Next suppose tlie iigure HJP'K'L to be- divided into an infinite 
number of indefinitely narrow vertical strips, each of width cfe and 
variable height 'U. Let the ordinates of J and K be denoted by and 
respectively ; also let the abscissse of these points be denoted by and 
respectively. The sum of the areas of the strips into which the figure 


HJ'PIPL is supposed to be divided is written '2 \Ldx or I udx^ wRere 

Xi 

2 is the Greek letter sigma, and J is the old English letter B. The 


expression j udx is read, 
the limits x = x~ 


‘‘ the sum of successive values of 2 idx between 


A.J and X = x^. 

Since for each strip ndx = dy, it is obvious that the sum of the areas 
of the strips is y^-yy But '^2 = 20^% 
therefore 


and y^ — 20^*^ - 2x1, 




udx- 


In Fig. 1 


^ *^1 
= 0*5, 




and x^ =1*5, and inserting these values in the 
expression 20(;ro 2(.r.2 - the area of the figure HJT'K'L is 

found to be 13*5, where the unit of area is a rectangle 'whose base is 
1 inch and height 0*05 inch. 

The expression I udx is called the definite integral of udfx, and the 

expression judx ■where no limits are specified is called the mdefimte 
integral of udx, or the indefinite integral of u with respect to x. 

The process of finding an integral is called integration, and J is the 
symbol of integration. 

In the foregoing example judx — jdy — y — 20x-2x^ is the indefinite 
integral of udx or (20 %x^)dx. 

The process of integration is seen to be the reverse of that of 
differentiation. 

If y is a function of x, then and judx’==y are equations which 

(tX' 

follow, the one from the other. 

In the process of integration expressed by judx~y, y has to 
be found, and u must first be recognised as the differential coefficient 
of some function of x, and that function of x being known, y is 
. found. ■ ■ 

Constant of integration , — Suppose the example already discussed in 
which 2 / = 20a: “ 2a;^ to be altered so that y — 2Qx — 2x^ + 10. It is easy 

to show, by the method already used, that ^ = 20 -- GP-, the same as 

before. Hence in integrating (20 - the result, to be- quite 

general, should be written J(20 - 6jii^)dx== 2Qx--2x^ + C, where C is a 
constant of which has to be determined from other con- 

ditions. For example, it may be known that when x — Q, ^=0, then C 
must equal 0. 

The following table contains the differential coefficients and integrals 
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likely to be required in '.ordmary engiueering. problems, lliose in tlie 

first aiid secoiid lines occur most frequently. 


li 

o 


u=C 

1 fidx “ Cx 

y = , 

dx ■ . . 

■ ^ii=za'xr. ■ ■ 

J M 1 

1 except when » ~ - 

y = a\o%p 

#=ax-i=“ ^ 

dx X 

, a 
u = ax “ - 

X 

1 ufixz::a 

y:=zae^^ 

^lM.=zal)d^ 

cm 

■uz=ad*^ 


y:=a sin hx 

i 

1 ^ — ah cos hx 
dx 

\.%c — acoshx 

1 j■Mdx ■=■ 1 sill hx 

y=a cos bx 

^r= ~ ab sin hx 
dx 1 

1 «=£tsin&a; 

j 1 udx- cos hX' 

1 J h 

I 

y — a tan hx 

^=:a6 sec- //.-G i 

dx 

1 u~ct sec- hx 

1 1 Md,:c := ~ .tan hx 

■' J" h 

y — a cot hx 

1 ill— --ah cosec- hx 
dx 

|i u~a cosec^ kc 

li ; : :: 

: Y cot it X 

i * ' ■ 

1 


The clifferenUal coefficient of a constmit is zero. 

The differential coefficmii of the stem of a mrniher (ffundiom is tlie 
sum of tlie difi:erential coefiicients of tlie funetions. 

Thus, if n, + to, where w, v, and iv are functions of .r, then 

. dx dx ' dx dx 

The differential coefficient of the prodnei (f a number of functions is 
found by multiplying the differential coefiicient of each factor by all the 
other factors and adding the products thus formed. Thus, if 

, ^ du du , dv , dir 

where w, and tv are functions of x, then 

The differential coefficient of the quotient of two finicf ions is found 
as follows ; From the product of the denominator and the differential 
coefficient of the numerator subtract the product of the numerator and 
the differential coefficient of the denominator, and divide the result by 

the square of the denominator. Thus, if where w and r are 


functions of 


7 du dv 
dy 

— ” dx dx 
dx • 


Function of a function , — If |/ is a function of n, and ti is a function 

of then %=%%. For example, let y- v- 


Ja + he + Put 
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% = a + tlien y = ,^lu = lir and ^ 


2 a ■{' hx + * 


- = h + 2cx, therefore 


dy h + ^dcx 


Smcessive (differeMadixm . — If ^ is a function of x, and where 

. ax.. 


u is also' a function, of x. then ' 


-V, where v is another function of x, : 


Hence, 


du 


= ~\dx, and this is written 


dab dry 
dx ~~ dx^ ~ 


The integral of the sum of a nmnher of functions is equal to the 
sum of the integrals of the functions. Thus, 

== 

where G is the constant of integration. 

9. Circle of Curvature. —APB (Fig. 2) is any curve. M and F are 
two points on this curve, on opposite sides of the 
point P. A circle may be drawn through the three \ 
points M, P, and N. If the points M and N be ' 

moved nearer to P, then when M and IST are inde- aS\ 

finitely near to P, the circle becomes the circle of 
ciirvatu/re of the curve APB at P. The centre V . J MB 
and radius of the circle of curvature are called v b 
the centre of cu/rvature and radms of curvahcre 
respectively. OT ^ 

Let CPD be the circle of curvature of the 2 

curve APB at P. Let X and Y be the co-ordinates 
of the point P, considered as a point on the circle CPD. Then., 

^ V 

Differ eiitiating once, (X - a) + (Y - — 0. 

clX 

Differentiating again, 1 + + (^Y - . 

Let X and ?/ be the co-ordinates of the point P, considered as a point 
on the curve APB. Then X = and Y^y. Also, since the circle CPD 

dY du 

and the curve APB have the same tangent at P, — and -f denote 

dX dx 

the slope of this tangent, therefore ~ = Lastly, since the circle 

CPD and the curve APB have the same curvature at P, and since 
curvature is measured by the rate of change of the slope of the tangent 

>+(!)■ 

Therefore, — T/srr 
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Substituting, these values in the equation (X - af + (Y - 6)- = the 


result B = ■ 


is obtained. 


The sign to he taken in the numerator of the riglit-haiid side ol this 
last expression should be the same as that of the dononunator, so -as to 

make tbe value of H positive. _ . . ■«. ...e 4 . 1 ,,. 

If tile curvature of a curve is very small, and tlie iiicliuatioii B of tlie 




and' this 


Fig. 3. 


V 


/ 






IL .L. 


tangent at any point is small (Fig. 3), tben ^ - lan *7 yj 
is also small. In this case the expression just foiiiicl 

_L 1 

for R becomes R=^ nearly or g 
•« 

is sufficiently accurate for the curves into which beams and struts 
deflect 

10. Construction of Parabola.~A problem of very frequent occur- 
rence is, given the vertex A (b ig* I)? 

AB, and double ordinate CBD of a para» - ini 

bola, to construct the curve. Complete the 
rectangle CDEAF. Divide AE into any 
convenient number of equal parts, and 
divide ED into the same number of equal 
parts. Join the points of division on ED 

with A. Lines through the points of . 

division on AE parallel to AB to meet F A 1 

the former lines as shown determine points Fia. 4. 

on one half of the curve. Points on _ 
the other half of the curve are found in a similar manner. 

11. Equations to Parabola. — OK (Fig. 5) is a fixed straight lin^ 
and F is a fixed point. P is a point which moves in the plane oi 1; and 
OK, so that its distance from F is always equal to its distiuice from 
OK. The path of P is a parabola, whose axis is the line_ through 
perpendicular to OK. The line OK is called the direct nj-, and tne 
point F the focm of the parabola. The curve cuts the axis at A, the 
vertex of the parabola. FA is equal to AO. 

Draw PK perpendicular to OK, and PN perpendicular to the axi.s. 
Draw the tangent to the parabola at A, and let it meet PK at K. Ibe 
tangent at A is obviously perpendicular to tbe axis of the parabola. 

Let FA=a, PN = *, and PK' = y. 

Then PN^ + FN^ = PF^ = Om 

That is, *2 + {y - af = (y + af. 

Therefore * * . • • • (D 

which is the equation to the parabola referred to tlie axis of the 
parabola and the tangent at the vertex, the axis being tbe axis ot //, and 
the tangent the axis of a;. 

If the axis of x be moved parallel to itself until it is at a dishmce 
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b from the vertex (Fig. 6), then y in-.(l) mil become y + Sj and the 
new, equation mill be 

, : . . ( 2 ) 

If the axis of y be moved fiarallel to itself until it is at a distance c 



Fig-. 5. Fig. 6. 'Fig. 7. 

from the axis of the parabola (Fig. 7), then oc in (2) will become a? 4- c, 
and the new equation will be ' 

(^x 4 = 4a(^ + &) . . ... (3) 

In the foregoing equations is positive or negative according as it is 
measured above or below the axis of and x is positive or negative 
according as it is measured to the right or left of the axis of 

12. Cycloidal Curves. — If a circle be made to roll along a line, and 
remain in the same plane with the line, a point on the circumference of 
the rolling circle will describe a cycloidal curve. The line upon which 
the circle rolls is called a base line^ a directing line^ or a director. If the 
base line is a straight line, the curve described is called a cycfofd If 
the base line is a circle, the curve described is called an epicycloid or a 
hypocycloid^ according as the generating circle rolls on the outside or 
inside of the directing circle. 

The hypocycloid becomes a straight line passing through the centre 





of the directing circle (Fig. 8) when the diameter of the rolling circle is 
equal to the radius of the directing circle. 

The same hjpocycloid may be described by either, of tw^o rolling 
circles whose diameters are together equal to the diameter of the direct- 
ing circle (Fig. 9). 

The same epicycloid may be described by either of two rolling circles 
wliose diameters differ ])y an amount equal to the diameter of the 
directing circle (Fig. 10) 
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The most convenient method of drawing ^ any of the cycloidal curves 
is the transparent templet method. Let AB (Fig. 11) be the directing 
line . or circle, and GDP the rolling circle. , The ^directing line or circle is 
to he drawn on the drawing paper,: and .the .rolling circle is to he diawii 
.011. a piece of tracing paper or thin transparent celluloid, the 

. tracing point P by a' short radial line cutting the circle, and also by a 
' small needle hole. . ' Place the tracing, paper 
on the drawing paper so that the directing 
line and the rolling circle touch one another 
at R Place a needle through the tracing 
paper and into the drawing paper at P, 

Turn the tracing paper round until the 
rolling circle cuts the directing line at a 
near point Transfer the needle from 
P to Q^, and turn the tracing paper until 
the rolling circle touches the directing 
line at'.Qi. ■ The tracing point will mow have moved from^ P to I\. 
Mark the draiving paper at wi.th a needle-pointed pencil. Again 
turn the tracing paper until the rolling circle cuts the directing line at 
another near point Q^. Transfer the neeclie from Q-j to Q.^, and turn the 
tracing paper until the rolling circle touehe>s the directing line at Q.^* 
The tracing point will now have moved to Po. Mark tlie drawing paper 
at Pg. Continuing the process, any number of points cnj the required 
curve may be obtained, and these points may then be joined by a fair 
curve. 

13. Scalar and Vector Quantities.—Certain quantities, sm-h as the 
weight of a body, the volume of a body, a sum of money, the energy 
stored in a moving body, can be denoted by numbers representing their 
magnitudes in terms of suitable units. For example, a Ixxly may wxugh 
5 lbs., the energy of a moving body may l>e 205 foot-pounds. Ail such 
quantities are called scalar quantities. 

Other magnitudes, such as velocity, acceleration, force, involve the 
idea of direction as well as magnitude, and they cannot be completely 
defined by numbers. There must also be descriptions defining their 
directions. For example, a velocity may be 10 feet per second in a 
direction from south to north. All such quantities are called vector 
quantities, 

A vector quantity may be represented by a straight line, which is 
called a vector. The length of the vector represents the 
magnitude of the quantity, and the direction of the line 
represents the direction of the quantity. A line AB (Fig, 1 2) 
represents a vector quantity whose magnitude is the length 
AB, measured with a certain scale, and w'liose direction is 
parallel to AB. It is necessary to distinguish between the 
direction AB and the direction BA, the one being opposite to that 
■ of the other. This distinction is the sense of the direction, and may 
be given by the order in which the letters on the line are mentioned 
in referring to the line. An arrow-head placed on the vector is 
the best w^ay of showing the sense of the direction. A vector 
with an arrow-head on it may be referred to by using a single letter, 
as V, 



Fig. 12. 
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14, Addition of Vectors.-— A . nmnber «'>f vectors, P, K, anrPB, 
sbnvii t«> tlie j(‘ft in Fig. 13, are added 
together as folloAvs : i )ra\\' AB parallel and 
equal to P, BC parallel and equal to Q, 

CD liarallel and equal to il, and DE parallel 
and equal to B, tlien the vector AE equal to 
T is the sum of the vectors P, Q, li, and S. 

The sum -will !>o the same whatever be the 
order in which the vectors are taken in per- 
forming the addition. The vector T is also 
called the . vector. The polygon ABODE A is called a vector 

2)ol'^gon, 

15. BiMiography. — The following list gives the titles, authors, 
and piibiishei's of some of the more important books on applied 
Biechanics.and its subdivisions : — 



Fig. 13. 


GENERAL 

Applied Meelmnicfi, Ranking Griffin, London. 

Applied Mechanics. Gotterill. Macmillan, London, 

Mechanics of E'tif/inrering* Cliiircli. Wiley, New York. 

Mechanics A ppHed to £ngineermff. Goodman. Longnmns, London. 

Apiplied Mechanics. Lanza. Wiley, New York. 

Applied Mechanics. Alexander and Thomson. Macmillan, London. 

Appdied Mfckanics Perry. Cassell, London, 

Ajiphid Mfchaufcs and Mechaniced Engineering (5 vols.). Jamieson. Griffin, 
London 

Media }i\cal Engineering. Linebam, Chapman & Hall, London. 

Experimental Engineering. Carpenter. Wiley, New York. 

Experimental Mechanics. Ball. Macmillan, London. 

Dynamics of Eotntion. Worthington. Longmans, London. 

MATERIALS AND STRUCTURES 

Testing AIaterial&{%^ols>.). Martens and Henning. Wiley, New York. 
Mechanics of Materials. Merriman. Wiley, New York. 

Theory of Structures and Strength of Alateriods. Bovey. Wiley, New York. 
Testing of Materials. Unwin. Longmans, London. 

The Strength of Materials. Ewing. Cambridge University Press. 

Strength of Materials. Morley. Longmans, London. 

Elasticity and Mesistance of Materials. Burr. Wiley, New York. 

Materials of Construction* Johnson. Wiley, New York. 

Materials of Engineering {d rols.). Thurston, Wiley, New York.^ 

A History of the Theory of Elasticity and of the Strength of Materials. Tod- 
hunter and Pearson. Cambridge University Press. 

Strength and Elasticity of Structural Members., W’'oods. Arnold. London. 
Testing and Strength of Materials, Popplewell. The Scientific Publishing 
Co., Manchester. 

Notes on Constriction in Mild Steel. H. Fidler. Longmans, London. 

Bridge Construction. Claxton Fidler. Griffin, London. 

Design of Structures. Anglin. Griffin, London. 

Engineering Construction. Warren. Longmans, London. 

Theory and Design of Structures. Andrews. Chapman &; Hall, London. 
Eoofs\md Bridges (4 parts). Merriman and Jacoby, Wiley, New York. 
Stresses in Bridges and Eo(f Trusses. Burr. Wiley, New York. 

Design of Plate Girders. Lilly. Chapman & Hall, London. 

Constructional SiedworJe. Farnsworth. Griffin, London. 
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Tlic jDesigiwrig tif Modern Framed Striieiurm. Johnson, Bryan, and Tuf- 
iieaure. Wiley, New York, 

Mcinforccd Concrete. Marsh. ConsialJe, Lontloii. 

■ MACHINES 

Machinery and Millworh. Bankine. Grrifiiii, London. 

Kinematics of MacUnes. Burley. . Wiley, New York. 

The Mechanics of MacUnery. Kennedy, Alac plum, London. 

Kinematics or Mechanical Mot'cments. ■ MacGortl. New loik. 

Principles of Mechanism. Bobinson.^ Wiip, New York. 

Kinematics of Machinery, Barr. Wiley, New Itork. 

Mechanism. Diiiikerley. Longmans, London. 

Mechanics of Machinery. . Le Conte. Macmillan, Ijondon. 

Mechanism, Schwamb and Merrill. Wiley, New York. 

Mechanism, Goodeve. Longmans, London. _ . 

Machinery of Trcmsmission and Governors. W eisbacli, Hermann, and Klein. 

Wiley, New York. ■ tt -i t-i • 

Kinematics and the Power of Transmission. Weisbach, Hermann, and Iilein,r 

Wiley, New York. ' 

Mechanics of Hoisting 3Iach{nery. Weisbacli and Hermann. Macmiiiaii, 
London. ^ 

Mechanics of Punijying Machinery, Weisbacli and Hermann. Macmillan!, 
London. 

The Balancing of E7ifjhm. Dalby. Arnold, London. 

Balancmg of Engmes. Sharp. Longmans, London. 

and Valve Gear Mechanisms, Dalby. Arnold, Londp. 

Dynamometers and the hieasnrement of Pmcer, B'laJlier. Wiley, New lors* 
Friction and Lost TForK Thurston. lYU’ey, New York. - , i , 
Liibrieatio 7 i and Lubricants. Archbutt and Deeley. Grihin, Loiidoii. 
Machine Design (2 parts). Unwin. Longmans, London. 


Claxton Fidler. Longmans, 


HYDRAULICS 

Hydrostatics, Greenhill. Macmillan, London. 

Hydraulics. Bovey. Wiley, New York. 

Hydraulics. Gibson. Constable, London. 

Hydraulics, Lea. Arnold, London. 

Hydraulics. Merriman. Wiley, New York. 

Hydraulics. Unwin. Black, London. 

Calculatimis in Hydraulic Enghuering (2 vols.). 

London. 

Hydraulics. Busquet and Peake. Arnold, London. 

Hydraulics {2 vols,). Dunkerley. Longmans, London. 

Hydraulics. Hoskins, Constable, London. 

Hydraulic Motors and Turbines, Bodmer. YYhittaker, London. 

Hydraulics and Hydraulic Motors. Weisbacli and Du Bois. WYley, New 
■ York. ■ y ■ 

Hydraulic Motors, Church, Wiley, New York. 

Hydraulic Machinei'y. Blaine. Spon, London. ^ 

Hydraulic Power and Hydraulic Machinery. Robinson. Griffin, London. 
Pumping Machinery. Davey. Griffin, London. 


CHAPTER II 

MOTION AND FORCE 

16. Best and Motion.— One point A is said to be fixed or' to be at 
rest in relation to another point B when the straight line AB does not 
alter in length or direction. If the straight line AB changes in length 
or direction, then A is said to mom or have motion in relation to B. If 
the straight Yum AB changes in length but not in direction, A has 
rectilinear motion in relation to B, and if AB changes its direction but 
not its length, A has migidar or rotary motion in relation to B. If AB 
changes both in length and direction, then A has both rectilinear and 
angular motion in relation to B. Motion is therefore change of position, 
but since position can only be defined in relation to points or bodies 

which are fixed or whose motions arei neglected^ motion is relative 

^notion. ■ ' 

A point is said to have motion when, while it changes its 

position, it remains in the same plane. Of the many problems on 
motion which the eiigineer has to consider, those on plane iiiotion are by 
far the most common. In an ordinary steam-engine, for example, aii the 
points in the piston, piston-rod, cross>head, connecting-rod, crank, crank 
shaft, fiy- wheel, eccentric, eccentric-rod, and valve have plane motion. 
The points in the piston, piston-rod, and cross-head have rectilinear 
motion; the points in the crank, crank shaft, and fiy-wheel have angular 
motion ; and the points in the connecting-rod have both rectilinear and 
angular motions. ' 

17. Yelocity . — The rate of motion, or rate of change of position of a 
point or body, is called the velocity of the point or body. When the 
changes in position are the same in equal intervals of time, however 
short these intervals may be, the point or body has •zzm/om velocity. 
When the changes in position are not equal in all equal intervals of 
time, the point or body has varlahle velocity. At any instant the velocity 
of a moving point is completely known when (1) the direction in which 
the point is moving, (2) the rate at which it is moving in that direction, 
and (3) the sense, are known. For example, a point may be moving (1) 
in a direction perpendicular to the surface of still water, (2) at a rate of 
so many feet per second, (3) in an upward direction. The statements 
(1), (2), and (3) are required to completely specify the velocity of a 
point. The statement (2) is called the of the point, or the magni- 
tude of the velocity. The term velocity is often used in the same sense 
as speed, but modern writers incline to using the term speed as defined 
above. 

A velocity may be completely represented by a straight line. The 
direction of the line is the direction of the velocity, the length of the 
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liiie is the iiiagi'iitude of the veltx'ity or speed, and afi arrow -head phn’od 
on the line shows the .sense ■*>1' the velocity. The sense inay^also he 
given by placing letters, say, A and B, one at each end of tlie line, and 
stating that the velocity is AB for oiie seiise, and BA for the opposite sense. 

Limm' velocity is measured in units .of distance per unit of time, as, 
feet per second; feet per. minute, or - miles per hour. A hmt is a linear 
velocity of one imutical mile (6080 feet) per hour. 

If v denote the linear velocity. -or speed, of a point or body, and « the 
space or distance through which' it moves in time h t.li€‘ii s^vi, l,lie 
unit of distance used in measuring v- must be the same as that used in 
measurings, and the unit of time used in measuring v must lie tiie same 
as that used in measuring L ■ For example, if v is in feet |)er second, 
s must be in feet, and ^ in seconds. ^ . 

Angular velodty is measured in radians* per second, revolutions per 
second, or revolutions per minute. The Greek letter w is generally used 
to denote angular velocity in radians per second. If a print moves in a 
circle of radius r feet with a linear velocity of feet per second, ^ ami it tlie 
point makes n revolutions per second or N revolutions per imniite, then 

V ^ 2rr]A 

= 27ni = . 

bO 

18. Acceleration. — When a velocity is not uniform, its rate (d change 

is called Aceeleration is positive or negative a<'ci)riling 

as the velocity is increasing or decreasing. Xegative atnyleration is 
frequently called retardation. IJnmr wrderaJion is i-ate of change of 
linear velocity, and is generally measured in feet ]»er sc'cond per second. 
Angular acceleration is rate of change of angular veloeily, and is generally 
measured in radians per second per second. Tlie symbols J and a will 
be used to denote linear acceleration and angular acceleration res|jec- 
tively. The linear acceleration due to gravity is denoted Ity tlio sym}>ol 
g. The value of g will be taken as 32*2 feet per second per secrmd. 

Acceleration, like velocity, is a vector quantity, and may be completely 
represented by a straight line. 

19. Kinematical Equations.— Let or aoj denote the velocity of a 
point or body at a given instant, and let v or m denote the velocity after the 
lapse of t seconds, the acceleration being uniform and denoted by / or a. 

Then - 2 ; = and (o == toj + af. 

During the interval of f seconds the mean velocity is 

+ ^^) == -yj -f f/f for linear velocity, and 
+ w) — ( 0 ^ 4- for angular velocity. 

If s is the linear distance moved, or 6 the angle described in the 
interval of t seconds, then 

s = + v)f = i\t ^ ~ 4 co)f = <*>/’ 4 

Eliminating f, it follows that 

= 42 /t, and'w^ = <«)? 4 2a^. . 

If = 0 and = then 

=//, 5 = and 1 ?^ = 2 A*, 
also, (0 = B = jat% and = 2 < 7 i 9 . 

* A radian is the angle subtended at the centre of a circle by an arc of that 
circle equal in length to the radius. Hence the number of radians in an angle 
or the circular measure of an angle subtended at the centre of a circle of radius 
r by an arc of length a is equal to a/r. 


MOTION AND FOKOE 


17 


20. OoiiiposiMoii and K'esolutioii of'Veiocitiesaiid Acceloratioiis.- 

Twu or ijjure volocilif?^ may be reduced to a single velocity, and two or 
more aeeeleratiniis iiia}' bo reduced to. a single acceleration by composition, 
exactly as lor fra-ces, _ Also, conversely, ■ a single velocity may be resolved ' 
into two or more velocities, 'and a. single .acceleration may be resolved 
into two or mrwe accelerations, exactly as for 'forces' For tlie composi- 
tioii and resolution (if foices, see Cliapter IV. 

21, Badial Acceleration of a Point moving in a Circle witli 
Fniform Velocity. --Let a point' A (Fig. 14) be moving with a uniform 
velocity v along tbc rd nm inference of tlie circle, 
whose centre is F and radius CA ' .Let A de-- 
scribe tJie small ‘dm AB in tlie time 1 The 
velocity of the point wlicn at A is in the' direction 
of the tangent to the circle at A. or perpendicular 
to CA, and the direction of the velocity of the 
point when at B is in the direction of the tangent 
to the circle at B or perpendicular to CB. Draw 
OP perpendicular to VA and equal to v ; also dra’iv 
OQ perpendicular ta CB and equal to r, and join 
PQ, The change in the velocity of the point in 
moving frmii A to B is represented by PQ = -zo If ACB is a very small 
angL. the diilei’euee between the chord AB and the arc AB may he 
neglected, and, ACB and POQare then similar triangles. 

HI , A...B ,1 , , u ti ■ It .u 



Hence 


is the rate 'Of change, of velocity of the -point moving in the circle, 
therefore f- — Also, when the angle AGB is- indefinitely small the direc- 
tion of n is ]ierp(‘nd,icular to that of t’, and is therefore at any instant in 
the direction of the raclius of the circle from . the moving point at that 
instant. Tlierefore if a point moves with a uniform velocity v in a circle of 

A ' 0 ^ 

radius r, there Is a constant acceleration towards the centre of the 

circle. If v is in feet pei* second, and / in- feet per second per second, then 
■r.miist be in feet. If w is the -angular velocity of A about C in radians 

per second, then « = .aiid/=«V. 

22. Instantaneous or Virtual Centre.— Let A and B (Fig. 15) be 
^wo definite points in a rigid body which has plane motion, the plane of 
the paper being the plane of motion of the points 
A and B. Suppose tliat at the instant that the 
body is in the position shown the point A is 
moving in the direction An, and that the point 
B is moving in the direction B??. Draw AC and 
BD perpendicular to Aa and B6 respectively, and 
let AC and BD meet at O. Just for an instant 
the point A can be made to revolve about any 
point in AC without altering the direction of its 
motion. Also, just for an instant the point B 
can be made to revolve about any point in BD without altering 
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din 3 rt.iuii of itS' iiiotioii. Tfurtw . if just^for an Jln* wlml.* lunly 

be laatle to revx'Ivo aixHji U, 'tlitv tlte !iiHtinii< mI A aini Is 

will ha luiaitured. : . ' ' ' ' ■ ^ 

; ■ Again, since A and B are detlrdte ' on a rigid budj, tln-y iniist 

remain a-t the fixed distance AB from one aiiotlier. Hence die eoiii- 
ponents of the velocities of A and B along AB .iiiiist be erjiial that is, 

COS — "Ab where -.A a and A^b velocities ot A aial ll 

respectively in the' directions, in; which they are act mil ly nirolng. An 
inspection of Fig. 15 shoAvs that cos a. — sin OAB, aiitl cus /H--- sin OBAj 
therefore OAB — A^b or , ■ 

V* sin DBA d . i • i . OA 
^ ^ ^hich IS equal to . 

A^b-' sin OAB . : ■ ■ 'O-b 

But if the body be made to revoHe.for an instant about then 

■ Hence, for the instant, dhennotions/of' A and E are unaltered bj making 

the body re VO toe about the point 0. ^ . 

The point 0 is called the cenirv or rtrhi*il eeiitre of. the 

body for' the position shown. The instantaneous centre is euntiniially 
changing, except for a body Avhich has rotary 'motion fnily. Tlie locus ot 
the instantaneous centre is called a eerdrode. A line tlirongh the iiistaii- 
taneoiis centre perpendicular to the plane of motion is an 
,a.m, and the locus of the instantaneous axis is a snrfacti called an 

■ 23. ' Force.— i^brea is any cause. Avhicli tends to inovt* u liody Avliieli is 
at rest, or which tends to change the motion of a iriM\ing body. 

: A force is conipletely specitled when its magiiinuie, its tliiviaknt, and 
a point in its line of action are giA^eru '' 

A' force may be completely specified graphically on paper, llins, a 
line a5 (Fig, 16) has. a' lengtlr .'AAbich, -measuiv^^ Avitli a certain^ scale, 
represents the magnitude of ,tlie force, the tlirectiuii of tins line re- 
presents the direction of the-;' force, and a 
0 is given as a point in the line of action of the 
force. The line along Avliich the force acts avUI 
obviously be the line OX drawn, through 0 parallel 
to aL The force may act from O to X or from X 
to O, and this may be fixed by an arrow-head pLiced 
on the line ab. The arrow-head determines tlie 
se?ise of the force. The sense may also be fixed by 
the order in which the letters ' a and h at the extremities of the line are 

■ :Stated thus a force ah would be a force acting in the direction nh from 
'a to 5, while a force ha would '' be. one, acting .in the .direction hi. from 

to rt. 

24. Mass and Weight.— The mem of a "body is the quantity of 
matter A\hi.cli it contains. The W’eight of a brniy is tlie of atiratrtion 
which the earth exerts on it. The mass of a body is proportional to its 
weight. The weight of a body is, however, slightly dilfeicnt at different 
parts of the earth’s surface. 

25, Engineer’s Units of Force and Mass. — In engineering calcula- 
tions the unit of force is the attraction Avliich the earth exerts , in the 
latitude of London on a certain standard piece of platinum, and the unit 
is called the 2^ownd or pound weight. TTio unit of mass is taken as the 


,Fig. 1,6. 
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mass uf weigliiiig V/ iioimds, so tlmt ' if ' W i.s the weight of a body 

ill iHiiiiicls, its iiiass 13 ' 

■ ■ ■ ■ IJ 

26. Momeatum. — Tlie f^puintity of motion or the momentum of a 
iBOTing body is measured by the product of -.its mass and velocity. 

Monieiitiim = lb.? = • 

■ 9 . 

27. MowtOE^s First Xiaw of Motion. — Every hody continMes in its 

state f// Vfst i/r or uufor/n /notion in a strwight lifte^ exce^jt in so far as it 
nuuj he eonipelied by force to change that state, ' ' 

28. MewtOE's SocoEd, Law of Motion. — Mate of change of momentum 
is ‘p/rjporfional to the impressed force, and takes place in the direction of 
the straight h'ne i/n mNich the force acts. 

Hate of change of momentum is equal to mass multiplied by rate of 
change of velocity or acceleration. Hence if P denotes the impressed 
force, M the mass of the body, and/ the acceleration, Pc=M/. If the 
unit of force l>e such as will give unit mass unit acceleration, then P = M/. 
Tsr P / 

Using engineeils units, P== or =~ . 

it vv g 

29. Impulse. — If a constant force P acts on a mass M for t seconds, 
then, since P — If ;’, it follows that Pt ~ Mft = Mu, where v is the change in 
the velocity of the liody in the time t due to the action of the force P. 

The I n’oduct is called the impidse of the force P. The impulse of 
a for<;e is tliei'cfore equal to the change in the momentum which the 
force prcd rices in tlie body on which it acts. 

If the foi'ce is not constant the above equations are only true if t is 
irideiinitely small, or if P is the average value of the force during the 
time /. 

TJie equation Pf ~ Mu also shows that equal forces acting on different 
masses will in the same time produce in these masses equal amounts of 
momentum. For example, when a projectile is fired from a gun, the 
forward momentum of the projectile is equal to the backward momentum 
of the gum 

30. Newton’s Third Law of Motion. — To every action there is always 
an equal a.mt opposite reaction. For example, a body is attracted to the 
earth by the force of gravity, but it is equally true that the earth is 
attracted to the body by an equal force. Again, a body resting on a 
table exerts a pressure on the table, but the table exerts an equal pressure 
on the body. 

31. Centrifagal Force.— When a point moves in a circle of radius r 
feet with a uniform velocity v feet per second, or an angular velocity of 
w radians per second, it has been shown (Art. 21) that the point has a 
radial acceleration f equal to wf or If the point be replaced by a 
small body of weight w lbs., then a radial force F must be applied to the 
body to constrain it to move in the circle, the magnitude of F, in lbs,, being 

As here described, the force F is called the deviating 

force or the centripetal force. The body in moving in the circle will 
evidently exert an equal radial force F acting oiitw^ards from the centre, 
and this’forca is called the centrifugal force. Of these two forces, the centri- 
petal and the centrifugal, one may be said to be the reaction of the other. 
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32. BesiiltaEt Centrifugal Force of Two Small ReYolving Masses. 

Let A and B (Fig. 17) l:)o two .small masses wciglit /r, a, rid m/ 
respectively, revolving in the same 
plane with niiiforin angular velocity w 
about the centre 0. The centrifugal 


force of A 


9 


the direc- 


tion OA. The centrifugal force of 


B is F, 


9 


in the direction OB. 



Make OC = F;^, and dra^v CD parallel to 


Fio-. 17. 

OB and equal to F^, Join OD, then OD will be the direction and 
magnitude of F, the resultant centrifugal force of A and B. Join AB, 
cutting 01) at E, Draw EH perpendicular to OA, EK perpendicular to 
OB, and EL parallel to CD or OB. - ^ 


Since E is a point in the resultant 


of the forces F^ and F 2 , the moment of F^ about E must be equal to the 
moment of Fg about E, 


therefore 


9 


•EH 


hence 


to. 


•E~H^ 


9 


% ^1 
Therefore E is the centre 

, . OL BE 

Again. 


-.EK, 

area of triangle OBE _ BE 
area of triangle OAE AP] ’ 
of gravity of A and B. 

Uh iv /XT 


Also, 


^ „ y therefore OL = 

OA BA //q + Wg 

OD __ OC _ F|(^q 4 -^ 2 ) „ 

OE C)L ~ u\t\ ^ 9 

But 0D--=:F, and if OE = ?-, then F = fe ti'’2lA That 

resultant centrifugal force of the two masses A and B is the centrifugal 
force of the sum of the masses concentrated at their centre of gravity. 

33. Centrifugal Force of a Thin Plate revolving about an Axis 
Perpendicular to its Plane.- — If the plate be divided into a large 


the 


number of small parts of weights ti\. 


etc., then by the preceding 


Article the resultant centrifugal force of the parts itq and is the same 
as if these parts were concentrated at their centre of gravity. Again, 
the resultant centrifugal force of and (at their centre of gravity) 
and 2 d ?3 will be the same as if to^, and were concentrated at their 
centre of gravity. Proceeding in this way until all the masses have been 
included, it is evident that the centrifugal force of the wliole plate will 
be the same as the centrifugal force of the whole mass concentrated at 
its centre of gravity, 

34. Extension of the Foregoing to Certain Solids.— If a solid can 
be built up of a number of thin plates, the centres of gravity of which 
all lie on a line parallel to the axis of revolution, then it is easy to see 
that the centrifugal force of the whole solid is the same as if the whole 
mass were concentrated at its centre of gravity. 

35. Moment of a Force. — The moment of a force about a point, or 
about an axis perpendicular to it, is the product of the magnitude of 
the force and its perpendicular distance from the point or axis. This 
moment is called a torque. If the distance is measured in inches and 
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the force in pounds, the torque is measured; in inch-pounds. Other units 
of torque are — the in cli-ton, the foot-pound, and the foot- ton. 

36. Rotational . Inertia — Moment of Inertla.—Consider a snmll 
body A (Fig. 18), whose mass is ???-, revolving about an axis 0 under 
the action of a foi*ce P, wdiose line of action is tan- 
gential to the path of A. If / is the linear accele- 
ration produced ill A by P, theri' (Art. 28) 

If a is the angular acceleration, then f^ra; therefore / 

P ==mm, and P/* = m?‘%, or T = I«, where T is the ■ 

torque causing rotation, and I is called the moment ^ 
of mertia of the body A about the axis O. 

If a large body, revolving about an axis, be 
divided into small parts, wvhose masses are ^2, Wg, etc., and whose 
distances from the axis are Vg, etc., respectively, then T = ('Wj;r3 
+ ^^^0^2 4- Tmfl + etc.)a = la, where T is the torque causing the rotation of 
the body, and 1 = +m2r| q-mgr^ -fete, is the moment of inertia of 

the body. 

If the whole mass M of the body be placed at a distance k from the 
axis without altering its moment of inertia, then I = M/i'‘4 and k is called 
the radius of gyration of the body. 

37. Moment of Momentum — Angular Momentum. — Referring to 
the small body A of the preceding Article and Fig. 18, if v is its linear 
velocity and co its angular velocity, then its linear momentum is 
m>v — mro). The moment of this momentum about the axis O is 

= This ^noment of momentum of the body about the axis O 

is also called the angular momentum of the body about that axis. 

For a large body made up of small parts, whose masses are wq, m^^ 
?ag, etc., and whose distances from the axis about w^hich the body is 
rotating are ?q, vq, >3, etc., respectively, the total linear momentum is 
evidently (wqr^ -{-???.2r2 + ^ngrg -fete.) (o, and the sum of the moments of 
momenta, or the total angular momentum, is 

{mg\ -f + myt'\ + etc.)o> = Iw, 
where I is the moment of inertia of the whole body. 

Since T = Ia, it follows that if the torque T acts on the body for 
t seconds, Tf=Ia/ = Ia), wliere o> is the increase in the angular velocity in 
the time t, and Iw is the increase in the angular momentum in that time. 
Hence, equal torques acting daring equal times ■will produce equal 
amounts of angular momentum. 

Exercises II. 

Take 1 metre = 3*28l feet. 

1. Express the following velocities in feet per second : 45 miles per hour, 
225 feet per minute, lij knots, and 150 metres per minute. 

2. Express the following velocities in feet per minute : 3‘5 feet per second, 
18 miles per hour, 18 knots, and 15 metres per second. 

3. Express the following velocities in miles per hour : 33 feet per second, 
3080 feet per minute, 16l knots, and 48 kilometres per hour. 

4 . Express the following velocities in radians per second : 5 revolutions per 
second, 270 revolutions per minute. 

5. Convert, a velocity of 63 radian.s per second into revolutions per minute. 

6. What is the angular velocity, in radians per second, of^ a train when 

running round a curve of 18 chains radius at the rate of 35 miles per liour? 
1 chain 22 yards. * ' 
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7. A traction engine travels at 6 miles per hour ; tlie road wheels are 6 feet 

in diameter, and are driven through 5 to 1 gearing. Find the angular velocity 
in radians per second of the fly-wheel on the engine shaft. [B.E.] 

8. The speed of a train increases at a uniform rate from 20 to 50 miles per 
hour in 1 minute 20 seconds. What is the acceleration in feet per second per 

second ? .. ■ ^ ^ . 

9. A rotating wheel increases its speed from 100 to 250 revolutions per 

minute in 35 seconds. What is the mean angular acceleration in radians per 
second per second ? i? 

10. A body starts from rest and its velocity increases at the uniform rate of 
8 feet per second per second. How long will it take to travel 144 feet ? 

11. A moving body has its velocity reduced 2 feet per second in each second 
while it moves a distance of 45 feet, and its velocity is then 4 feet per second. 
What was the initial, velocity of the body ? 

12 . A stone is dropped into a well, and after the lapse of 2-5 seconds the sound 
of- the splash is heard. Taking the velocity of sound as 1100 feet per second, 
calculate the depth to the water in the well. 

13 . At the instant that the brakes are put on, a train has a speed of 40 miles 
an hour and it is brought to rest, covering a distance of 220 yards during the 
time of application of the brakes. Assuming the retardation to be uniform, find 
the time of action of the brakes. 

14 . The speed of a motor car is determined by observing the times of passing 

a number of posts placed 500 feet apart. The time of traversing the distance 
between the first and second posts was 20 seconds, and bet-ween the second and 
third 19 seconds. If the acceleration of the car ls constant, find its magnitude 
in feet per second per second, and also the velocity in miles per hour at the 
instant it passes the first post. [Inst.C.E.] 

15 . A rotating wheel has its speed reduced 50 revolutions per minute hi each 
second while it makes 300 revolutions, and its speed is then 60 revolutions per 
minute. What was the initial speed of the wheel in revolutions per minute ? 
Also, what was the time occupied in making the above reduction in speed ? 

16 . The wheels of a motor car are 30 inches in diameter, what is their 
angular velocity in revolutions per minute and in radians per second when the 
speed of the car is 20 miles per hour ? If the car is brought to rest in a distance 
of 60 yards under a uniform retardation, what is the angular retardation of the 
wheels in radians per second per second ? 

17 . Determine the apparent velocity and direction of rain-drops falling 

vertically with a velocity of 20 feet per second with reference to a bicyclist 
moving at the rate of 12 miles an hour. [Inst.G.E.] 

IS. A cyclist is riding due west at a speed of 12 miles per hour, and the 
wind is at the time blowing from the south-east with a speed of miles per 
hour. If the cyclist carries a small flag, in what direction will this flag fly? 
At what speed would the cyclist require to ride if the flag is to fly due north ? 

• ' [B.E.] 

19. A man standing on a train which is moving with a speed of 36 miles per 
hour shoots at an object running away from the railway at right angles at a 
speed of 12 miles per hour. If the bullet, which is supposed to move in a 
horizontal straight line, has a velocity of 880 feet per second, and if the line 
connecting man and object makes an angle of 45“ with the train when he fires, 
find at what angle to the train he must aim in order to hit the object. 

■ . . [InstO.E.], 

20. A and B are two points in a rigid body. A and B are moving in a 
vertical plane, and when AB is inclined at 30“ to the 
horizontal A is moving in a horizontal direction with 
a velocity of 10 feet per second. At the same instant 
the point B is moving in a vertical direction. Ihnd 
the velocity of the point B. 

21. AO and BD (Fig. 19) are two cranks which 
oscillate about fixed axes at A and B. fl'liese cranks 
are connected by a link or coupling-rod CD. Tlio 
axis of the link CD cuts the line AB at V. Show 
that the ratio of the angular velocity of AC to the 
angular velocity of BD is equal to the ratio of B? to AP. 

22. A rigid body has plane motion. Three points on tlie body A, B, and C, 
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in the same plane, are such that AB=:3 feet, BC = 2 feet, and AC = 2 *6 feet. At 
a certain instant it is known that the point A has a velocity of 4 feet per second 
in the direction from A to G, and that the point B is moving in the direction 
from C to B. Show how the velocity of any other point on tlie body may be 
obtained, graphically or otherwise, and determine the values for tlie 'velocities 
of B and the point midway between A and B. 

23. A force P acting on a body weighing 250 lbs. for 10 seconds clmnges 

the velocity of the body from 8 to 24 feet per second. Bind the magnitiide 
of' P.'' ■ ' ' , . . 

24. Two men, each exerting a constant force of 50 lbs., set a waggon weighing 
5 tons in motion. The frictional resistances amount to 10 lbs. per ton. Pind 
the distance through whicli the waggon is moved from rest in 1 mioiite. 

26. A locomotive draws a train of 100 tons with a uniform acceleration such 
that a speed of 60 miles per hour is attained in 4 minutes on the level. If the 
frictional resistances are 10 lbs. per ton and the resistance of the air, which 
varies as the square of the speed, is 120 lbs. at 20 miles per hour, find the pull 
exerted by the locomotive at 30 and at 60 miles per hour. [Inst.C.B.] 

26. Assuming that a train may be accelerated by the application of a force 

equal to one-fortieth of its gross weight, and be braked with a force equal to 
one-tenth of its gross weight, find the least time in which it may run from one 
to another of two stopping stations 5000 feet apart. What is the greatest speed 
during the run ? [Inst.C.B.] 

27. In an electric railway the average distance between stations is | mile, 
the running time from start to stop 1| minutes, and the constant speed between 
the end of acceleration and beginning of retardation 25 miles an hour. If the 
acceleration and retardation be taken as uniform and nuDaerically equal, find 
their values; and, if the weight of the train be 150 tons and the frictional 
resistance 11 lbs. per ton, find the tractive force necessary to start on the level. 

[Inst.e.E.] 

28. A projeobile weighing 100 lbs. is fired from a gun weighing 5 tons with 
a velocity of 1000 feet per second. What is the velocity of free recoil of the 
gun?' 

29. A weight of 10 lbs. is suspended from a balloon by a cord. What is the 
tension in the cord when the balloon is ascending with an acceleration of 3 feet 
per second i)er second ? 

30. A weight of 5 lbs. hangs from the hook of a spring balance suspended 
within the car of a balloon. What is the vertical acceleration of the balloon 
when the spring balance indicates 5*5 lbs. ? 

31. A cage weighing 1000 lbs. is being lowered downi a mine by a cable. 

Find the tension in the cable (1) when the speed is increasing at the rate of 6 
feet per second per second, (2) when the speed is uniform, (3) when the speed is 
diminishing at the rate of 5 feet per second per second. The weight of the 
cable itself may be neglected. [Inst.C.B.] 

32. Two masses weighing W and w lbs. respectively are connected by a fine 
string passing over a frictionlcss pulley, as shown in FTg. 20. 

Show that the tension in the string is =--- lbs., and that the 

® W + w 

W -w 

acceleration is Mass of pulley neglected. 

33. A locomotive weighing 60 tons runs on a horizontal track 
of 1000 feet radius at a speed of 15 miles per hour. What is 
the horizontal thrust exerted on the outer rati ? 

34. Referring to Fig. 20, W and w are weights of 1000 Ihs. 
and 800 lbs. respectively. The pulley over which the rope 
passes which connects W and w is 2 feet in diameter, measured 
to the centre of the rope, its weight is 80 Ihs., and its radius of 
gyration is 10 inches. Assuraijig that the rope is flexible, and 
Neglecting friction, find the torque which must be applied to the pulley to raise 
W and lower to with an acceleration of 6 feet per second per second. 
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WORK AND ENERGY 

38. Work —When a force acting on a body causes that body to 
move, the force is said to do work. Also, if a body is. moved against a 
resistance, work is done in overcoming the resistance. The amount of 
work done depends on the magnitude of the force and also on the distance 
through which it acts. 

In measuring work the unit which is generally used by engineers is 
the work done when a force of one pound acts through a distance of one 
foot, this unit being called foot-j)ound. If the unit taken be the work 
done when a force of one ton acts through a distance of one foot, it is 
called a foot-ion. The foot-ton is used in ineasuring large quantities of 
work. For measuring small quantities of work the mch-jmmd, or the 
work done when a force of one pound acts through a distance of one inch, 
is frequently used. 

The work done by a force is found by multiplying the magnitude of 
the force by the distance through which it acts. 

39. Work by an Oblique Force.-— If a force acting on a body acts in 
a direction inclined to that of the body’s motion the force may be resolved 
into two components, as explained in Chapter IV., one 
acting in the direction of the body’s motion, and the 
other perpendicular to that direction. The latter com- 
ponent does no work, and the work done by the former 
is its magnitude multiplied by the distance through 
which the body moves. For example, if a body A 
(Fig. 21) is dragged along a horizontal plane by a force P whose line 
of action is inclined at an angle 0 to the horizontal, the horizontal com- 
ponent of P is P cos 0 and the work done is S x P cos 0, where S is the 
distance through which A is moved. 

40. Work in liaising a System of Weights. — When a number of 

weights are raised through different heights, or when all the parts of one 
weight are not raised through the same height, the amount of work done 
is obtained by multiplying the total weight lifted by the distance through 
which the centre of gravity of the system is raised. The proof of the 
foregoing rule is as follows : — Let etc., be the weights of the 

parts of a system of weights, or the weights of the parts of a single body. 
Let 7^|, 7q>, etc., be the heights of these above a fixed horizontal plane 
before they are lifted, and let etc., be their heights above the 

fixed horizontal plane after they are lifted. Also, let PI and K be the 
heights of the centre of gnmity of the system above the fixed horizontal 
piano before and after lifting respectively, and let W = tlio total weight 
of the system = 'fv/q + '/qj + etc. • - 
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41. Diagram of Work.— If a- straight line OU (Fig. 22) represents 
to scale the distance S through which a body moves under the action of 
a force, and if OB drawn at right angles to 00 
represents to scale the magnitude P of the force, then 
the area of the rectangle BC will represent to scale 
the work done by P in acting through the distance 
S. For, let the linear scale be 1 inch to m feet, and 
the force scale 1 inch to n lbs. ; also let OC be I 
inches, and let OB be h inches long. Then the magnitude P of the force 
is hn lbs., and the distance S is Im feet. Work done — PS = Imha = Idrnn 
— Amn^ where A is the area of the rectangle BC in square inches. 

If the body moves along the horizontal path represented to scale by 
OC (Fig. 23) under the action of a force which varies in magnitude, and 
if the magnitude of the force at each point of the path is represented to 
scale by the height of the diagram BC at that point, then the area of the 
diagram will still represent to scale the work done. Consider the work 
done from E to F, two points near to one another, and let the dimensions 
of the diagram be in inches, and let the linear and 
force scales be the same as before. At E the magnitude 
of the force is ED x n lbs., and at F the magnitude of 
the force is FH x n lbs., and since E and F are near to 
one another DH may be considered to be a straight line, 
and the mean magnitude of the force between E and F 
is I (ED + FH) X 71 lbs. The work done between E and 
F is |{ED -h FH) X 71 X EF x 771 foot-pounds. But the area of EDHF 






E F 

Fig. 23. 


is l(ED-i-FH) X EF square inches, therefore the work done from E to 
F if. equal to the area of the vertical strip DF in square inches multiplied 
hj 711 and by Hence dividing the whole diagram BC into vertical 
narrow strips, it follows that the Vvork done in moving the body through 
the distance represented by OC is equal to A77in, where A is the area 
of the diagram BC in square inches. 

42. Turning Moment— Work in Turning.— When a force P acting 
on a body causes that body to rotate about a fixed axis, the line of action 
of the force being in a plane perpendicular to that axis, the product of P, 
the magnitude of the force, and the perpendicular distance li of its line 
of action from the axis is called the timimg mo7}ient or to7'que of the driving 
force P. If P is in pounds and E is in feet, the turning moment PR is 
in pound-feei ot foot-qwzmds ; but if P is in pounds and R is in inches, PR 
is in prnmd-mches or mch~p)0U7id.s. If the line of action of P is not in a 
plane perpendicular to the axis of rotation, but makes an angle 0 with 
that plane, then the turning moment is PE cos B. 

If R, the leverage of P, remains constant during the rotation of the 
body, and if the magnitude of P is also constant, then if w is the angle in 
radians through which the body turns, the distance through which P acts 
is coR, and the work done by P is PwE, or Tw, where T is the turning 
moment. If the leverage R or the force P, or both, should vary, then if 
T is the mean tui'nmg 77i07nent the work done is Ta>. 
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if niiiomit of turniiig is given as revolations, tlien the ciistance 
through wliieli P acts is 27rPt«, and the work done is 2'7rPK,n, or 27rT'?o 

43. Rate of Work----Horse-power.----Kie ^ w of any 

agent depends on the ctmoiint of wotJc which it can do in d given time. 
Watt foiuid that a good working horse could do 33,000 foot-pounds of 
work in one minute, and he introduced this as the unit for measuring 
the working power of steam-engines. A steam-engine or any working 
agent is said to be of one horse-power it can do 33,000 foot-pounds 
of work in one minute, or 550 foot-pounds in one second. 

Evidently the simple rule for finding the horse-power of any working 
agent or the horse-p)owmr transmitted by any piece of machinery is to 
divide the number of foot-pounds of work done or transmitted per minute 
by 33,000, or horse-power equals work per second divided by 550. ^ 

Horse-powder is a measure of the rate of doing or transmitting 
wdork. ' 

44. Electrical Units and their Mechanical EquiYalpts.-— The 
electromotive force, or electric pressure of an electric current, is measured 
in volts, and the strength of the current, or the rate of flow of the 
electricity across a section of the conductor, is measured in aniperes. The 
power of a current of 1 ampk'e at an electrical pressure of 1 volt is called a 
watt. Volts X amperes = watts. 1 horse-power = 746 %vatts, 1 kilowatt 
= 1000 watts. 1 electrical unit or 1 Board of Trade unit = 1000 wdatt-hours. 

45. Machines. — For the purposes of this Article a machine may be 
defined as a contrivance for overcoming a force applied at one point by 
means of another force applied at another point. In books on mechanics 
it used to be the practice to call the former force the tveigM and the 
latter force the power, but since the force to be overcome is not necessarily 
that of gravity, it is better to call it the 7*esistance, and since the term 
power is used in connection w^ith rate of work, it is better to use the term 
effo 7 i instead of power when referring to the driving force in a machine. 
In this Article the effort will be denoted by P, and the resistance by W. 

The points at which the effort and re- 
sistance act may be called the driving point 
and ^ 

In machines when the driving point 
moves through a definite distance, say a, 
the working point moves through another 
definite distance, say h, and in many ma- 
chines the ratio of a to h is constant. In other 
machines the ratio of to is different for 
different positions of the driving and working 
points. In a simple wheel and axle (Fig. 24), 
for example, the displacement of P will bear a constant ratio to the 
displacement of W, whereas in a toggle joint (Fig. 25) the ratio of the 
displacement of P to that of W will be different for difterent positions 
of the parts of the machine. 

In a machine in ^?}lich the displacement of the driving point bears a 
constant ratio to the displacement of the working point, this ratio {ajh) 
is called the velonty ratio of the machine. In a machine irj -which this 
ratio is variable, the velocity ratio of the machine for any given positions 
of its parts is the ratio of the displacement of the driving point to the 


Fig. 24 
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of I In* \^'^>^kiDg j'oiiit wlien these are in 

(leliiiheiy wiyall. 

The ratio ot \V to P is called 'the uftyhaiueal adrcmiaf/e of the 
machine. 

In all machines a certain amount of work is wasted in overcoming 
friction^ and the result is that Pa, the work done by the eflbrt in a given 
time, which may be called the work or the work put into the 
machine, is greater than W5, the work done on the resistance in the same 
time, which may be called the iiseful work or the work got out of the 
machine, and the difference between these two quantities of work is the 
lost work. 

The ratio of the useful work to the total work is called the efficiencf 
of the rnacliine. The efficiency must evidently be always less than unity. 
The reciprocal of the efficiency is called the counter efficiency. If the 
machine be reversed so that W becomes the effort and P the resistance, 
the efficiency under this condition is called the reversed efficiency. 

Let E = efficiency, M = mechanical advantage, and V = velocity ratio, 

then V==|, M = ^} E ™ The lost work is Pa- and 

assuming that the lost work is the same when the machine is reversed 
under the action of W as the effort, Wb must be greater than Pa - Wh, 
Wb 

or p must be greater than A machine will therefore not reverse 


under the action of the resistance W unless its efficiency is greater than 
50 per cent. 

46. Usual Eelation between the Effort and Resistance in a 
Machine. — If experiments are made with a machine by varying the 
useful resistance W and finding the corresponding values of the effort P, 
it is found that if the results are plotted on squared paper the points 
thus obtained generally lie very nearly in a straight line, and if the 
straight line which most nearly contains all 
the points be drawn, the equation to this line 
is P — mW + c, where m and c are constants 
for the particular machine. 

In Fig. 26 the dots represent points 
plotted as described above, the values of W 
being measured horizontally from the vertical 
axis GY, and the values of P vertically from 
the horizontal axis OX. AB is the straight 
line which most nearly contains the points. 

Take any point Q in AB, draw QM parallel to OX to meet OY atM, and 
QN parallel to OY to meet OX at N. Then QM and QN represent corre- 
sponding values of W and P respectively. Draw AL parallel to OX to meet 
QN at L. It is evident that wherever Q may be taken in AB the ratio 
QL -f AL will be the same. Let QL4-AL = w, and let OA = c, then 
__ QL __ QN - LN___P-^^ 

W 
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AL 


therefore P = mW + c. 


In plotting it is not necessary that the scale for P be the same as 
that for W, but in determining the value of m care must be taken to 
measure QL and OA with the scale for P, and AL with the scale for W. 
The relation between P and W is sometimes called the law of the 
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macMiie. When the law of .a machine is known to be ^ sirmgM line law 
it is evident that since a. line is fixed when two points in it are known, 
the law of the machine can be found, from two values of W and the two 
corresponding values of P. 

The quantity c is evidently the magnitude ot the etlort required to 
drive the machine unloaded. ^ ^ . .. . 

The effort to overcome a resistance W when the machine is frictioii- 
less is F = W4- V, where V is the velocity ratio of the macMiie. ^ The 
efficiency is obviously equal to the ratio of the effort wdthout friction to 
the effort with friction, hence 

F W 1 

■ w 

As W increases the term ^ climiiiishes, and by making W large enough 
will become so small that it may be neglected ; hence the limit to the 
efficiency of the machine is , assuming of course that the law of the 

machine, P = otW' + c, remains true with the increased value of W. 

The mechanical advantage 

■ W W 1 

P mW c 

_ ■ 

and reasoning as for the maximum efficiency, it follows that the maximum 
mechanical advantage is 

Since M^EV, it follows that if an efficiency curve be drawn this 
curve will also represent the mechanical advantage, but to a scale wffiose 
unit is 1/V of the unit of the efficiency scale. 

Exercises Ilia. 

1. A man raises a weight of 25 kilogrammes to a height of 22 metres. A 
small steam-engine raises a weight of 98 lbs, to a height of h feet, and does the 
same amount of work as the man. Find /i., having given that 1 kilogramme 
= 2*2046 lbs. and 1 metre = 39*371 inches. 

. 2. A block of stone is pulled along level ground at a uniform velocity over a 
distance of 6 yards by a force of 450 lbs. acting on a rope attached to the stone 
and inclined at 45“ to the ground. How many foot-pounds of work have been 
done? 

3. A cylindrical column of granite, 2 feet in diameter and 5 feet long, stands 
with one end on the ground. If the weight of the stone is 170 lbs. per cubic 
foot, how many foot-pounds of work are done in tipping it over into the position 
from which it is about to fall over into a horizontal position ? 

4. A wire rope 250 feet long, and weighing 1 lb. per foot, hangs from the 
drum of a winding- engine, and carries a weight of 15 cwt. at its lower end. 
Find the work done in foot-pounds in winding u^i the first 200 feet of the rope. 

6. A rectangular tank, 7 feet broad, 8 feet long, and 6 feet deep, is half full of 
water weighing 62*3 lbs. per cubic foot. How many foot-pounds of work will 
be required to raise all the water over the top of the tank ? 

6. 250 cubic feet of water are pumped from a rectangular tank, whose base is 
6 feet square, into a cylindrical tank, whose base is 6 feet in diameter. The 
bottom of the cylindrical tank is 20 feet above the bottom of the other. Find 
the work done in foot-pounds, taking the weight of a cubic foot of water as 
62*3 lbs. 


'WORK AND ENERGY 


29 . 


7. A weight of 1 lb., hanging at rest on the hook of a spring-balance; has 
stretched the spring one-tenth of an inch. How many foot-pounds of work must 
be done in stretching the spring 1| inches farther r 

8. A weight of 50 lbs. is lifted 30 inches. The force which does this work 
acts through a spring-balance, which at the beginning registers zero and at the 
end 50 lbs. The stiffness of the spring is such that a , weight of 20 lbs. gradually 
applied stretches the spring 1 inch. Determine the work done by the lifting 
force. , 

9. Mild the horse-power of a steam-pump which can raise 1100 gallons of 
water to a height of 90 feet in 5 minutes. 

10. What weight will an engine of 8 horse-power raise to a height of 90 feet 
in I minute? 

11. Coal is raised from a mine 660 yards deep. The cage and its load weigh 
5 tons, and the rope weighs 24 lbs. per fathom. Find the horse-power of iTie 
winding-engine if the load is raised from the bottom to the surface in 55 seconds. 

12. How many gallons of water may be raised per hour from a depth of 
140 feet by an engine of 200 indicated horse-power, the efficiency of the engine 

■ and pump being 80 per cent. ? 

13. An electrically driven overhead crane raises a weight of 5 tons at the rate 

of 90 feet per minute. What is the horse-pow'er ? Convert this into W’atts. The 
motor drives the lifting machinery, whose efficiency is 70 per cent. How many 
amperes of current must be supplied to the motor if the voltage is 220 and the 
efficiency of the motor is 87 per cent. ? If the current is supplied by a company 
which charges at the rate of 2-|d. per Board of .Trade unit for power purposes, 
what is the cost of lifting in pence per foot- ton ? [B.E.] 

14. Electric current is supplied to a certain motor plant at 220 volts, and 

150 amperes are taken. What H.P. does this represent ? How much would it 
cost if used for an average of 6*5 hours per day for a whole year of 313 days? 
The power is supplied at 2'24d. per H.P. hour {i.c. 3d. per B.T.U.), [B.E.] 

15. A machine is concealed from sight, except that there are two vertical 

ropes ; when one of tliese is pulled downwards the other rises. If the falling of 
a weight A on one causes a weight B on the other to be steadily lifted, first 
when A is 12 lbs. and B 700 lbs., second when A is 7*6 lbs. and B is 300 lbs., 
what is A likely to be when B is 520 lbs. ? If B rises 1 inch when A falls 
70 inches, what is the efficiency of this lifting machine in each of the three 
oases? [B.E.] 

16. In a lifting machine an effort of 26*6 lbs. just raised a load of 2260 lbs. ; 

what is the mechanical advantage? If the efficiency is 0*755, what is the 
velocity ratio? If on this same machine an effort of 11*8 lbs. raised a load 
of 580 lbs., what is now the efficiency? What is probably the effort required 
to raise a load of 1000 lbs. , and what would the efficiency be ? Explain why, 
when the efficiency is somewhat less than 0*5, a lifting machine does not 
overhaul. ^ [B.E.] 

17. The law of a machine is P=0*03W + 1, and its velocity ratio is 210. 
What is the mechanical advantage, and wffiat is the efficiency when W=300 lbs. ? 
What is the maximum mechanical advantage, and what is the maximum 
efficiency ? Denoting that part of the effort which is used in overcoming the 
friction of the machine by F, find F when W=300 lbs., and determine the 
relation between F and W for any value of W. Plot the effort, friction, and 
efficiency, on the resistance as a base, from W = 0 to W =300 lbs. SGales.---Effort 
and friction, 1 inch to 2 lbs. ; resistance, 1 inch to 50 lbs. ; efficiency, 1 inch to 
4 per cent. . 

18. Eef erring to the machine of the preceding exercise, if Q is the effort to 
reverse the maoliiiie, or lower the load W, find the relation between Q and W. 

19. If B be the B.H.P. of a certain gas-engine and I the corresponding 

I.H.P., and the results of two tests gave B = 57 corresponding to 1 = 73, and 
B = 117 corresponding to 1=139, what would the B.H.P. be if the I.H.P. were 
35 ? Assume the law “ * 


B = ad + y, wherear and 
y are constants. 

[Inst.O.E.] 
20. Experiments 
were made with 


w 
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Weston differential pulley tackle having a velocity ratio of 16, and the results 
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here tabulated were obtained, W being the load and P the effort, both in lbs. , 
Plot these results. Draw the straight line which most nearly represents the 
relation between P and W, and find its equation in the form P = mW + c. Draw 
the efficiency curve, and calculate the maximum efficiency. 

21. A crane requires the expenditure of 30 foot-tons of work per second to 
lift 10 tons at the rate of 2 feet per second, and 20 foot-tons per second to lift 
3 tons at the rate of 4 feet per second. Assuming that the law connecting the 
rate at which work is done on the crane (A) with the rate at which the crane 
does work (B) is of the form A=^)B +$, where p and q are constants, find the 
values of p and q, and use the expression to calculate the efficiency of the crane 
for a load of 5 tons lifted at the rate of 2 feet per second. 

47. Energy. — In mechanics the i^nw energy means capacity for 
doing work, 

Fotential Energy is energy due to the relative position of one body to 
another, or of one part of a body to another part when the two bodies 
or the parts of the same body are under the action of a force or forces 
tending to alter their relative positions. For example, a body which is 
allowed to fall towards the earth may be made to do work ; hence before 
it begins to fall it possesses potential energy, or energy due to its 
position in relation to the earth. A compressed spiral spring has 
potential energy, because if it is allowed to resume its unstrained form 
it can be made to do work. Likewise compressed air possesses potential 
energy. The energy stored in a piece of coal is potential energy, and 
under favourable conditions the atoms of the constituents of the coal and 
the atoms of the oxygen of the air will rush together and produce heat 
which may be converted into work. 

Kinetic Energy is energy due to the motion of a body. A gallon of 
water at rest at a height of 100 feet above the level of the sea possesses 
1000 ft.dbs. of potential energy, and if this water is allowed to fall 
freely to the level of the sea, without doing work on the way, it will in 
every position of its fall possess 1000 ft. -lbs. of energy, but as it 
descends its potential energy will diminish, and the remainder of the 
1000 ft.-lbs. will be stored in the water as kinetic energy. When the 
gallon of water has fallen 25 feet its potential energy will be reduced to 
750 ft. -lbs., and its kinetic energy will then be 250 ft.-lbs. 

If a body of weight W lbs. falls freely from rest through a height of 
/z, feet it will then have stored in it W/i- foot-lbs. of kinetic energy, and its 
velocity will then be v = sj^gh feet per. second. Hence the kinetic 
Wy2 


energy WA is equal to 


It is evident that the kinetic energy of a 


body weighing W lbs., and moving with a velocity of v feet per second, 

will be the same, namely, ™ , whatever be the cause of the velocity, 

whether, for example, the cause be the force of gravity, as in a falling 
body, or the force of an explosion, as in a gun. 

48. Kinetic Energy of a Eotating Body. — If an indefinitely small 
body of weight ?/; lbs. be moving with a linear velocity v feet per second 
in a circle of radius r feet, then its angular velocity o) in radians per 

second is equal to r/r^ and its kinetic energy is ^ ft.-lbs. 

If a body of weight W, rotating about a fixed axis with, an angular 


velocity w, be divided into indefinitely small pnrte of weights 


Wp 
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etc., whose distances from the axis of rotation are n>, etc., respec- 
tively, then the kinetic energy of the whole body is 

^ +etc.) - , 

where k is the radius of gyration, and I the moment of inertia of the body 
about the axis of rotation. If these expressions give the kinetic energy 
in ft. -lbs., then W must be in lbs., in feet, and I in lb. and foot units. 

49. Totar Kinetic Energy of 'a Body.— If a body of weight W 
rotates about an axis through its centre of gravity with an angular 
velocity w, and if the radius of gyration of the body about that axis 

If the 


is /r, then its kinetic energy due to its rotary motion is 




centre of gravity of this body has a linear velocity v, then its kinetic 
energy due to its motion of translation is - . If the body has both 

kinds of motion simultaneously, then its total kinetic energy is 

50. Mechanical Eq.uivalent of Heat. — Heat and work are mutually 
convertible the one into the other. In a heat engine the heat produced 
by the combustion of the fuel used is converted into the woik dene Ijy the 
engine. When the brakes are applied to the wheels of a moving train, in 
order to bring it to rest, the kinetic energy of the train is converted into 
heat at the rubbing surfaces of the brake blocks and wheels, or if the wheels 
skid the heat is produced at the rubbing surfaces of the wheels and rails. 

Careful experiinents have shown that 778 ft.-ll)s. of work are equiva- 
lent to one British thermal unit (B.Th.U.) of heat, or the heat required to 
raise the temperature of 1 lb. of water 1° Fahrenheit. The numher 778 
is called the mechankal equivalent of heat. In terms of the Ib.-degree 
centigrade unit of heat the mechanical equivalent of heat is 1400 ft. -lbs. 

51. Analogies of Linear and Angular Motions.— The student 
would do well to study the analogies of linear and angular motions 
exhibited in the following table : — 


Quantity. 

Linear. 

Angular. 

Time 


t 

Distance or displacement . 

s 

e 

Velocity 

V 

w 

Acceleration . . 

f 

« 

Inertia . . . . ' . . 

Mass, ’U.—'ulq 

Moment of inertia, I 

Effort . . . • . . , . . 

Force, P = M/ 

Torque, T=:Lf. 

Momentum.. .... 

M?^ 

Iw 

Impulse 

Pi — Mv 

T^ = Iw 

Work done = U^. . 

Ps 


Space average of effort 


V-rB 

Time average of effort 

Mv-r-< 

Iw-f-i ' 

Kinetic energy .... 

pPL.V; 

. I-Tw." 

Kinematical equations for uni- /, 



form acceleration from rest j ! 
in time t [ 




6^2 = 2a^ 


In this table I=Mib^= 


WF 
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Exercises Illb. 


1. A railway train has a speed of 30 miles per hour. How far will this train 
travel, after steam is shut off, under a resistance of 15 lbs. per ton ? Also, what 
additional resistance, in lbs. per ton, must be applied to stop the traih in a 
distance of 100 yards ? 

2. Through ‘what distance must a force of 7| lbs. act on a body weio-hino- 
20 lbs., in the direction of its motion, in order to ‘change its velocity from^l 5 to 
25 feet per second ? 

3. Whatuiiiist be the magnitude of a force acting on a body weighing* 50 lbs. 

through a dist'i nee of 10 feet, in the direction of its motion, which will double 
the kinetic energy of the body, if the velocity when the force begins to act 
IS 200 feet per minute ? o vu 

4. To dpiw a waggon weighing 10 tons up an incline 50 feet high requires 
the expenditure of 530 foot-tons of work. If the waggon is liberated at the top of 
the incline, what speed, m miles per hour, will it liave when it reaches the 
bottom? Asvsume that the frictional resistances are the same coming down as 
going up the incline. Fixrtheiv if the brake is applied during the descent, and 
thewelocity acquired at the foot of the incline is 25 miles per hour, how manv 

toot- tons of work have been absorbed by the brake ? 

. ^ moving at the rate of 40 miles per hour, run up an 

incUne of I in loO after steam is shut off? In addition to the resistance of 
fhat o^thrmdtioiT^^^ resistance of 12 lbs. per ton in the direction opposite to 

6. A vehicle weighing 4 tons is proceeding at the rate of 10 miles an hour 
along a level road; the pull on it is suddenly stopped: supposing the whole 
resistance equivalent to 500 lbs. applied to the-" rim of one of the wbeeli. 4 feet 
in chametei, calculate how iar the vehicle will ran before stopping. [Inst C E I 

ii, h-„ 101 revolutions pe? mlLte whTn 

Its kinetic energy alters by the amount of .'300,000 ft.-lbs What is its 
moment of inertia? What is its kinetic energy wh^n matog i reTdidLn pt 

stovh ^ fly-wheel of a shearing machine has 150,000 ft.-lbs. of IdnettotSv 
P 250 revolutions per minute; what energy LS 
It part with during a reduction of speed to' 200 revolutions per minut?d Tf 

1 inffhef i>aparted to the sheai-s during a stroke It 

2 inolies, what is the average force due to this on the blade of the shears ’ IB E 1 

energy of 90 rei;olntions per minute has a sTorek^ 

Sr-w£??' hr p,«a„ri bptt,,iowWaom „“g 

10. .A machine is found to have 300,000 ft -lbs stored in it ns i-; fl.”®!-!!-®'] 
when its main shaft makes 100 revolutions per miiintf A Smifn, ®"ygy 

an ascent of 1 in 100 before eoniinrr engine travel up 

30 tons, and there is’a constant friM-i* \ “"‘I •''’“ok together weigh 

the ton ? constant factional resistance on a level road of 20 lbs. to 

drivteg thetfweigJfrosTib'f 

Each Ixlo with its wheels has 1 rsi-nsJ and its wheels weigh 050 lbs. 

of the wheels at the tread is 30 inVhpq diameter 

car in foot-tons when it is travelb*no-*ai-Tr^‘^^*^^ energy of this 

the total energy of the ear is due to fhe rotatidn o/wm^Xels 2Id a‘xlds?'°" 


WO'RK AND ENEKOY 


33 


13. A projectile weighing 12 lbs, has a linear velocity of 2500 feet per second 
and an angular velocity about its axis of 500 revolutions per second. If its radius 
of gyration is 0*75 inch, what is the total kinetic energy of the projectile ? 

14. Apply the principle of the conservation of energy to find the velocity of 

a thin hollow circular cylinder after rolling a distance of 12 feet down a plane 
inclined at a slope of 1 vertical in 5 horizontal. [Inst.C.l.] 

15. A fly-wheel (Fig. 27) mounted on a horizontal spindle in bearings is 

rotated by winding a cord on the spindle, 
attaching a weight to the cord, and allowing 
the weight to fall to the ground. In an 
actual experiment the falling weight was 21 
lbs., the total height of fall, 5 feet ; the 
height of fall of the weight for one revolu- 
tion of the spindle was 5;05 inches ; the time 
taken by the weight from starting from, rest 
to reach the floor was 7 '6 seconds, the 
whole time of rotation of the fly-wheel 
starting from rest was 70‘25 seconds, and 
the total number of rotations of the fly- 
wheel was 109*9. Find— («) The energy 
in inch-pounds in the falling weight at the 
instant of striking the floor ; (h) the energy 
in inch-pounds per revolution lost in fric- 
tion in the bearings of the spindle ; (c) the 
moment of inertia of the fly- wdieel. [B.E.] Fig. 27. 

16. Through what height m ust a weight 

of 10 lbs. fall .freely fro.tn rest so that its energy at the^ end of the fall is 
.equivalent to the heat required to warm 10 lbs. of %vater 1“F. ? 

17. Two cylindrical tanks, A and B, of, respectively, 4 square yards and 

2 square yards horizontal cross section, stand on the same floor aud arc 
connected near the bottom by a narrow pipe. A at first contains 8 cubic yards 
of water, and B is empty. The water flows slowly into B, Find the amount of 
heat which will have been generated when the water has ceased to flow and it 
has all come to rest. ^ ^ [Insfc.G.E.] 

18. Find the combined efficiency of a steam-engine and its boiler when the 
coal used is 1-|- lbs. per horse-power per hour, the calorific value of the coal being 
12,500 B.Th.U. 

19. The balls on the arms of a fly-press weigh 112 lbs. each, and they are 

moving with a velocity of 12. feet per second. How many ft.-lbs. of work 
nausb be expended in bringing them to rest ? If the die sinks inch into the 
metal while the balls are being brought to rest, find the mean resistance to the 
motion of the die into the metal. ■ 

20. A hammer used for driving a nail weighs 2 lbs,, and at the instant of 
striking the blow it is moving with a velocity of 16 feet per second; the blow 
causes the nail to penetrate into the wood inch. Find the mean pressure on 
the head of the nail. 
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CHAPTER IV 

THE POLYGON OF FORCES 

52. Composition and Eesolntion of Forces.—The single force 
which would produce the same effect as a number of forces acting 
together is called the resultant of these forces, and the forces are called 

of their resultant. 

The single force which will balance a number of forces acting together 
is called the equilihrcmt of these forces. The equilibrant has the same 
inagnitude as the resultant, and acts along the same line, but in the 
opposite direction. 

The process of finding the resultant of a number of forces is called 
the compositmi of forces the converse process of replacing a force 
by two or more components is called the resohition of a force. 

The resultant of a number of forces acting in the same straight line 
is equal to the algebraical sum of the forces. If forces acting in one 
direction along a straight line are positive ( + ), those acting in the 
opposite direction are negative ( - ). 

53. Parallelogram of Forces and Triangle of Forces. — If OP 

and OQ (Fig. 28 ) represent in magni- ' 

tude and direction two forces acting ^ \ 

at the point O, then the diagonal / / 

OR of the parallelogram OPEQ will / . 
represent the magnitude and the Q ^ "'r 

direction of their resultant. Con- 
versely, if a parallelogram OPRQ be 
described on OR as diagonal, OP and OQ will represent components of 
the force represented by OR. 

In applying the parallelogram of forces OPRQ it should be noticed 
that the forces OP and OQ must both act either from O towards P and 
Q respectively, or towards O from P and Q respectively. Since the only 
difference between the resultant and the equilibrant of two forces is that 
the sense of the one is opposite to the sense of the other, the parallelo- 
gram of forces may be applied to find the equilibrant of two forces. 

If AB and BC be drawn parallel and equal to OP and OQ respec- 
tively, and CA be joined, then it is obvious that the triangle ABC is equal 
in ail respects to the triangle OPR, and tlierefore AC is equal and 
parallel to OR. Hence the resultant or the equilibrant of two forces 
OP and OQ may be determined by drawing the triangle of forces ABC. 
If arrow-heads be placed on the sides of the triangle of forces to show 
the sense of the forces, then, when two forces and their resultant are 
represented, the arrow-head for the resultant will point in the opposite 
direction round the triangle to that of the other two arrow-heads. But 
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wlien two forces and their ex|uil.ibrant are 'represented, the three arrow- 
heads will point ill the same direction vomxii the triangle. 

Beferring to Fig. 28, OJH:= OP2 + OQ2 + 20P • OQ cos POQ, also 
AG2 - AB2 + BC^ ~ 2 AB • BC cos ABC. 

54. Polygon of Forces, —If a number of forces OP, OQ, OR, and 
OB act at a point O (Fig. 29), their resultant oiv their equilibrant inay 
be found by repeated 
application of the 
parallelograin or tri- 
angle of forces. The 
parallelogram POQT 
determines OT, the 
resultant of OP and 

OQ. The parallelo- 
gram TORli deter- 
mines Oil, the re- 
sultant of OT and 

OR, and therefore 
the resultant of OP, 

OQ, and OR. The 
parallelograin UOSA^ determines O V, the resultant of OLT and OS, and 
therefore the resultant of OP, OQ, OR, and OS. 

If AB be equal and parallel to OP, and BC be equal and parallel to 
OQ, then AC will be equal and parallel to OTpif Cl) be equal and 
parallel to OR, then AD will be equal and parallel to OU ; and if DE be 
equal and parallel to OS, then AE will be equal and parallel to OY. 
Hence if a polygon ABODE be drawn, having its sides respectively 
parallel and equal to the given forces, the closing side AE will represent 
in magnitude and direction the resultant of the given forces, and EA 
will represent their equilibrant. 

If arrow-heads be placed on the sides of the polygon of forces to show^ 
the sense of the forces, then when the sides of the polygon represent the 
given forces and their resultant, the arro’w-head for the resultant will 
point in the opposite direction round the polygon to that of the other 
arrow-heads. But 
when the sides of the. 
polygon represent the 
given forces and their 
equilibrant, all tlie 
arrow-heads will point 
in the same direction 
round the polygon. 

When the given 
forces do not all act 
at the same point, or 
when their lines of 
ac-tion are mjt conciir- 
rentand not all paralleb 
their resultant may still 
be determined by re- 
peated application of the 2 >araiieiogram of forces, as shown in Fig. 
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Tile lines of action of OP and OQ intersect at O, and the parallelograni 
POQT determines OT, their resultant. The lines of action of 01 and 
O.R intersect at Op and being made equal to OT, the parallelo- 
gram TiO|RU determines OjU, the resultant of OT and O^R. The lines 
of action of O^IT and OgS intersect at Og, and being made equal 

to Oj_IJ, the parallelogram UjO^SV determines O 2 V, the resultant of 
Oil! and 0,S, and therefore also the resultant of OP, OQ, OiR, and 
OoS. By this method the resultant of the given forces is completely 

de'termined. . . ' j i 

The polygon of forces ABODE may be drawn as before, and the 
closing line AE will represent in magnitude and direction the resultant 
of the given forces, but the line of action is undetermined. A point in 
the line of action of the resultant may however be found by drawing 
another polygon, called the funiciduT polygon, which is discussed in the 
next Article but one. 

When the given forces are all parallel, the polygon of forces becomes 
a straight line. 

55. Lettering of Forces — Bow’s Notation.— -In Fig. 31 the diagram 
(in) shows the lines of action of a number of forces which act at a point 
and which are in equilibrium. The 
diagram {n) is the corresponding poly- 
gon of forces. In one system of letter- 
ing, each force is denoted by a single 
letter, as P. In Bow's notation, each 
force is denoted by two letters, which 
are placed on opposite sides of the 
line of action of the force in diagram 
(gn), and at the angular points of the 
polygon in diagram (^^). In Bow’s 
notation the force P is referred to as 

the force AB. In like manner the force Q is referred to as the force BC. 
The diagram (m), which shows the lines of action of the forces, is called 
the spitce diagram, and the diagram {n), which show^s the polygon of forces, 
is called the force diagram. 

In this w’-ork, w^lien Bow’s notation is used, capital letters will bo 
placed on the space diagram, and the corresponding small letters on the 
force diagram. 

56, The Funicular Polygon.— Let P, Q, R, and S (Fig. 32) be four 
forces which act on a rigid body, and which are balanced by a fifth force 
T, which is at present unknown. Draw the polygon of forces abcde, 
then from what has already been shown the line ea which closes the 
polygon will represent the magnitude and direction of the fifth force T. 
Take any point 0 and join it to a, h, c, d, and e. Take any point 2 in 
the line of action of P and draw the line 2B3 parallel to oh to meet the 
line of action of Q at 3, Draw 304 parallel to oc to meet the line of 
action of R at 4. Draw 4D5 parallel to od to meet the line of action 
of S at 5. Draw 5E1 parallel to oe and 2A1 parallel to oa. The latter 
two lines will meet at a point 1 on the line of action of T. 

Conceive that the lines A, B, 0, D, and E represent bars jointed to 
one another at the points 1, 2, ‘3, 4, and 5. Then these bars may be 
supposed to take the place of the rigid body upon wdiich the five forces 



m 


'I’llK 1N)f,Y(U)N 0 ¥ 


P, E, B, aiid lN;U*c s'uppost.Mi to act..' . In/ tho-oaso uiider co;risukaiitk>!i 
(Fig. 32) it is <}bvious that the bars ■' A, Bj CVD, and E are subjected to 
tension. Consider the point 2. Here there- are- -three forces acting 
which balance one another, viz, the force P' and the tensions in the bars 
A ' and B, and these three forces are. represented- in inagnitude and 
direction by, the three sides of the triangle- nZ/o. Again, the three forces 
acting at the point 3 are represented by the sides of the triangle also 
the three forces acting at the point 4 are represented by the sides of the 
triangle cdo, and the three forces at 5 by the sides of the triangle dfeo. 
FTow in order that the tensions in the bars E and A may be balanced by 
the force T, the force T must act at the point of intersection of the bars 
E and A. The point 1 is therefore a point in the line of action of T. 

The polygon 1 2345 is called the funmdar polygon^ the link polygon 
or the eqtdlibritmi polygon of the forces P, Q, E., S, and T with reference 
to the point o, which is called the p)ole. 

Since the pole o may have an infinite number of positions, there are 
an infinite number of funicular polygons to any system of balanced forces. 



If the diagrams (F) and {/) (Pig. 32) be compared it will be seen 
that each line on the one is parallel to a corresponding line on the other. 
Also, if a system of lines on the one meet at a point, the corresponding 
lines on the other form a closed polygon. Prom these properties the 
diagrams (F) and (/) are called reciprocal flgures. 

No reference has yet been made to Fig. 33, but all that has been 
said with reference to Fig. 32 will also apply to Fig. 33, where the given 
forces are parallel to one another, except that the bars E and A are in 
compression, the remaining bars B, C, and D being in tension. 

An examination of Figs. 32 and 33 will show that the simple rule to 
he remembered in drawing the funicular polygon is, that any side of that 
polygon has its extremities on the lines of action of two of the forces, 
and that that side is parallel to the line %vhich joins the pole to the point 
of intersection of the lines which represent these two forces on the polygon 
of forces. 

■Referring to Figs. 32 and 33, it may be noted that tlie cquilibrant of 


I 
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P and Q is represented in magnitude and direction by ca^ and tliat tlie 
point of intersection of the sides A and 0 of the funicular polygon is a 
point in the line of action of this equilibrant. Aho the eqiiilibrant of^F, 
Q, and E is represented m magnitude and direction by da, and the point 
of intersection of the sides A and D of the funicular polygon is a point 
in the line of action of this equilibrant. 

Having shown that the funicular polygoii together with the polygon 
of forces may be used to determine the equilibrant of a system of non- 
concurrent forces, it is obvious that the same construction will also deter- 
mine the resultant of that system of forces, since the resnitant acts aloiig 
the same line and has the same magnitude as the equilibrant, but acts in 
the opposite direction. 

57. Examples of the use of the Funicular Polygon.—Two examples 
will now be worked out to further illustrate the use of the funicular polygon. 

(1) Three vertical forces, A B, BO, and CD, act on a horizontal beam, 
as shown in Fig. 34. The beam rests on supports at its ends where there 
are vertical reactions DE and EA. It is required to determine the 
magnitudes of these reactions. 

Since the forces are all parallel the polygon of forces will be a straight 



line abedea, and the reactions will be represented by de and ea, the 
position of the point e being as yet unknown. 

Choose a pole o. Join oa, oh, oc, and od. Draw OA, OB, OC, and 
OD parallel to oa, oh, oc, and od respectively as shown. These four 
lines, OA, OB, OC, and OD, will form four sides of the funicular polygon, 
of which OE will be the closing side. Draw oe parallel to OE to meet 
ad at e. This completes the solution. It will be found that DE = 1 *48 
tons, and EA = 1*27 tons. 

(2) A horizontal beam AB (Fig. 35) i>s acted on by an inclined 
force P=200 lbs., a vertical force Q = 150 lbs., and an inclined force 
R = 500 lbs., as shown. There is also a vertical force T, whose magnitude 
is unknown, acting at A, and a force S acting at B, whose magnitude 
and direction are both unknown. These forces being iji equilibrium, it is 
required to determine T and S. 

By the polygon of forces (a) and the funicular polygon 1234 the line 
of action 4N of the resultant U of the forces P, Q, and R is found. 
Replacing P, Q, and R by TJ, there are now only three forces acting on 
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tlie beam AB, viz. U, T, and S, and since these forces are in eqiiililaiiiin 
and are not parallel, their lines of action innst meet at a point winvh 
must be the point N where the lines. of action of U and T intersect. 
This deterniines the line of action of S, and the polygon of forces hthng 
completed, the magnitudes of T and S are found to' be, T == 31 2*6 lbs., and 



S = 593*3 lbs., and the angle which the line of action of S makes with 
the beam, is 26° 3'. 

The forces T and S may, however, be found without the use of the 
point N, as follows. Draw as much of the polygon of forces as the data 
of the problem will permit. Choose a pole o and draw the funicular 
polygon B5 6 78, starting at tlie/pomt B, which is the only point in the 
line of action of S which is as yet known. 8B is the closing side of this 
funicular polygon, and a line oc drawn parallel to 8B to meet that side 
of the polygon of forces which is parallel to the line of action of T will 
determine the* remaining angular point of the polygon of forces, and will 
therefore fix the magnitude of T and also the direction and magnitude 
of S. ■ ■ \ . 

58. Analytical Methods. — The following examples illustrate the 
methods of solving, by calculation, problems on forces acting in a plane 
and at a point. 

(1) Two forces, P = 20 lbs., and Q = 10 lbs., act as shown at (a), Fig. 
36, the angle between their lines of action ^ ^ ^ 

being 100°. It is required to find B, the r ^ P P 

resultant of P and Q. tf / . ^ 

Drawing the triangle of forces shown ((^) ( J 

at (&), the angle opposite to B is Pio. 36. 

180° 100° = 80°. 

V Then, .B2 = + Q2 '2PQUOS 8^^ 

= 20- + 10^ - 2 X 20 X 10 X 0*17365 = 430*54. 

Therefore, B= ^430*54 = 20*75 lbs. 

The angle B which B makes with P is found from the equation 
sin ^ _ Q 
sin 80° ‘“"B* 
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Therefore, 

and 


sin <9= X 0*98481 = 0*4746, 
20*75 



? = 28°20'. 

(2) The lines of action of four forces, P, Q, S, and T, are as shown at 
(a), Fig. 37. The magnitudes of P and Q are 10 and 20 units respec- 
tively, and the four forces are 
in equilibrium. It is required 
to find the magnitudes and 
senses of S and T, 

Drawing the polygon of 
forces shown at (b), the senses 
of S and T are seen at once.- 
Projecting the sides of 
the polygon on to the hori- 
zontal, it is evident that the 

projection of T is equal to ^ ^ ^ 

the projection of S minus the projection of P plus the projection oi y, 

or T cos 30° = S cos 45*^ -- 10 cos 60^ 4- 20 cos 30° . . . (i) 

Projecting the sides of the polygon on to the vertical, it is evidpit 
that the projection of T plus the projection of Q is equal to the projec- 
tion of S plus the projection of P, 

or T sin 30° + 20 sin 30° - S sin 45° -f 10 sin 60° . . . (ii) 

Solving the equations (i) and (ii), 

T = 10 (2 + V3) = 37*32, and S = 20 ^2 = 28*28. 

( 3 ) PpPa^Pg, etc., are forces acting at a 
point O (Fig. 38), and their lines of action 
are inclined to a horizontal axis OX at angles 
dp dg, dg, etc., respectively. Produce XO to 
X^, and draw the vertical axis YOYp Ee- 
soive each force into two components, one 
along the horizontal axis and the other 
along the vertical axis. The horizontal 

components are, P^ cos dp Pg cos dg, Pg cos dg, 
etc. ; and the vertical components are, P^ sin dp P 
The resultant of the horizontal components is, 

P;^ cos d| + P 2 COS dg + Pg cos dg 4- etc. . . 

The resultant of the vertical components is, 

Pj sin ^i 4 -P 2 sin ^ 2 "^ 1^3 ^3 + etc. , 

If E is the resultant of all the forces, then 
11 ^ 2 ^ I gill and the line of action of E makes an 

angle d with OX such that tan ^ = 

■9 2(P cos d) 

If the forces PpPgjPgjetc.jare in equilibrium,then E = 0, 2(P cos d) = 0, 

and 2(P sin d) = 0. 

In applying the foregoing equations to numerical examples care must 
be taken to give the proper algebraical sign ( + or - ) to each quantity. 



Fig-. 38. 


, sin dg, Pg 


dg, etc. 


.-2(P COB d). 
: = X(P sin d). 
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Exercises IV.. . ' 

It is intended that all the. following exercises should he ivorJced gra.phieal.ly^ hut in 
addition the student will find it advantageous to also calc vilaie the restdts. 

1. Determine the resiiltaiifc of the forces shown at Ex. 1, Fig?. SO, (1) by means 
of the parallelogram of forces; (2) by means of the polygon of forces^ taking 



In reproducing the above diagrams the sides of the small 
squares are to be taken equal to half an inch. 


the forces in the order given ; Jind (3) by means of the polygon of forcevS, taking 
the forces alternately, instead of in the order given. 

2. By means of the polygon of forces determine the resultant of the forces 
shown at Ex, 2, E^ig. 39. Also, find the magnitudes of two forces, one acting 
horizontally and the other vertically, which will balance the given forces. 

3. Using a funicular polygon, determine the resultant of the forces shown 

at Ex. 3, Fig. 39. . . 

4. Using a funicular polygon, determine the resultant of the forces shown 
at Ex, 4, Fig. 39. 

6. Find the resuftant of the forces shown at Ex. 5, Fig. 39. 

6. Find the resultant of the forces shown at Ex. 6, Ehg. 39. 

7. The forces shown at Ex. 7, Ehg. 39, are in equilibrium. Find the mag- 
nitudes of P and Q. 

8. A beam, loaded as shown at Ex. 8, Fig. 39, rests on supports at its ends. 
Determine the magnitudes of the reactions and Eq at the supports. 

9. Determine the resultant of the forces shown at Ex. 9, Fig. 39. 

10. The forces shown at Ex. 10, Fig, 39, are balanced by parallel forces acting 
at A and B. Determine the forces at A and B. 

11. Find the resultant of the forces shown at Ex. 11, Fig, 39. 

12. The forces shown at Ex. 12, Fig. 39, are balanced by two forces, one of 
which (P) acts along the vertical line through A, and the other (Q) acts in a 
horizontal direction. Determine the forces P and Q. 





CHAPTER V 

moments and centroids 


59. Moment of a Force.-The moment of a force about a point or 


59. Moment ot a f of its turning 
axis, perpendicu The magnitude of the moment 


^ « 

p.,.r ,,«nd_ th.t r- » m.,pil«de of the 


|JUyVV.5JL JL ^ 

i» it from .ko poio. 


force and the perpenuicuiar ; at, /t 7 ;„ aa\ v,v,n„'r the 

o, adj . Fo, te AB ndtipli^ bj S™. 

CL~Si dio“? iu^m tb. lio. AB. If fcU of fore, 
is the Dound and the unit of distance is the inch, then the unit of 

moment is the ineli-i)ound or ^vloTfoot 

common use are the foot-pound or pound-foot, the fooUon or tonfoa, 

tliG 'iTich’toTi or toi'Z~'hw^'lii» ' • 1 . ~ 

The construction shown in Fig. 40 is a very con vemen on 

determining graphically the moment 
of a force about a point. AB is 
the line of action of the force, and 
M is the point. The construction 
is as follows. Draw ah parallel to 
AB, and make the length of ah to 
represent the magnitude of the force. 

Through M draw a' parallel to 
AB. Choose a pole o. Join and 
oK Take any point o' in AB. Draw 
o' of parallel to oa to meet a at 


It 


\ 

a 

N 



h 

__ J\ 

o' 

>\ 
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a!\ and draw o7/ parallel to oh to 


FiO. 40. 


paiciutJi ^ . ... -s -11 \ 4.n 

meet a'Kh' at ?/. Then a'h' measured with a suitable scale will be the 
magnitude of the moment of the force AB about the^ point M. ^ 

Draw oh perpendicular to ah, and o li perpendicular to a 6 . 'Hie 
aitA rt'n'}/ obviously similar, and ah \ a h : *. oh \ o h . 


triangles oa,b and da'h' are obviously similar, and^a6:a& 

Hence ab x o’h'^a'b'x oh. But ab is the magnitude of the force AB, 
aud o'h', which is equal to MN, is the perpendicular distance of M from 
AB. Therefore ab x o'h' is equal to the moment of AB about M, and 
therefore a'h' x oh is equal to the moment of AB about M. 

If oh is made equal to the linear unit, then a h measured with the 
force scale will give the moment required. For example, if oh is 1 mcli 
and a'h' measures 20 lbs. on the force scale, then the required moment is 
20 inch-pmruh. It is not always convenient to make oh equal to tne 
unit of distance, but it should be made a simple multiple or sub- 

The following is the simple rule for determining the moment scale. 
Let oh he m times the linear unit, and let the force scale be n units of 
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force per incli. Then the inoineiit scale will be m x n units (»{.’ moment 
per inch. For exaiiiplej let the linear unit.be (me foot, and sup]'H>se tliat 
ok, meastired with the Imear ^cale, is 4 feet. Let the force scale be 
100 lbs. per inch, then the moment scale will be 100 x 4 = 400 joot-proitolA 
per inch. ' ' V 

It may be pointed out that the figure af/U is the fuiuciilar polygoir 
of the force AB with re.ferenee to the pole o. ■ . 

60, Resultant Moment of a System of Forces. — The resultant 
iiioiiierit of a system of forces about a point is equal to the algebraical 
suni of the moments of the separate forces about that point, and it is 
obvious that this sum must bo equal to the moment of the resultant of 
the system about the same point. Hence the graphical determination 
of the resultant moment of a system of forces about a point resolves into 
constructing the resultant of the system/ and the determination of the 




moment of this resultant about the given point by the construction of 
the preceding Article. The two constructions may, however, be com- 
bined in one, as shown in Figs. 41 and 43. AB, BC, and CD are three 
given forces, and M is a given point. It is required to determine the 
resultant moment of the given forces about the given point. 

.ahcda u the force polygon ; ad, the closing line, gives the magnitude 
and direction of the resultant of the three given forces.^ A pole o is 
taken at a perpendicular distance oh from which is a simple multiple 
or sub-multiple of the linear unit. The funicular polygon of the forces 
with reference to the ]•)ole o is next drawn, and the intersection of the 
closing sides OA and OD determines a point on the line of action of the 
resultant force AD. A line through M parallel to ad intersects the 
closing sides OA and OD of the funicular polygon at n/, and d\ ^ The 
moment required is c’qufil to a' d' x oli. The triangle o' a^d' is obviously 
similar to the triangle oad, and therefore, as shown in the preceding 
Article, the moment of AD about M is equal to a'df x oh. 
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Tt raw be observed that the moment of any one of the forces, say 
BC is obtained by drawing through M a parallel to BG to intersect the 
sides of the funicular polygon which meet on BC at 5 and “.5 
of h'c' and the perpendicular from o to be is the moment of BC about M. 

61 Principle of Moments. —When a number of forces actin*, on 

a riS body are in equilibrium, then the moments of all the forces about 
any^aiven axis being taken, the sum of the moments of those foices 
wWch tend to turn the body in one direction about • 

the sum of the moments of those forces which tend to tuin the body 

the opposite direction about the same axis. „„tincr in 

62 Couples . — A couple consists of two equal parallel forces act g 

opposite directions. The arm of a couple is the perpendicular distance 
bSween the lines of action of the two forces. The mo^mnt of a coup e 
is the product of the magnitude of one of the forces and the arm of the 
couple. A couple tends to cause a body to rotate. _ _ 

Two couples will balance one another when (1) they are “ ®ame 
plane or in parallel planes, (2) they have equal moments, and (3) their 

directions of rotation are opposite. , Wpaci 

63 The Centre of Parallel Forces.— If a system of parallel foices 
acts at fixed points, the resultant will act through another fixed point 
called the centre of the system. This centre is independent of the 



direction of the forces so long as the sense of each in relation to the sense 

of one of the forces is unaltered. ..i, ^ ^ 

In Fig 43, P, Q, R, and S are parallel forces acting at the fixed 
points A, B, C, and D respectively in a plane. By means of the force 
and funicular polygons the lino of action LK of the resultant is deter- 
mined Let the direction of the forces be changed so that they act as 
shown by F, Q', R', and S'. The line of action MK of the resultant is 
determined as before. The point K, where LK and MK intersect, is the- 
centre of the parallel forces P, Q, K, and S acting at the points A, B, O, 
and D respectively. If the construction be repeated with the forces 
acting in any other direction, it will be found that the new resultant 
will act through the same point K. 

In Fig. 4:3 the forces P,‘ Q, B, and S have all tlie same sense, and 
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therefore .PVOV hi', and. S' inuHt have the -saino sense. Brit it: the wnise 
of Q were opposite to tliat of IVthen the Beiise of Q' would be oriposite to 
that of P'. 

In applying the above method to the determination, of the centre of a 
system of parallel forces, it is nsnally most convenient to take the two 
directions of the forces at right angles to one another. 

In determining the centre of a system of parallel forces by calcula- 
tion, it is most convenient to apply the principle of inoinents. Thus, let 
Pj, Pq, P 3 , etc., be parallel forces in a plane acting at fixed points 1 , 2 , 3, 
etc., ill a rigid body; choose a point X in the plane of the forces, and let 
the perpendicular distances of X from Pj, Pg? Pg? etc., be ocp etc., 

respectively. Let R be the resultant of the forces, and x the per- 
pendicular distance of its line of action from X, then 

Ra? Pj_a';^ 4. P^cUg + PgiCg + etc., and x = , 

IX 

Care must be taken to give the proper signs to the products P-ja^, 

PgiUg, etc. If one force tending to turn the body in one direction about 
X be considered as having a positive moment, then another force tending 
to turn the body in the opposite direction about the point X is to be 
considered as having a negative moment. A line parallel to tlie direc- 
tions of the forces and at a distance x from X will be the line of action 
of R. Turning all the lines of action of all forces through the same 
angle in the original plane, and repeating the calculation with reference 
to the same point X, or any other point in the plane of the forces, a new 
line of action of R is determined which intersects the first at the centre 
of the given system of forces. 

If the fixed points, and therefore the lines of action of the forces, are 
not in the same plane, the procedure may be as follows. Select three axes, 
X, Y, and Z, perpendicular to one another. Take the lines of action of 
the forces in turn, parallel to the axes Y, Z, and X, and in turn take 
moments about the axes X, Y, and Z to determine x, and y the 
distances from X, Y, and Z respectively of three planes parallel to 
XY, YZ, and ZX respectively. The point of intersection of these three 
planes is the centre required. 

64. Centres of Gravity or Centroids. — The particles of wliich any 
body is made up are attracted to the earth by forces which are propor- 
tional to the masses of these particles. For all practical purposes these 
forces may be considered to be parallel, and their resultant will act 
through the centre of these parallel forces. In this case the centre of the 
parallel :forces is called the centre of gravity or centroid of the body, and 
the determination of a centroid resolves into finding the centre of a 
system of parallel forces. ■ 

The centre of gravity of a body may also be defined as that point 
from which if the body is suspended it will balance in any position. 

When the term centre of gravity is applied to a line, the line is 
supposed to he made of indefinitely thin wire; and when the centre of 
gravity of a surface is spoken of, the surface is supposed to he made of 
indefinitely thin substance. 

The following results, which are not difficult to prove, should be 
noted : — 
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The <'ciitR.kl of a stiuiglit lino is at its middle pond- ^ 

The centroid of a triangle is at the intersection of_its niediaiib. 

The centroid of a parallelogram is at the iiitereeotion of its diagoiiak 
If a plane figure is symmetrical about a straight line, the centro. 

the figure is in that straight line. „ „ ^ -j /i\ Ann 

65 Examples on the Determination of Centroids.— (1) 
a triangle AB = BC = 2i inches, AC = 3| inches. D i^a point within 
the triangle ABC 2i inches from A and 1-| inches from B. Small bodies 
are placed at the points A, B, 0, and D, their masses being 
to the numbers 3, 3-5, 2-6, and 5 respectively. It is required to find the 

centre of gravity of tlie four bodies. , . n n i 

The graphic method of working this example is fully explained in 
Art.' 63, and is illustrated hy Fig. 43. The dimensions m Fp 43 are 
however, not the same as given above. (If G_be the required centre o 
gravity, then AG == 1-94 inches, and BG = 1-21 inches.) 

* (2) A piece of wire of uniform thickness is bent to the form ABCD 



(Fig 44) The parts AB, CD, and DA are straight, and the part BC is 
an arc of a circle whose centre is A. AB = 2.J inches,yD = l inch, 
DA == 2 inclies, and the arc BC subtends an angle of ^60 at A. it is 
required to find tlie centre of gravity of the frame ABCD. 

The arc EG is divided into four equal parts, and the centre of gravity 
of each of these is assumed to be at its middle point. This assumption 
only involves a small error, because the arcs are small compared with the 
radius of the circle. It may also be assumed that the \yeights of these 
small arcs of wire are proportional to the length of their chords. Ihe 
weic^hts of the straight sides are proportional to their lengths, and their 
centres of gravity are at their middle points. The weight of each part 
into which the frame is divided may be supposed to act at its centre of 
gravity, and the problem becomes similar to the preceding one. G is the 
required centre of gravity. ^ , 

Scales to be used.— For the frame, full size. For the forces, 1 inch 
equal to the weight of 2 inches of wire. 
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(3) A plane figure is formed by removing from a triangle ABC 
(Fig. 45) triangles ADE and FHK. It is required to find the centroid 

of the figure. 

The centroids of the ' triangles ABC, ADE, and. FHK are first deter- 
mined by the intersections of their medians. Conceive that the triangle 
ABC is made of very 
thin sheet metal, and 
that it is suspended 
from its centre of 
gravity by a string. 

The tension E in the 
string would be equal 
to the weight (or area) 
of the triangle. The 
upward force E would 
be balanced by the 
downward forces W, P, 
and Q, where W is the 
weight (or area) of the Pxca 45. 

shaded figure acting at 

its centre of gravity G (as yet unknown), P is the weight (or area) of 
the triangle FHK acting at its centre of gravity, which is known, and 
Q is the weight (or area) of the triangle ADE acting at its centre of 
gravity, w^hich is known. The parallel forces E, P, and Q are completely 
known, and G, their centre, is the centroid required. The force and 
funicular polygons for finding G are not shown. 

To work this example by calculation proceed as follows : — 

E = area of ABC = J x 4 J x 2| = -f square inches. 

P = area of FHK~ | x x = square inch. 

Q = area of ADE == x square inch. 

W = shaded area = E - P - Q ~ f “ yV xV ^ xx inches 

Distance of centroid of ABC from BC = I x 4J- — 1 1 inches. 

Distance of centroid of FHK from BC = 4| 1|- - § x H = 2 inches.. 

Distance of centroid of A DE from BC — 4| - | x 14 ~ 34 indies. 

Distance of centroid G from BC = ar. 

Take forces parallel to BC, and take moments about B, then 

X 1 1 = -^ 15 - X 2 -f- X 3|- + Hence x ~ 1 ] inches. 

Taking the forces parallel to AB, and taking moments about B, the 
distance y of the centroid G froni AB is found to he 5 inch. 

Further examples on the determination of centroids will be found 
later on in this chapter in connection with moments of inertia. 

66. Centre of Pressure and Centre of Stress. — If a plane figure be 
subjected to fluid pressure, the point in the plane of the flgiire at which 
the resultant of the pressure acts is called the centre of fvessure. If 
a plane figure be a section of a bar which is subjected to stress, tlie ])oint 
in the plane of the section at which the resultant of the stress acts is 
called the centre of stress. 

If the pressure or stress be uniform over the figure, then the centre 
of pressure or centre of stress coincides with the centroid of the figure-. . 
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A geaierjil oousiiMictio lV>r deteriiiiiiing the centre of pre>ssu!'e or 
centre of stress of any plane figure wlien the pressure or stress varies 



■uniformly in one direction is illustrated by lig. 4-b. ALbfGDMA. is a 
plane figure supposed to be vertical j and AP and Cl) are lioiizontal, AA^ 
IS the altitude of the figure, and the pressure or stress is supposed to 
vary uniformly from an amount represented by AP. at the level AP to an 
amount represented by A^Q at the level CD. AP and A^q are horizontal 
Join QP and produce it to meet A^A produced at O. Draw any 
horizontal SPMN to cut the given figure. Draw the horizontal OF, and 
the verticals MM^ and NN.^. Through K, the middle point of llN, draw 
the vertical EFl Join FMi and FIST^ cutting MIST at m and n. If this 
construction be repeated at a sufiicient number of levels, and all points 
corresponding to m be joined, also all points corresponding to n, a figure 
ahnOBma is obtained, and the centroid of this' figure will be the centre 

of pressure or centre of stress of the original figure. 

The proof is as follows. Suppose that the line MN is the centre line 
of a venj narrow horizontal strip of the original figure, and let the width 
of this strip be denoted by w. The magnitude of the resultant pressure 
or stress on this strip is e(][ual to MlN x to x PS, and it will act at Iv, the 
middle point of MN, 

Since SRMN is parallel to QA^^DC, 

: : OAj : OR,, 

and, MK : mn : : A^Q : RS, 
therefore MR x RS = mn x A^Q, 
and MN xwx'RS — mnxwx AjQ, 

that is, the re,snltant of the pressure or stress on the strip of length mn 
when subjected to a pressure or stress A^Q will have the same magnitude 
as the resultant of the pressure or stress on the strip of length MN when 
subjected to a pressure or stress RS, and it will act at the same point K, 
which is also the middle point of mn. 

It follows that the resultant of the pressure or stress on the figure 
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wiieri si:A to a uiiifonn. pressure or stress A |Q will be 
the same as the resultant of the varying pressure or stress on the original, 
figure. But m^hen the prevssure or stress on a plane figure is unifornij the 
centre of pressure or centre of stress is at its centroid. Therefore the 
centroid of the figure dbnOJJma is the, centre of pressure or centre of 
stress of the original figure. 

Exercises ¥a. 

The following exercises may he worked graphically^ or by calculation, or by a 
combination of these methods, 

1. ABCD is a square of 6| feet side. A force F = 5 tons acts from A to D, and 
a force Q==3|' tons acts from B to G. Determine the moment (in foot-tons) of 
the resultant of P arid Q about a point within the square and 4 feet from AD. 

la. Same as preceding exercise, except that the force P acts from D to A 
instead of from A to D. 

Ih. ABO is a triangle, AB— 1| inches, BC=:2J inches, and CA=2 inches. 
A force P has a moment of - 12 inch-lbs. about A, a moment of -30 inch-lbs. 
about B, and a moment of +20 inch-lbs. about C. Determine the magnitude 
and line of action of the force P. 

2. Six parallel forces, having the same sense, act at the angular points A, B, 
0, D, E, and F of a regular hexagon of 2 inches side. Tlie magnitudes of the 
forces, taking them in the order A, B, 0, etc., are 2, 1|, 2J, 3, I, and 1|. Find 
the centre of these parallel forces. 

3. ABC is a right-angled triangle having the right angle at C. AB = 2|- inches, 
A0 = 1|- inches. Determine the centroid of the three squares described on the 
three sides of this triangle. 

3a. Determine the centroid of the three equilateral triangles described on 
the sides of the triangle given in the preceding exercise. 

4. A wire is bent into the zig-zag form AbCD shown at Ex. 4, Fig. 47, and 
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In reproducing the above diagrams the sides of the small 
squares are to be taken equal to half an inch. 

Is suspended by a string attached to the wire at the point A. Draw the direc- 
tion of the string. _ 

6. Determine the centroid of the figure shown at Ex. 5, Fig. 47. 

6. Determine the centroid of the figure shown at Ex. 6, Fig. 47. _ ^ 

7. The intensity of the load at any point of the beam AB, Ex. 7, Fig. 47, is 
proportional to the height of the diagram above the beam at that point. Ihe 
length of AB is 16 feet. Determine the position of the resultant load. 

8. Determine the centroid of the figure shown at Ex. 8, Fig, 47. 

9. Determine the centroid of the figure shown at E.x. 9, Fig. 47* 
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10. OAB is u quadrunt of a circle, the radii OA and OB. Mng 2| inches long 
CD is a straight line cutting OB at 0 and OA^at D. OC_.l inches, OD_ li 

Er.r£Ti'”oS.* ■i.E.r ~ ii a a. 

The figure shown at E.x. 13, Fig. 47, represents 

which is subjected to tensile^ste^^^ 


at AB to 3 tons per square inch at CD 
stress of the section. 


gives the pressures of the 
wind on it, p pounds per 
square foot, at various heights 
h feet above the ground. 
Draw a diagram showing 
the relation between p and 
h. Find the mean pressure 
on the wall in lbs. per square 


The adjoining table 


h 

4 

10 

GO 

^ 37 

33 

42 

p 

9 

12 

lG-7 

20*3 

23-5 

26 


on tne wau iu AUD. Hip line of action of 

foot, and the total wind force on the wall ^n lbs. 1 ind _ square 

this force. Employ scales of 1 inch to 10 feet, and 1 inch • P A t 

foot. 

67. Moment of Inertia.-Tlie sum of the products of the niass of 
each elementary part of a body and the square of its ^ 

given axis is called the mmient of mertia of the bo y aio , ' ' 

Thus, if «q, Wg, etc., be the masses of the parts of 
r,, r^, rg, ete., be the distances of these parts respectively from the^axis, 

then the moment of inertia ==l = m^r\ +m.^r\ +Wgr 3 +etc. . . . ’ 

The moment of inertia of an area and the moment of tnertia oj a ttne 
are defined in a similar manner by substituting aw or length lor mass. 
But since areas and lines have no inertia, they have, strictly speaking, no 

moment of inertia. . i +„ rta 

The moment of inertia of a force about an axis perpendicular to tne 
line of action of the force is the product of its magnitude and the square 
of the distance of its line of action from the axis. ^ ^ 

The graphic method of determining the moment of inertia ot a plane 
area, or of a system of parallel forces, will be understood from the two 
examples worked out in Figs. 48 and 49. 

Fig. 48 shows the application of the method to finding the moment 
of inertia of a force AB about a point 
M or about an axis through M and 
perpendicular to the plane of the paper. 

Through M draw MY parallel to AB. 

Draw MN perpendicular to AB. Ap- 
plying the construction explained in 
Art. 59, a'b' x oh = AB x MN. Choose 
a pole o' at a distance o'k' from a'h', 
which is a simple multiple or sub- 
multiple of the linear unit. From a 
|)oint n" in AB draw n"a" parallel 
to o'i/'ahd n"f" parallel to o'h\ Since 
the' ;ttiangle a"b"n" is similar to the 
triangle a'5V, it fofipwsthata"5"xo7i' 

= X 1/A^iid Mreforea"&"' x o'H x oli^a'b' % oh x 1/A. Buta h x oh 
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. ^/A X oh — xiB X of iiiortia 

" are funicular polygons, of wliicli tlie first 


— AB X J/iV. Therefore x 

of AB about M. M\A a"h'’n" 

determines the moment AB x MN, 
and the second determines the 
moment of this moment, namely, 

(AB X MN) X AIN. The lengths 
a7/ and a"h^' must be measured 
with the force scale, and the lengths 
oh and o'h' with -the linear scale. 

Fig. 49 shows the application 
of the method to the determina- 
tion of the moment of inertia of 
the shaded figure about an axis 
aV" in the plane of the figure. 

The area is divided into parallel 
strips, and parallel forces AB, 

BC, CD, DE, and EF are sup- 
posed to act at the centres of 
gravity of these strips, the magni- 
tudes of . the forces being pro- 
portional to the areas of the 
strips. The sum of the moments 
of these forces about the given 
axis is equal to a'f x oA, and the 
sum of their moments of inertia 
is equal to u"/" x dh! x oh The lengths a'f and a"/" must be measured 
with the area scale and the lengths oh and dli with the linear scale. 

68. Moment of Inertia — Theorems.— A knowledge of certain 
theorems, which will now be proved, will be found of great use in solving 
problems on moment of inertia. 

Theorem L — If and are the moments of inertia of a plane 

figure (Fig. 50) about axes OX and OY in its plane and perpendicular 
to one another, and if is the jnoment of inertia 
of the figure about an axis OZ perpendicular to 
the plane XOY, then ~ 

Consider a small element ? of the figure, 
whose distance from OY is a*, whose distance 
from OX is //, and whose distance from O is r, 
and let a denote the area of this small element. 

Then r- = + 2 /^, 
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2 ^ 


therefore -h Jy. 



Fig. 


Corollary 1. — If OZ is a fixed axis perpen- 
dicular to tile plane of the figure, and if OX and OY are any two 
axes in that plane and perpendicular to one another, then 1^; + 1,, being 
equal to I^ is constant. 

Corollary 2. — Since Ia. + I;; is constant, it follows that if is a 


maximum, 




IS a minimum. 


Theorem IL — Let I-= the moment of inertia of a sij 
51 and 53) or a body HK (Fig. 52) about an axis X 
- ^ ^ L =the moment of inertia of/ 


about an axis X.Xt parallel to XX and at a distanceff^qjfn it; A=j 


its centre of gravity G ; 




'/i 
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of surface ; W - woiglrt of l«xly ; then I, - 1 + Av- h .r the surface, and 

I, == I + Wr- tV>r tlie body. . , , i ^ i 4-^ 

Consider a small element F of tlie surface or body, and let m denote 



its area or weiglit. Beferring now to Figs. 5b and 5*^, let PM PN 
be perpendiculars from P to tlie axes XX and X^X^ respectively, and let 
PQ be the perpendicular to MN from P. Then, 

= XfN^ + PM^ - 2MN • MQ 


PN2 = 


2??^MN2 + 2??^PM2 - 2MN2«iMQ, 
= 0, therefore == I + At 


for the surface, and 1^ = 


but MQ ^ +i-»/^T»£^-frkvo T. =T 4- A 7*“^ tor tlie suriace, anci x-j I + "W ^ 

for £g Qf importance, on account of its fr^uent 

occurrence in practice, is the simple one in ivhich the surface EF is 
a plane figure (Fig. 53), and the parallel axes XX and XiX^ are in the 
plane of the figure. In this case P and Q coincide. 

Corollary 1 .—If h and \ are the radii of gyration about the axes XX 

and X^Xi respectively, or Y[h\ and \ -^Ahl or Wc^. Hence 

]c^ + 

^ Corollary 2. — The radius of gyration about a given axis passing 
through the centre of gravity is less than the radius of gyration about 
an axis parallel to the given axis, and the axis about which the radius of 
gyration is least must pass through the centre of gravity. _ 

69. Moment of Inertia— Fundamental Examples.— The graphical 
method of finding moments of inertia was explained in Article 67, p. 50. 
The analytical method will now be used, and in 
practice this is generally the most convenient. 

(1) Straight line, or straight and^ uniform 
slender rod (Fig. 54) about an axis X^X^ per- 
pendicular to it, and passing through one end. ^ 

Consider an element of length dx at a dis- 
tance ir from the axis. Let denote the weight of the rod per unit 
of length. The weight of this element is wdx^ its moment of inertia 
is toxHx, and the total moment of inertia 

X r Pr P 27 WZ2 

Ij = 1 wxMx = w j xMx = -g — -g- j 

where W is the total weight of the rod 



Fig. 54. 


Kadius of gyration squared = = 




moments and centroids 




If: tlie axis passes tliroiigh tlie centre of tlie rod instead of tlirongli ' 

one end, it follows that I = and 

,.12 .12 

(2) Rectangle or parallelogram (Fig, 55) base of length a, and 
altitude h, about an axis X-^X^ coinciding with the base. 

Consider an element of width dx parallel to the axis, and at a 


Xi 

k-— 1) 

H 

f 



a 

1 

■ dx-" 

r< 

i 


L 

Xi 


1 

i 

i 

i 

t 

--/ 
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distance -X' from it. The area of this element is adx, its moment of 
inertia is axMx, and the total moment of inertia 


== I aa^dx = a xMx s 

Jo Jo 3 


and == 


If 

3 * 


If the axis passes through the centre of gravity of the rectangle or 
parallelogram and is parallel to the base, then it follows that 

(3) Triangle (Fig. 56) base of length a, and altitude ?>, about an 
axis coinciding with the base. 

Consider an element of width rZii? parallel to the axis, and at a 

distance x from it. The area of this element is its moment 

0 

of inertia is and the total moment of inertia 

0 


ah^ 


Ij = I" - ^dx) = = 

If the axis XX passes through the centre of gravity G of the triangle 
and is parallel to the base, then by Theorem II,, Art. 68, p. 51, 

= I + Therefore I = ||. 

If the axis XgXg passes through the vertex of the triangle and is 
parallel to the base, then 
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(4) Circle (Pig. 57) of radius E about an axis passing 

centre and perpendicular to its plane. ^ j/^ 

Consider an element of the form of a ring con- 
centric with the circle and having a width dr and / ^ 
a radius r. The area of this element is ' 27r}Y7r, IJf 

if a TO omen t of inertia is and the total \ ^ 


(6) A riglit prism or right cylinder of any cross-section about an 
axis (Fig, 58) in the plane of the 

base and passing through the centre Xx L "I, - -p 4 

of gravity of the base. yn ^ 

Let a==area of base, Z = length of /.I \ ^ !\\ / \\ 

solid, Io== moment of inertia of base \ J \ 

about axis X^X^. Consider a thin \ dx-i" \ ^2\ 

parallel slice of thickness dx parallel V V 

to the base and at a distance x from it. 

The centre of gravity G of this slice 3C “--^jx 

will lie on the line G^Gg, joining the gg^ 

centres of gravity of the ends. Take 

an axis XX through G and parallel to X^Xj. Then, moment of 
inertia of slice about XX = lodar, and moment of inertia of slice about 
+ Hence the moment of inertia of the whole 

solid about X^^X^ is 

I, = 1 lodx; + I axhlx=^ I J xMx = -f 

Jo Jo Jo ^ Jo 

(7) A solid of revolution about its axis. Fig. 59 shows the section 

of a solid wheel or pulley. Take a parallel strip of this section parallel 
to the axis XX of the solid. The ^ 

distances of the outside and inside of 

this strip from XX are E and re- 
spectively, and its mean width is 

AB=;r. Consider this strip as the sec- 8 

tion of a ring whose axis is XX. The ^ m ^ 

moment of inertia of this ring about ^ ^ ^ 

XX is approximately ^ 

1 1 

If the ends of the ring are parallel j | I 

its moment of inertia is exactly Xf- M l t-X 

- (R^ - T^\x. and when the ends are Fia. 59. Fig. 60. 
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not parallel the error in the above %^ahie for its moment of inertia is less 
the smaller the difference E - r. The moment of inertia of the whole 
solid is the sum of the moments of inertia of all the rings into which it 
is divided. 

Fig. 60 shows how to convert the section of Fig, 59 into an equivalent 
section symmetrical about an axis perpendicular to XX. 

ande/-CD + EF. 

70. General Method of Ending Moments of Inertia of Irregular 
Plane Figures. — Taking a standard rail section (Fig. 61) as an example,* 
let it be required to find the moment of inertia I of the section: about an 
axis XX passing through its centre of gravity and perpendicular to its 
one axis of symmetry YY. Divide the section into a number of parallel 
strips, preferably of equal width, perpendicular to YY, and draw the 
centre lines, shown dotted, of these strips. In Fig. 61, 15 stri]js, each 
f-inch wide, have been taken. Take an axis XjXj perpendicular to YY 
and touching the lower end of the section. Let q: be the le:ngth of any 
one strip measured at the centre of its width, and let y be the distance of 
its centre line from X^^X^ To avoid fractions in this example the linear 
unit is taken in the first instance as one-sixteenth of an inch. The area 
of any one strip is its width multiplied by a', and is denoted by a. Let 
y denote the distance of the centre of gravity of the section from X^Xj, 
Then y'la^^ay^ and the moment of 


inertia about X^X^ = The 

work of finding 2a, 2ay, and 
should be tabulated as shown below. 


y 

X 

a 

ay 

ay’"- 

87 

38 

6x 

38 

18 X 1102 

54 X 

31958 

81 

42 

6x 

42 

18 X 1134 

54 x 

30618 

75 

42 

6x 

42 

18 X 1050 

54 X 

26250 

69 

41 

6x 

41 

18x 

943 

54 X 

21689 

63 

22 

6x 

22 

18x 

462 

54 X 

9702 

57 

11 

6x 

11 

18 X 

209 

54 X 

3971 

51 

11 

6x 

11 

18x 

187 

54 X 

3179 

45 

11 

6x 

11 

18x 

165 

54 X 

2475 

39 I 

11 

6x 

11 

18x 

143 

54 X 

1859 

33 I 

11 

6x 

11 

18 X 

121 

54 X 

1331 

.27 

11 

6x 

11 

18x 

99 

54 X 

891 

21, i 

11 

6x 

11 

18x 

77 

54 X 

539 

15 

23 

6x 

23 

18x 

115 

54 X 

575 

9 

41 

6x 

41 

18x 

123 

54 X 

369 

3 

39 

6x 

39 

18x 

39 

54 X 

39 



6x365 

18x5969 

54 X 135445 

iotais . j 

'■ ss 

Sa 

s=Say 





_ 2ay 18 x5969 f • -u 

y = - = ~~pi — = 49 sixteenths of an inch. 

2a 6 X 365 

„ 49 , . , 54x135445 

y = = 3yV inches. = 


164 

* Fig. 61 is half full size. 


= 1 1 1 ‘6 in inch units. 
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Area of section — A 


(Badiiis of gyration)^ — — and7^= ^3*67 = 1*92 iiiclies. 

, 7L Moments of Inertia of Plane Figures made up of Eectangles, 
—A large number of beam and column sections are made up of rectangles 
wliose sides are either parallel or perpendicular to the axis about which 
the moment of inertia is required. In such cases the procedure in 
finding the position of the centre of gravity and inoment of inertia is as 
follows. Eefening to Fig 62, let the rectangle ^ of ___ 
breadth h and depth d be one of the rectangles of which | | | 

the section is made up, and let be an axis parallel ^ | 
to the side h. Let y be the distance of the centre of ! | J j 

the rectangle from X^X^ The area of this rectangle is Id, ^ y 

and the area of the whole section is '2hd, The moment ^ i 
of the area of this rectangle about X^X^ is My, and Xj 

V 7 7 ■ 

y where y is the distance of the centre of Fio. 62. 

gravity of the whole section from X^^X^, The moment of inertia of this 

and the moment of 


rectangle about X^X^ is 


inertia of the whole section about X^X^ is 'Zhd J 2 + 2/“ j ” 

The moment of inertia of the whole section about an axis passing 
through its centre of gravity and parallel to X^X^ is “ y^^hd. 

The particulars for each rectangle and the results of the calculations 
should be tabulated in a form such as is shown below. 


Totals 


72. Transformation of Moments of Inertia— Principal Axes of 
Inertia.-— Let EF (Fig. 63) be a plane « 

figure, and OA and OB two axes at 
right angles to one another in the ^ 

plane of EF. Let A and B denote I \ 
the moments of inertia of EF about % V y 

the axes OA and OB respectively. ^ \ 1 

Let OP and OQ be tvvo other axes in pk \ 
the plane of EF, perpendicular to one V 

another, and inclined at angles 9 and ^^0 ^ A 

90° + 6» respective to OA._ Let P 
and Q denote the moments of inertia of 


m;omentb oehtedidb 


•57.: 


it is rc<|iiire<l to find tlie 


EF about the axes (.)P aiKi OQ j’esi:)eeiively.. 
relations between P and Q, and A, B, and 6. 

Consider a small element of the figure EF at L, the area of this 
element being cl Draw LM perpendicular to OA, LNK and MH per-, 
pendicular to OP, and MK parallel to OP. Let OM‘. == a*, and LM = u 
LN-I^E»KN-LK»MH- ^-arsin and . ■ ^ 

LN^' = y 2 (jQg 2 sin^ 0 - 2;r^ sill 0 cos 0 

0’{’Oc^ sm^ O-x^ sin 20. 

The moment of inertia of the element at L about the axis OP is 
equal to cos^ 0 + sin^ 0 ~-axy sin 20, and the moment of inertia 
of the whole figure EF about OP is 

P ” cos^ 0 + sin^ 0 - Haxy sin 2^, therefore 
P = A cos^ ^ + B sin^ ^ ~ C sin 20, where 0 = ^axy. 

Changing 0 into 90° + Q = A sin^ cos^ ^ + C sin 20. 

Hence P - Q = (A ~ B) cos 20 - 20 sin 20. 

If the moment of inertia of the figure is a maximum about the axis 
OP, then P will be a maximum and Q a minimum, also P~ Q will be a 
maximum. 

= - 2(A - B) sin 20 - 4C cos 20, and wlien 

P “ Q is a maximum, - 2(A - B) sin 20 - 4C cos 20 = 0, and 
20- ~(A-B) tan 2i9. 

Hence when P “ Q is a maximum 

P - Q = (A - B) cos 2(9 + (A - B) tan 20 sin 20, therefore 
A - B - (P - Q) cos 20. But A + B = P + Q, therefore 

A -n/l +C0S 2^\ , ^ /I - cos 2^\ ^ a \ - on . i 

A == P^ — 2 J + Q ""2 / ^ ^ ^ 


Difierentiating, 


B-P 


/I - cos 2^\ ^ /I +COS 20 


^ = P sin^ 0 + Q cos^ 0. 


The axes OP and OQ, about which the moments of inertia are a 
maximum and a minimum respectively, are called the p^^mci^^al axes of 

inertia of the figure for the ^ ^ 

point O. When O is the 
centre of gravity of the figure 
the axes OP and OQ are then 
called the principal axes of 
inertia of the figure. 

If a plane figure is sym- 
metrical about an axis in its 
plane, it is obvious that that 
axis is one of the principal 
axes, and if the figure is 
symmetrical about two per- 
pendicular axes in its plane, 
these will be the principal 
axes. 

73. Inertia Curves and 
Momenta! Ellipse.— Let OP 
and OQ (Fig. 64) be the 
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principal axes of inertia of the plane figure shown by dotted lines. 
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Let the momenta of inertia of the figure about OP and OQ be = 
■ind 00-=0 resnectively, and let the moment ot inertia of the figure 
.i[?u ax\ Oi niakiS an angle ^ with OP be Chi = ib Then by the 

foramla proved in the preceding Article, A-I cos- 0. It J 

and Q are kiiowii, and A be calculated for ditferent values of 6 and the 
results plotted, a curve PAQ, ca}hd iin inertia for the given figure 

is determined., ' ' ' r. V no/ .. 

Let a denote the area of the given figure. On Or maJce ur = 

: / — , and on OA make OA^ = 

V Q' 

Let and A'H = y. 




= ) cn OQ make OQ' 

Draw A'N perpendicular to OP. 

i=::^ = ?cos2 6i + 9siii26» = 

r-’ a a (t 




V A' 


o 

therefore 


+ 




and therefore the locus of A' is an ellipse whose principal axes are P OP 
and Q'OQ', This ellipse is called the moinental ellipse of the given 
fio-iire. It will be noticed that any semi-diameter of the moinental ellipse 
of a given figure is the reciprocal of the radius of gyration of the figure 
about that diameter. 

74, Deterinmatiou of the Principal Axes of Inertia of an Unsym- 
metrical Plane Figure. — There are cases in practice in which it is im- 
portant to know the least moment of inertia, or least radios of gyration, 
of an uiisymmetrical plane figure, a common example being that of the 
section of an angle-bar 
used as a strut, and this 
form of figure will be 
used to illustrate this 
problem. Pig. 65 shows 
an L-section 3 inches x 
2 inches X | inch, made 
up of two" rectangles. 

In an actual angle-bar 
section there is a fillet 
at the inside angle, and 
the outer inside corners 
are rounded, and these*; 
modifications of the 
section shown in Fig. 65 
can be allowed for if 
necessary. 

Find 0 the centre 
of gravity of the section, l?ic4. 65. 

and draw axes OA and , „ . a n 

OB parallel to the sides of the section. Determine A and B, the 
moments of inertia of the section about OA and OB respectively 

Take another axis, 00 inclined to OA, preferably at an angle of 4o . 
Find the moment of inertia C of the section about 00 It O is the 
moment of inertia of the section about an axis 01) perpendicular to OO, 

then D = A + B-C. . 

Let OP and OQ be the principal axes of inertia, and let o denote tUe 



mom:entb . a^ni) ceni’iioibh 
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I'lierefore - 
Hence cot 20 ~ 


If 0 + (l>^ 45'“', tlieii cos 2f/> ~ sin 20. 


angle POA and </> the angle POC. Let P and Q denote the inonients of 
inertia about the axes OP and OQ respectively. 

, -By Axt. 72, A - B-.(P ~ Q) cos 20, and C --.D- (P Q) pos; 2</>. , ; 

ros 2^9 A._^B 

cos’2</>“~G-~'I)’ 

Aj~^B , 

^O-D* 

Having found <9, P - Q = ^ , and P + Q = A + B. Hence P and 

COS 20 

Q can be found. 

If OA, OB, OC, OD, OP, and OQ be made equal to A, B, G, D, P, 
and Q respectively, the inertia curve for the section may be drawn. If a 

is the area of the section, and OP' be made equal to andOQ' be 

made equal to , then OP' and OQ' will be the semi-priiKUpal axes 

of the momental ellipse of the section. 

In the example illustrated in Fig. 65, P =:2-17 and Q = 0‘42, in inch 
units. The student should work out this tjxample, and draw the com- 
plete inertia curve and the momental ellipse. 

75. Bending Moment and Shearing Force Diagrams for Beams.-— 
When a horizontal beam is acted on by vertical forces or loads, these 



forces tend to bend the beam, and the bending action at any transverse 
section is measured by the algebraical sum of the moments of the forces 
on one side of the section about a horizontal axis in that section. For 
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example, tiie 1)eaiiiB sliowii in Fig. 66 are acted oti hy forces P, aiul .'K 
to the right of the transverse' section XY, and the bending ' moment at' 
XY is equal to P x ^ 4- Q x 7n ~ K x n , : 

The loads on a beam also tend to shear the beam transversely, and 
the shearing action .at any transverse section is equal to the resultant of 
the ' transverse forces on one side, of the section. For example, the 
shearing action at the section XY of the ' beams shown in Fig. 66 is 
equal to the resultant of the forces P, Q, and E which a.ct to the right 
of the section, and this resultant is equal to P+ Q - E. 

The drawing of the bending moment diagram for a beam is simply 
the application of the construction explained in Article 59. In Fig. 67 
is shown a horizontal cantilever carrying vertical loads AB, BC, and CD. 
ahcd is the line of loads, or polygon of forces. A pole o is chosen so 
that the pole distance oh is a simple multiple or sub-multiple of the 
linear unit. The funicular polygon is then drawn. It is easy to 
show, as in Article 60, that, the bending moment at any section XY is 
equal to a^d-^x oh, i.e. the depth of the funicular polygon under the 
section multiplied by the pole distance. The depth of the funicular 
j)olygon is measured by the force scale, and the pole distance by the 
linear scale. It follows that, since the pole distance is the same for 
all parts of the funicular polygon, the depth of the funicular polygon 
under any section of the beam is a measure of the bending moment on 
the beam at that section, the scale for measuring the bending moment 
being found as explained in Article 59, 

The shearing force diagram is constructed by drawing horizontals 
across the spaces A, B, C, and D at 
the levels a, &, c, and respectively. 

The depth of this diagram under any 
section of the beam, measured with 
the force scale, gives the vertical 
shearing force on the beam at that 
section. For example, at the section 
X Y the shearing force is the resultant 
of the forces to the right of XY, and 
is equal to BG + C1D = 4- cd = hd. 

Another example is illustrated in 
Fig. 68. The beam in this case is 
supposed to rest on supports at its 
ends. There are three forces AB, 

CD, and DE acting downwards, a 
force BC acting upwards, and the 
reactions EF and FA at the sup- 
ports acting upwards. The bending 
moment and shearing force diagrams 
are drawn as already explained. It 
will be noticed that the forces DE and EF are equal, and therefore 
there is no shearing force on that part of the beam in the space D ; also, 
the bending moment on that part of the beam is uniform. The thick 
line HELM shows roughly how the beam will bend ; the points K and L 
where the bending moment changes its sign are points of inflexion. 

In the examples illustrated by Figs. 67 and 08 the loads acting on 
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tiie beam are ; supposed to, be concentrated loads, loads acting at . 
definite points. Wlien a load is' distributed over .the whole length or 
a part of the length of a beam the bending moment and shearing force 
diagrams are determined graphically by dividing the part of the heani 
carrying the distributed load into a number of parts, and assuming the 
loads on these parts to be concentrated loads acting at the middle points 
of these parts, and then proceeding as for concentrated loads. 

Bending moment and shearing force diagrams are further considered 
ill Chapter VII. 


Exercises Vb. 

1. Referring to Ex. 5, Fig. 39, p. 41, determine the moment of inertia of the 
given forces about a point I inch to the right of A. The forces are in lbs. 

2. Determine the moment of inertia of the figure shown at Ex. 5, Fig. 47, 
p. 49, about AB as an axis. 

3. Determine the moment of inertia of the figure shown at Ex. 9, Fig. 47, 
p. 49, {a) about AC as an axis, (b) about an axis pamllel to AO and passing 
through the centroid of the figure. 

4. Find the greatest and least moments of inertia of a section of a 

stanchion built up of an I and two channel joists, as shown in 
Fig. 69. For the I section the over-all depth is 8 inches, the 
greatest moment of inertia is 111*6 inch units, and the least is 
22 inch units. For the channel the over-all width of base is 
12 inches, the flange width is 3-| inches, and the thickness 
throughout is J inch. Neglect the rivets. [U.L.] 

5. A cast-iron beam section is showm in Fig. 70. Find the 
distance of the centre of gravity of this section from the bottom, 
and determine I, the moment of inertia of the section about an 
axis passing through the centre of gravity and perpendicular to 
the web. 

6. Fig. 71 shows the section of a Carnegie Z-bar column, 
and the Z-bars are J inch thick throughout, 
radius of gyration of this section. 

7. The cross section of a built up column is shown in Fig. 72. The angles 
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I 
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The wel> plate 
Find the square of the least 
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Fls. 70. Fig. 71. 

are 3| inches x 3| inches x |- inch, and the plates are -| inch thick. Find the 
square of the least radius of gyration of this section. 

8. The cross section of a Phoenix column is shown in Fig. 73. Fiml the 
square of the least radius of gyration of this section, 

9. Calculate the greatest and least moments of inertia of a T-iron section 
5 inches wide, 4 inches deep, and ^ inch thick. Construct the inertia curve 
and rnomental ellipse for this section. Linear scale, full size. Inertia scale, 
-J inch to 1 unit of moment of inertia, the moment of inertia being in inch 
units. 

10. A Z-bar section has a total depth of 5 inches, each flange is 3 inches 
wide over-all, and the thickness throughout is f inch. Find the principal axes 
of inertia, and construct the inertia curve and rnomental ellipse for this section. 
State the value of the square of the least radius of gyration. 
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11 . Calculate the square o£ the least radius of gyration of an angle-iron 
section 5 inches x3| inches x | inch, and consteuot the 
inertia curve and momental ellipse for this section. 

13. Show that the momental ellipse for any regular 

built up of two channel irons 12 
inches x Si inches x i inch, and two plates each i inch 
thick as shown in the section Fig. 74. Determine the 
dimension £c in order that the greatest and least monientb 
of inertia about axes through the centre of gravity ot the 

section may be ^ ^ 

Slne^fu?"ar<ro/tL™T(^ Ibe of t^^centee^ol gravi'ty of the 

mine (1) /‘j\ 4 .v.a nf inftrtia of the section about an 
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mine (1) the area o tne f of the section about an 
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15 The section of a small cast-iron fly-wtieel is shown in Fig. 7 6.^ hind (1) 
the weight of the wheel in lbs., taking the weight of 1 pubic inch of casr-iron 
= 0*26 lb., and (2) the radius of gyration of the w^heel about its axis. ^ 

16. A beam of 20 feet span, supported at the ends?, is loaded at points 4, Jr 
and 17 feet from one end, the loads being 2J, 8|, and 4^ tons respectively, 
(lonstruot, graphically, the bending moment and shearing force diagramip and 
measure the bending moment and shearing force at the 

Linear scale, J inch to 1 foot. Force scale I inch to 1 ton. Pole distance, 10 

^ 17. A beam of 20 feet span, supported at the ends, carries a load of 20 tons 

uniformly distributed over its length. Determine, graphically, the bending 
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moment and shearing force diagrams, and state the values of the beiiding 
moment and shearing force at a section 5 feet from one. end. Linear scale, | 
inch to 1 foot. Force scale, J inch to 1 ton, 

18. A horizontal lever 10 feet long is hinged at one end and supported by a 
vertical chain at a point 7 feet from the hinge. The lever carries a load of 
1120 lbs. at a point 4 feet from the hinge and a ’oad of 1400 lbs. at the free 
end. Determine, graphicall)% the tension in the char i, and construct the bending 
moment and shearing force diagrams, 

19. A beam A B, 30 feet long', rests on two intermediate supports at points 
C and D, which are 9 feet and 19 feet respectively fx'om the end A. The beam 
carries a load of 20 tons uniformly distributed over its length, besides concen- 
trated loads of 2, 5, and 3 tons at points 1, 12, and 28 feet respectively from 
the end A. Determine, p'aphically, the reactions of the supports at C and D,. 
and construct the bending moment and shearing force diagrams. State the 
values of the bending moment and shearing force at the centre of the beam. 


CHAPTER VI 

SIMPLE STRAINS AND STRESSES 



76. Load.— The combination of external forces acting on any piece 
of construction is called the load on that piece. The following are 
examples of forces which may constitute the load on a piece ~( 1 ) Forces 
arising directly from the purpose for which the piece is designed, and 
which constitute the useftd load. For instance, the useful load on the 
chain or rope of a crane or hoisting engine is the weight to -be lifted. 
( 2 ) Forces due to the weight of the piece, or of pieces connected with it ; 
thus, in the chain or I’ope mentioned above the load partly consists of the 
weight of the chain or rope, and in winding engines for deep mines the 
weight of the wire rope used forms a considerable part of the load which 
the rope has to carry. (3) Forces due to the inertia of heavy moving 
parts when their velocities vary ; thus, the thrust or pull on the piston- 
rod of a steam-engine is not simply that due to the pressure of the steam 
on the piston. When the velocity is increasing the effect of the inertia 
of the piston is to diminish the thrust or pull due to the steam pressure, 
and vice versa. (4) Centrifugal forces, as in the arms and rim of a 
rotating wheel or pulley. (5) Forces due to friction, ( 6 ) Forces due 
to the unequal expansion or contraction of parts following variations of 
temperature. 

77. Strain and Stress.— The effect of a load acting on any piece of 
construction is a change of form or dimensions of the piece, and this 
change of form or dimensions is called strain. The combination of 
internal forces which are called into play in the material of any piece of 
construction to resist or balance the load is called stress. 

There are three kinds, of simple strain and stress -( 1 ) Tensile strain 
and tensile stress, (2) Compressive strain and compressive stress, (3) 
Shearing strain and shearing stress. 

78. Tensile Strain and Tensile Stress. — If a bar AB (Fig. 77) be 
in opposite directions by forces 

at its ends the bar becomes h 

a tensile strain or elongation is jA A , . 3 

produced. If I is the length of the un- q 

strained bar, and oe the increase in length IA 4 a~* r 

produced by the action of the load, then ^ 2 "“ „ I” 

the tensile strain is measured by the 
fraction x[l If any imaginary section of 

Ight angles to its length, say at G, the internal 
will balance the force P at B, and the internal 
P at A. These internal forces, which are distributed 
of the section at C, resist the’ tendency of the forces 
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PP to pull the bar asunder at C. ... This system of internal forces ,i,s called 
temite stress. 

Since stress is a distributed force, its intensity is measured in the 
same way as that of fluid pressure, viz. by the number of units of force 
on a unit of area, such as pounds per square inch, tons per square inch, 
or tons per scpiare loot. 

If the stress at the section C be uniformly distributed over the section, 
and its intensity be denoted by / (say in lbs. per square inch), and if 
a. denote the area of the section (say in square inches), and P denote the 
load (say in lbs.), then it is obvious that ]p = q/. 

1%, Compressive Strain and Compressive Stress. — If the external 
forces acting on the bar AB (Fig. 77) be reversed in direction, the bar 
becomes shorter by an amount a:, and a compresdve strum is produced 
whose amount is xjl. At any cross section C there Is corapressive stresS' 
which resists the tendency of the forces PP to crush the bar at C. 

As in the case of tension, if the stress is uniformly distributed over 
the cross section, P = n/, but /now denotes compressive stress. 

It should be mentioned here that unless a bar wliicli is subjected to 
compression by a load acting in tlie direction of its length is short com- 
pared with its transverse dimensions, it has a tendency to bend, and the 
compressive stress at a transverse section is not uniform, hence the formula 
p = af only applies to short pieces, or to long pieces if special means are 
adopted to prevent the bending of the latter. Long pieces in compression 
are considered in Chapter X. 

80. Shearing Strain and Shearing Stress. — Bupj)ose a rectangular 
block of india-rubber ABCD (Fig. 78) to have its face BC cemented to 
a vertical wall, and that it has a rigid plate cemented to its opposite face 
AD. The face ABCD being vertical, let a 

vertical force P be applied at the middle point p B ^ A ' % X 

of the lower edge of the plate. The force F p p __ 

will evidently tend to make the plate slide on % j % | 

the face AD of the rubber. The force P will ^ I 

also tend to make the face BCof the rubber % j ^ //k | 

slide on the wall, and it is also evident that if i i I I I 

any vertical transverse section XX be taken j ^ | 

dividing the block into two parts, the force ^ 

P will tend to make the part AXXD slide on X ^ X 

the part BXXC along the interface XX, as Fio. 78. 

shown to the right of Fig. 78. In each case 

the tendency to slide is resisted by a tangential or slimring stress acting 
along the face. 

The load P will cause the block ABCD to become distorted so that 
the rectangle ABCD will become a parallelogram aBCff, and the shearing 
produced is measured by the fraction Aa/AB or xjL 

If the area of a transverse section XX is denoted by u, and if the 
shearing stress is uniformly distributed over the section and is denoted 
by/, then as in the case of tension P=:f/. 

81. Volume Strain. — If a body be subjected to pressure all over its 
surface, as when immersed in water under pressure, it will suffer a change 
of volume, and if V is the original volume of the body, and v the alterar 
tion of volume due to the pressure, then vjY is called the volume strain. 

0 


Fio. 78. 
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If I is the length of the edge of a cube, which, when placed under 
pressure all over its surface, becomes I - x, then the new volume becomes 
P - + 3lx^ - and the change in volume is P - (P ~ 3Px + 3lx^ - 

or 3Z2;;c- but since it? is always a very small quantity, the second 

and third terms of this latter expression may usually be neglected ; 
hence the change in volume is very approximately '3Z%r, and the volume 
strain is 3Px/P or 3^/Z, which is three times the linear strain. 

82. Elasticity. — Strain is produced in a body by the action of a load 
on it, and if, when the load is removed, the strain disappears, the body 
is said to be perfectly elastic up to that particular load, or up to the 
particular stress corresponding to that load. If when the load is removed 
the strain does not entirely disappear permanent set has been produced, 
and the elastic limit is reached when the load is the largest which will 
not cause a permanent set. 

It was discovered by Eobert Hooke that so long as the elastic limit is 
not passed the strain produced is directly proportional to the load pro- 
ducing it, and since the stress is directly proportional to the load causing 
it, it follows that stress strain is a constant ratio up to the elastic 
limit for a given material, or more correctly for a given piece of material. 
This is known as HooMs law. 

The value of the constant ratio stress -r strain is called the modulus 
of elasticity or the coefficient of elasticity. 

When a body is subjected to simple tension or simple compression, 
there being no external forces acting to prevent the exceedingly small 
lateral contraction or lateral expansion of the body, the coefficient of 
elasticity is the coefficient of direct elasticity^ and is called Young^s 
modulus. The letter E is generally used to denote Young’s modulus. 

When the strain is a shearing strain, and the stress of course a 
shearing stress, the ratio stress -- strain is called the coefficient of trans- 
verse elasticity or the coefficient of rigidity. In this work the coefficient 
of rigidity will be denoted by the letter C. 

When the strain is a volume strain the ratio stress ~ strain is called 
th^ coefficient of elasticity of volume or the coefficient of cubical elasticity. 
In this work the coefficient of elasticity of volume will be denoted by 
the letter K. 

83. Applications of Young’s Modulus. — If a bar of length Z, whose 
area of cross section is a, suffers an alteration of length amounting to x, 
under the application of a load W acting in the line of the axis of 
the bar, and if / is the stress produced, then by Art. 78 or Art. 79 

stress _fl 


From these two equations 


W^ af Also by Art, 82, E = 

strain 

the following results are easily obtained : — 

and 

aE’ ^ I 

If the bar mentioned above be heated or cooled so that if free to 
expand or contract it would expand or contract by an amount then 
the forces which must be applied at each end of the bar, to prevent the 
expansion or contraction, will be each equal to W, and the equations 
above will apply to this case if Z + be substituted for 1. But since a* is 
very small compared with Z, the error introduced by using I instead of 
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Z + be , neglected. ■ Tlie, quantity -a;, will of coiirse be. determined 

from tlie change of temperature and the coehicient of expansion of 
the bar. 

If a compound bar be made up of two bars of difterent materiais, 
firmly united at their ends, so that the component bars must suffer the 
same alteration of length when the compound bar is placed in tension or 
compression by a load W, then if aj and, be the areas of the cross 
sections of the component bars, and the stresses produced in them 
by the load W, and E 2 , their coefficients of elasticity, I the original 
length of the compound bar, and x the alteration in length produced 
by the load W, then the following equations will obviously apply : — 


El 


J1 


E, 




fi- 

A 


El 

E,’ 


and + 


If the foregoing is understood, the case of a compound bar made 
up of more than two bars of different materials presents no difficulty. 

Considering further the compound bar made up of two ].>ars of 
different materials ; suppose that the compound bar is heated or cooled, 
so that the component bars, if entirely free, would expajid or contract by 
amounts and ii*^ respectively. Assuming that the two materials have 
different coefficients of expansion, then aq and would not be equal. 
Let be the greater. The first bar will tend to lengthen or shorten by 
an amount aq, but will be prevented by the other bar, which tends to 
alter by the amount by the change of temperatui*e. The first bar will 
therefore drag the other in one direction, while the second will drag the 
first in the opposite direction. The result will be that the alteration in 
length of the compound bar will be an amount x, which will lie between 
x-^ and x^. Also the stress produced in one bar will be tensile, while 
in the other it will be compressive. Using the same notation as 
before — 

Strain on first bar — ? E|==‘^f-~~ 

Z + aq aj - a; 


Strain on second bar 


Z 4* 


E. 


,/ 2(Z +aq) 
x-x» ’ 


and since the pull on the one bar must balance the thrust on the other 

Since Xj and iCg are very small compared with Z, the error introduced 
by putting I instead of Z 4- aq and I + in the above equations may be 
neglected. 

The method indicated above may easily be extended to determine the 
relations between the various quantities when the compound bar is made 
up of more than two bars of different materials. 

84. Bars of Varying Gross Section.— If at any point in the length 
of a bar which is in tension the cross section suddenly changes, then the 
stress at that section will not be uniformly distributed over the section; 
and at sections for some distance on each side of that section the stress 
will not be uniformly distributed, ' and the rules already demonstrated in 
this cliapter will not apply. But if the several parts of a bar between 
the points where sudden changes of section occur be long compared with 
their cross sections, the elongations of these several parts of the bar may 
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be determined without great error by assuming that the stress is every- 
where uniformly distributed and given by the formula /= P/a, v here/ is 
the stress at a cross section whose area is a, and P is the load. 

The effect of sudden changes of section on the behaviour of a loaded 
bar is further considered in Article 165, p. 174. 

85. Strength and Factor of Safety. — If the load on a piece which 
is in tension or shear be continuously increased, the piece will ultimately 
fracture or break in two, and the smallest load which will do this is 
called the hrealdng load, and the corresponding stress or breaking load 
per unit of original section is called the ultimate stress or ultimate 
strength of the piece. All solid materials have an ultimate tensile 
ultimate shearing strength, and many have an ultimate crushing strength, 
but for certain ductile materials, such as wrought-iron and mild steel, 
there is no definite load which will cause complete fracture when they are 
subjected to compression. 

When a piece is loaded up to the elastic limit, the stress produced is 
the elastic strength of the piece. 

The largest load, repeatedly applied, which a piece will carry without 
taking a permanent set is called the proof load, and the corresponding 
siiQSiS proof stQ'ess OT po'oof strength. 

The proof strength, as above defined, is less than the elastic strength, 
because experiment has shown that a load less than that required to 
produce permanent set may, if repeated a sufficient number of times, 
cause permanent set, and a load just under the elastic load will, after 
one or two applications, generally cause permanent set. This proof 
strength is difficult to determine, and in practice the term proof strength 
is often taken to mean elastic strength. Also, the elastic strength is 
frequently taken to mean the stress when the first decided set has taken 
place, as in mild steel, when the yield point is reached. 

The load put upon a piece in actual use is the working load, and the 
corresponding stress is the working stress or working strength. For 
safety the working stress must be less than the proof stress. The 
working stress is usually determined by dividing the ultimate stress by 
a number called b, factor of safety, but it may also be fixed by dividing 
the proof stress by another factor of safety. 

The value of the factor of safety to be used in any particular case 
must be determined by experience and judgment. Some of the con- 
siderations which influence the value of the factor of safety are — (1) the 
degree of certainty as to the magnitude of the greatest load which is 
likely to act on the piece ; (2) the character of the load, ^'.e. whether it 
is a fixed or constant load, or a constantly changing load ; (3) the 
consequences of a breakdown ; (4) the reliability of the material used ; 
(5) the amount of deterioration or wear which may take place in the 
piece when in use. 

86. Stress- strain Diagrams.-— If the strains and corresponding 
stresses on a loaded bar be plotted in the usual wa}^ (Fig. 79), then since 
stress strain is a constant up to the elastic limit, the diagram up to 
this point will be a sloping straight line OA. After the elastic limit 
is reached the strains increase more rapidly than the stresses, and the 
results are represented by a more or less irregularly curved line AB. 

So long as the cross section of a loaded bar does not sensibly alter, 
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STRAIN 
Fici. 79. 


the stress is sens,ibly proportional to. the load, but ductile, materials, sueli 
as wrouglit"ir()ii and mild steel, alter considerably in 
cross section when loaded in teiision or coinpression 
beyond the elastic liniit, and the stresses are there- 
fore no longer proportional to the load. For 
example, if a bar in tension has an area of cross 
section at the fracture equal to half its original 
area, the actual stress at fracture will be twice 
the noiriinal stress, the nominal stress being equal 
to load 4* original area. If, therefore, the diagram 
(Fig. 79) is a true stress-strain diagram, it will 
not be a true load-strain diagram. In practice it 
is the load- strain diagram which is actiially drawn 
by the autographic apparatus on a testing machine. The diagrams are, 
however, often spoken of as stress-strain diagrams when they should be 
called load-strain diagrams. 

The actual form of the stress-strain diagram or load-strain diagram 
varies greatly for different materials. Different forms of the diagram are 
considered in Chapter XL 

87. Work done in Producing Strain. — The load-sti-ain diagram is 
also a diagram representing the w'ork done in producing the strain. In 
previous Articles of this chapter strain has been 
denoted by x/l. Hence referring to Fig. 80, it fol- 
lows that if OX represents a particular amount of 
strain it w^ill by altering the scale also represent 
the quantity x. Lengths along ON then represent 
distances through which the load acts, and the 
heights of the line OAB above ON represent the 
variation in the load as the bar is deformed. It 
follows that the work done in deforming the bar, 
say by the amount OX, is represented by the area 
of the figure OAYX, where XY is perpendicular 
to ON, (See Art. 41, p. 25.) 

88. Resilience and Shock. — The w^ork done in straining a bar up to 
the elastic limit is called the resilience of the bar. Referring to Fig. 80, 
the area of the triangle GAM represents the w^ork done in straining the 
bar up to the elastic limit. If the bar is in tension or compression, 
OM“.r, the amount of extension or compression, and AM is the load W 
at the elastic limit. Hence the vemlimce^^’Wx - iafx, where a is 
the area of the cross section of the bar, and / the stress at the elastic 

But it has been shown (Art. 83) that = ‘g, therefore 

= but al is the volume of the bar, therefore, putting V = aZ, 

2E 
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limit. 


resilience •: 


resilience = 


2E 


If the bar is strained to some point below the elastic limit the 
expression for the work done will still be but the stress/ will not 

now be the stress at the elastic limit, but will correspond to the strain 
produced. 
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If is the weight of a unit volume of the bar, then the weight of the 
bar wili be Let h equal the height through which this weight must 
fall in order to accumulate an amount of energy equal to the resilience of 
the bar, then V/2 n 

The resilience of a bar is a measure of its power to resist a blow or 
shock without taking a permanent set. 

Suppose a bar AB (Fig. 81) of length I and area 
of cross section a to be suspended from one end, and 
let it have a weight W threaded on it as shown. If 
the weight is allowed to fall freely through a height % 
before striking the head formed on the lower end of 
the bar, the bar will lengthen an amount and the 
total fall of the weight will be 7i + a*. At the end 
of the fall the resistance offered by the bar to 
further stretching will be a/, where / is the maxi- 
mum stress. The diagram of work done on the bar, 
assuming that it is not strained beyond the elastic 
limit, wall be a triangle whose area \afx ’will equal 
the work done in stretching the bar, and this must 
equal the work done by the falling weight. 







1 



B 


m 



Therefore 


Hence 


W(7i + *) = ?{* 


but 

E 




Cl- .1- J .• i- ^ w , JWW+Tmalh 
Solving this quadratic equation, — 


If 7^- 0, then /= 


2W 


When the load W is applied gradually, as when the bar is stretched 
in a testing machine, the maximum stress, when the load is all on, 

becomes — , but if the full load is put on at once the maximum stress, as 

\ a . 


shown above, is . 


The effect of a suddenly applied load is therefore 


to produce a stress double that produced when the load is applied 
gradually. 

Exercises Via. 

1. A steel wire O'OS inch diameter and 50 feet long is subjected to tension 
by a load of 112 lbs. Determine (1) the stress in lbs. per square inch, (2) the 
elongation in inches, (3) the strain, and (4) the work done, in inch-lbs., m pro- 
ducing the strain. 1 = 30,000,000 lbs. per square inch. 

2. A steel piston-rod 2 inches diameter is subjected to a pull and thrust alter- 
nately. The tensile and compressive stresses are each 8000 lbs. per square inch. 
Two points A and B on the axis of the rod are 4 feet apart when the rod is 
unloaded. Determine (1) the effective load on the piston, (2) the difference 

■ between the greatest and least distances between A and B, E= 30,000,000 lbs. 
per square inch. 
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3. A ferro-conorete column is 12 inches square. The piincipal reinforce- 
ment consists of four longitudinal steel bars placed near the angles of the 
column, and having an aggregate cross sectional area of 11 square inches. The 
load carried by the column is 50 tons. Determine the compressive stresses in 
the concrete and steel, in lbs. per square inch, assuming that the modulus of 
elasticity of the concrete is one- tenth that of the steel. 

4. A steel tube, 1*25 inches internal diameter, 0’104 inch thick, and 12 feet 
long, is covered and lined throughout with copper tubes 0*08 inch thick. The 
three tubes are firmly united at their ends. This compound tube is subjected 
to tension, and the stress produced in the steel tube is 9000 lbs. per square inch. 
Determine (1) the elongation of the tube, (2) the stress in the copper tubes, and 
(3) the load carried by the compound tube. E = 30,000,000 lbs. per square inch 
for steel, and 16,000,000 lbs. per square inch for copper. 

5. The compound tube in the preceding exercise is raised in temperature 
200° F. Find the stresses in the steel and copper, and the increase in length of 
the tube. Also, what must be the magnitude of the forces, which, applied to the 
ends of the tube, will prevent its expansion ? Coefficients of expansion of steel 
and copper 0*000006 and 0*0000095 respectively per degree F, 

6. If a thin circular hoop is strained and remains circular, prove that the 
circumferential strain is equal to the diametrical strain. 

7. A cylindrical steel hoop has an internal diameter 20 inches, thickness 1 
inch, and breadth 1 inch. A second steel hoop has an internal diameter 21*97 
inches, thickness 0*7 inch, and breadth 1 inch. The second hoop is expanded 
by heating and is then shrunk on to the first hoop. Determine (1) the new 
internal diameter of the first hoop, (2) the tensile stress in the second hoop, and 
(3) the compressive stress in the first hoop. E = 30,000,000 lbs. per square inch. 

8. Referring to the hoops of the preceding exercise. Find what must be the 
internal diameter of the second hoop so that the stress in it when it is shrunk 
on to the first will be 10,000 lbs. per square inch. Then determine the stress 
in the first hoop and its new internal diameter. 

9. Calculate the length of a bar of uniform section whose density is 0*28 lb. 
per cubic inch, and whose coefficient of elasticity is 28,000,000 lbs. per square inch, 
which when hung from one end causes a maximum tensile stress in it of | ton 
per square inch. Find also the increase in its length due to the tension. 

10. A wrought-iron bar 25 feet long is 2 inches diameter for 6 feet of its 
length, If inches diameter for 7 feet of its length, and 1| inches diameter for 
the remainder of its length. This bar is in tension, and theT stress on the smallest 
sections is 12,000 lbs. per square inch. Taking E = 28,000,000 lbs, per square 
inch, find the total elongation of the bar. 

11. In testing to destruction a piece of mild steel, 0*937 inch diameter, in 
tension, a load-strain diagram was taken. The diagram showed the elongations 
full size, and the loads to a scale of 5 tons to 1 inch." The length of bar under 
observation was 10 inches. The total elongation after fracture w^as 2*46 inches. 
The area of the diagram, measured with a planimeter, was 7*47 square inches. 
Determine {a) the amount of work represented by the diagram, (5) the work 
done in straining the bar up to the elastic limit, taking the length as 10 inches, 
having given, load at elastic limit 9 tons, and modulus of elasticity 29,900,000 
lbs. per square inch. Also (c) express {a) as a multiple of (5). 

12. Calculate the resilience, in ft.-lbs., of a cubic inch of steel, in tension, 
taking the elastic limit at 20,000 lbs. per square inch, and the modulus of elas- 
ticity at 30,000,000 lbs. per square inch. 

13. A steel bar 1 inch diameter and 6 feet long is put in tension by a force 
of 3 tons applied suddenly. Determine the maximum stress and the maximum 
elongation produced. B=: 30,000,000 lbs. per square inch. 

14. If a bar J inch in diameter stretched | of an inch under a steady load of 

1 ton, what stress would be produced in the rod by a weight of 150 lbs. falling 
through 3 inches before commencing to stretch the rod. The rod is initially 
unstressed. , [U.L.] 

15. A steel rod, 2 inches diameter and 10 feet long when unloaded, is sus- 
pended from one end, and has a weight of 1000 lbs. threaded on to it. The 
weight is allowed to fall freely from a height A = 1 inch on to a head formed 
on the lower end of the rod. Find the maximum stress produced in the rod. 
Also, find h so that the maximum stress may be 10,000 lbs. per square inch. 
E= 30,000,000 lbs, per square inch. 
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16. leaking the stress at the elastic limit as 16,000 lbs. per square inch, cal- 

collate the resilience of the bar referred to in Exercise 10. 

17. Ke-work Exercise 15, assuming that there is a steady load of 1 ton hanging 
from the lower end of the bar before the blow is applied. 

18. If the maximum crushing stress of a punch is four times the maximum 
shearing stress of a plate, show that the smallest hole which can be punched in 
the plate has a diameter equal to the thickness of the plate. 

89. Eiveted Joints.-— Considering first a simple form of riveted joint, 
such as the double riveted lap joint shown in Fig. 82. When this joint 



Fig. 82. 


is subjected to tension it may give way (1) by the tearing of the plates 
between the rivets, as shown at (a) ; (2) by the shearing of the rivets, as 
shown at (h ) ; (3) by the crushing of the rivets or of the parts of the plates 
ill contact with them ; (4) by the breaking of the plates between their 
outer edges and the rivet holes, as shown at (e). 


p = pitch of rivets. ft = tensile stress in plates. 

d ~ diameter of rivets. /, = shearing stress in rivets. 

t - thickness of plates. = crushing stress in rivets or plates. 


Considering a strip of the joint equal in width to the pitch p, 
Resistance of this strip to tearing ~ (p - d)tft. 

„ „ „ shearing = 2. 

„ „ „ crushing = 2. 


In the last of these expressions the hearing area of the rivet on the 
plate is taken as its projected area on a plane containing the axis of the 
rivet and perpendicular to the direction of the pressure. 

If the values of the stresses and /c be given, then the three 

expressions above must be equal to one another. This gives two ec|uations 
to determine andd. Solving these equations, 


d- 






'ft 


The stresses A and/, can usually be definitely settled, but for materials 
used in riveted joints the value of the stress f is more difficult to decide. 

Very often the diameter of the rivets is fixed empirically, and the 
resistance to tearing is then equated to the resistance to shearing to deter- 
mine the pitch. In that case the crushing stress should then be calculated 
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by equating tlie resistance to crushing to' either. the resistance 'to tearing 
or the. resistance to shearing. 

The ratio of the strength of a riveted joint to the strength of the solid 
plate is called the ^ideney of the Joint, The effieiericy is called either 
the tearing, the shearing, or the crushing efficiency, according to the kind 
of resistance which is taken as the strength of the joint. The rosistanco 
of the h3olid plate the various efficiencies for a double riveted hip 

joint are 

Tearing efficiency 


Shearing efficiency = ^ 
Crushing efficiency ; 


' Wt Pft * 

It is nsiml to express the efficiencies as percentages by mnl tipi ying 
the above by 100. 

The lowest efficiency is the real efficiency of the joint. 

To resist the rupture of the plate between its edge and tlie rivets, 
as shown at (c), Fig. 82, it has been found by experiment that if tlie 
least distance betw^een the edge of the plate and the nearest rivet is 
equal to the diameter of the rivet this is sufficient, and this is the rule 
followed in practice. 

For simple lap joints other than the double riveted joint which lias 
been considered, the multiplier 2 which was used in the expressions for 
the resistance to shearing and the resistance to crushing iimst be changed 
to w, where n denotes the number of rows of rivets in the joint. 

The determination of the strength and proportions of riveted joints 
other than simple lap joints presents no particular difficulty, but a few 
cases will now be considered briefly. 

Fig. 83 shows an ordinary double riveted butt joint with two cover 
straps. Considering a strip of the joint equal 
in width to the pitch y), and using dha same 
notation as before. 

Resistance to tearing — {p ~ d)ffi . . . (1) 

„ „ shearing = 2x2 . (2) ^ 

„ ,, crushing = 2 . . . | 

Equating (2) to (3) ... . (4) 





P- 


io 1 






Fig. 83. 

Equating (1) to (3) and substituting from {^) p — 1 

If cl is given, or fixed empirically, equate (1) to (2), then 

^ Mi 






u 


and equating (2) to (3) 
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Of the two factors 2 x 2 in expression (2)^ one is for two rivets 
ancl the other is for two sections of each rivet, the rivets being m 
dotible shear. Experiment has showm that the strength of a rivet m 
double shear is twice that of the same rivet in single shear. The 
Board of Trade, howwer, only allow a load on a rivet in aoiible 
shear equal to 1*875 times the load allowed on the same rivet in single 

If cover strap ' carries half the load on the joint, it is obvious 
tliiit eacfi sliniild have a thickness equal to 
It, Ivut in practice the straps in an ordinary 
butt ioint have a thickness equal to gt. 

Fig. 84 shows a treble riveted butt joint 
with two cover straps, in which the pitch 
of the rivets in the outer rows is twice the 
pitcli of tlie rivets in the other rows. In 
this form of joint, and in all joints where 
there are f'^vver rivets in the outer rows 
than in the others, there is another way 
in which the joint may fracture in addi- 
tion to those already considered, viz. the 
outer row of rivets may shear, and at the 
same time the plate may tear between the rivets of the next row. 

Considering a strip of the joint equal in width to the greatest 

pitch p, . V 

Eesistance to tearing between rivets of outer rows = (p - a)¥i • • 

„ „ shearing == X 5 X 2/s = . . • • • • (^) 

Kesistance to shearing of rivets in outer row and tearing between 

rivets of next roAV “ X 2/s + (p - . • . • (3) 

Eesistance to crushing = Mffc . > . » . . • • • • • 



Tliese four expressions yield three equations to determine p and d if 
all the stresses are given, and this is more than sufficient. 




Equating (1) to (3) d 

•v« 

. . . ■ IWt 

Equating (1) to (2) and substituting from (5) = 


( 5 ) 




Equating (2) to (4) and substituting from (5) /— /. 

Since the safe crushing stress is always greater than the safe tensile 
stress, it is evident that, with the proportions deduced above, the joint 
will have an excess of crushing strength. 

The combined resistance to tearing of the two cover straps yis 
2(p - 2<LZ)ii/, where is the thickness of each cover strap. Equating 

this to (p - d)tft , the resistance of the plates to tearing, 
practice this would be made Making p = M, then 
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Eig... 85 sk)ws a tie-bar, joint .Here-, a bar of wkltli Z:? and thick- 
ness i .lias a lap. joint in . it containing . 
nine rivets .arranged , , as shown. This 
joint may give way (1) by tearing at 
A or E y (2) by shearing of all the 
rivets; (3) by tearing at B or I), and shear- 
ing at A or E ; (4) by tearing at C, 
and shearing at A and B or at 'D and 
E. The values of these various ' resistances 



are- 


Pig. 86. 


{b-d)tf, . . . ( 1 ) 

. . . ( 2 ) 

Tlie strength of the solid bar is htft, and the Tarious efliciencies are 

h-d 

~'h ' ■ ■ ■ ■ ■ ^ ' h mft 

d7rd% 


mt 


(6- 2dy/,+p% . 

(5-3rOC/; + 3p/.. 


(3) 

(4) 


( 3 ) 


mt 


There is only one dimension to determine, viz. ri, and a value of il 
may be found by equating any two of tbe four expressions which give 
the resistance of the joint. Six possible values of d may be found in 
this way, but generally there is only one value which will give the highest 
minimum efficiency of joint. 

The most satisfactory way of finding the best value of is to plot the 
various efficiencies for different values of as shown in Fig. 86. In this 

case h has been taken equal , 

+^100) 
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jDiameter of Riuets. 

Fig. 86. 





1*8 


to ,10. inches,; i = l inch,,.' .and 
fg — O'Sfi. The best diameter of 
rivet must , be under the, inter- 
section of a pair of efficiency 
curves, and an inspection of 
the figure shows that the dia- 
meter which gives the best 
efficiency is under the inter- 
section of (2) and (3). This 
diameter , is ,1*23 inches,, and 
the minimum efficiency is 85-6 
per cent. In plotting the efficiency curves it is only necessary to show 
the parts in the neighbourhood of their intersections. 

A butt joint with two cover straps, such as is shown in Fig. 87, is a 
more satisfactory joint for a tie-bar than the 
lap joint, because in the case of the butt joint 
the pulling forces on opposite sides of the 
joint are in the same plane, whereas in the 
case of the lap joint the pulling forces are in 
different ^danes, and in consequence there is 
a bending action on the bar in the neigh- 
bourhood of the joint. 
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90. Thin Cylindrical Shells.—A thin cylindrical shell or pipe (Fig. 88) 

of internal diameter fl, thickness 
and length I is exposed to internal 
iinid pressure of intensity p. Let 
the sliell be divided into two equal 
])arts by a plane of section contain- 
ing the axis. The resultant K of 
the pressure on either of these 
parts is evidently independent of 
the shape of the other part Let 

the other part be replaced by a hat . r « . 

plate, as shown in Fig. 89. Then the resultant pressure on the flat 
plate is S = pdl. But S must balance E, therefore E = b ^pdl. _ 

If ff, is tiie stress in the material of the shell at the plane of section, 

thm'k^pdl^MlftOtpd^2tU \ _ . , . 

If the shell has longitudinal riveted joints whose efecieiicy is 6>, then 



Fig. 88. 


Fig. 89. 


The assumptions made in determining the last two equations are, 
(1) that the stress ft is uniformly distributed over the section of the shell. 
Mid this is justihed if the shell is thin compared with its diameter;^ (2) 
that the shell derives no assistance from the ends, and this is justified 
if the cylinder is not very short compared with its diameter. 

The resultant pressure on the ends of the shell is ^Le 

resistance of the shell to tearing at a section perpendicular to the axis 


is Tdfft, therefore ^ Trdtft ovpd^^Uft, which shows that the resist- 
ance to tearing at a circumferential section is twice the resistance to tearing 
at a longitudinal section, the effect of the riveted joints being neglected. 

91. Thin Spherical Shells.— By the method of the preceding Article, 
and using the same notation, the resultant pressure on one half of the 

shell is '^d-p, and the resistance to tearing is Trdtft^ therefore 
,4 

or dp-Uft, 

92. Centrifugal Tension in a Revolving Hoop.— Each part of a 
hoop revolving about its axis tends to fly outwards because of centri- 
fugal force, and the effect on the hoop is the same as that of an internal 
fluid pressure acting on it. 

Let a be the area of the cross section of the hoop in square inches ; 
w the weight of a cubic inch of the material in 
pounds; V the linear velocity of the hoop in feet 
per second ; and d the diameter of the hoop in 
inches. The hoop is supposed to be thin compared 
with its diameter. 

The weight of a portion of the hoop 1 inch 
long is aw lbs., and the centrifugal force q of this 
portion is 2iawd^ jgd. Each inch of hoop will 
have the same amount of centrifugal force acting 
on it, and the result is a uniformly distributed 
radial force acting on the hoop, as shown by the small arrows in Fig. 90. 
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From the analogy between this case and that of a thin cylindrical shell 

under fluid pressure (Art. 90) it may be concluded that R, the resultant 

of the centrifugal forces qq . . . . on one half of the 

hoop, is ecpial to dq — 2ia/w^ifilg, and equating this to fP" 

the resistance of the hoop to bursting, 2 a/) = Matcv-jg, ... 

therefore .A = ^^erey) is the \ I 

per square inch) due to centrifugal force. / 

The foregoing result may be demonstrated in aF vi'oC^ 
another way. Consider a small portion of the hoop 
(Fig. 91) subtending an angle ^ at the centre. ^ ' 

This is in equilibrium under the action of the 40 / 

centrifugal force F and the tensions TT. The r/ 

weight of the portion under consideration is |amf (9, V 

and ¥ ~12aiDdv^/g, From the triangle of forces Fig. 91. 

F ~T 6 ^, since 9 is a very small angle. Also T^/^a, 
therefore and 12 ?/;?;^,^^^ 

93. Oottered Joints. — Fig. 92 shows two bars of diameter // joined 
together with their axes in the same straight line. Tlie up|)er bar is 
enlarged at its lower end to form a socket, which fits over the enhirged 
upper end of the lower bar. A cotter passes through the two as shown. 
It will be assumed in wFat follows that the two 
bars are made of the same material, and that they 
are in tension under a load T. ^ ^ ^ 

For the parts of diameter d, 


The weakest cross section of the part of diameter 
is at the cotter hole, where the area of the cross 

section is very nearly ~ J j “■ and therefore 


The weakest part of the socket is the cross section 
at the cotter hole, where the area is 


therefore 






Fig. 92. 


The cotter will shear at two sections, therefore 

T- 2W/, . . ....... (4) 

The bearing area of the cotter on the lower bar is d^^ therefore 

T = (5) 

The hearing area of the cotter on the socket is (D^ -* d^t, therefore 

T = (D,-^/, •)«/„. . (6) 

Assuming T and the stresses to be known, the foregoing six equations 
are sufificient for determining the dimensions d^ d^^ D, D^, 6 , and U 
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Exercises ¥Ik 

In the following exercises on riveted joints, ij = thickness of plates, <^= dia- 
meter of rivets, p = pitch (or greatest pitch) of rivets, all in inches. In all cases 
where p has to be determined the result is to be stated and taken to the nearest 
eighth of an inch, and where d has to be found, the result is to be stated and 
taken to the nearest sixteenth of an inch. 

Unless otherwise stated the tenacity of the plates is to be taken at 28 tons 
per square inch, and the resistance of the rivets to shearing at 23 tons per 
square inch. 

1. In a single riveted lap joint « = =|-, andp = 2. Calculate the efficiencies, 
and find the crushing stress on the rivets when the joint gives way by tearing. 

2. A treble riveted lap joint has the following dimensions— «=||, 

and p = 3|. Calculate the efficiencies, and fmd the crushing stress on the rivets 
when the joint gives way by tearing. 

3. Find p for a double riveted lap joint in which and d:=| |. Then 

calculate the efficiencies. 

4. Design a double riveted lap joint for plates f inch thick, and find the 
efficiencies, having given / 9 = 0 * 8 /; and /c = 1 * 3 / 2 ;. 

5. In the treble riveted lap joint shown in Fig. 93, and p = 4|. 

Calculate the efficiencies of the joint. 

6. Having given £=if, determine d and p for 
the joint shown in Fig. 93, so that the three 
principal efficiencies shall be as nearly equal as pos- 
sible {d being to the nearest sixteenth, and p to 
the nearest eighth of an inch), then ' calculate the 
efficiencies. 

7. Plates 1 inch thick are connected by a treble 

riveted butt joint with two cover straps. The pitch 
of the rivets in the outer rows is twice the pitch of 
those in the other rows, and the diameter of the 
rivets is 1 inch. Taking the resistance of rivets in 
double shear equal to 1*75 times their resistance FiG. 93. 

in single - shear, determine p (to nearest eighth of an 

inch) for equal tearing and shearing resistances. Then determine the efficiencies. 

8. Same as preceding exercise, except that the resistance of rivets in double 
shear is to be taken equal to twice their resistance in single shear. 


p 

# 




xd'K # 1 


»- 


1 T'® J 



L 



9. In a riveted joint of the form shown in Fig. 94, t 
Taking the shearing resistance of rivets in double 
shear equal to 1*75 times their resistance in single 
shear, determine the efficiencies of this joint. 

10. Determine p and d for the joint shown in 

Fig. 94 so that the efficiencies may be as 

nearly as possible equal to one another, hiking p to 
the nearest eighth, and d to the nearest sixteenth 
of an inch. Take shearing resistance of rivets in 
double shear equal to 1*75 times their resistance to 
single shear. Give the efficiencies. 

11. In a double riveted lap joint and 

p=2‘[. Find the efficiencies. This joint is streng- 
thened by the addition of a cover strap, as shown 
in Fig. 95. The rivets at A and B being |- inch 
diameter, and 5| inches pitch.^ Calculate the 
efiicieucies of the altered joint. 


= and p = 7. 
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Fig. 94. 


12. The tie-bar lap joint shown in Fig, 96 has rivets inch diameter. The 


Fig. 95. 


Fig. 96. 


Fig. 97, 
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bar is 6 inches wide, and f inch thick. Determine the lowest -efficiency of this 
joint, and describe how it, will give way. 

tt tie-bar 5 inches wide and 1 inch thick has a lap Joint in it, as shown in 

S ig. The rivets at A and B have a diameter and those at 0 and D have a 

diameter d.^, Find^the best values of d and (to the nearest sixteenth of an 
inch) so that the efficiencies may be as nearly as possible equal to one another. 
Give.the efficiencies, . 

^ 14. Taking the joint referred to in the preceding exercise, but making all 
the rivets of the same diameter, plot on squared paper the various efficiencies of 
the Joint for different sizes of rivets up to 1 J inches diameter. 

15. Determine the best diameter of rivets (to the nearest inch) for a tie- 
bar butt Joint with double cover straps, and 12 rivets in all, arranged as in Fig, 
87, p. 76.^ Width of bar, 9 inches; thickness, f inch, A=0'8/f. Resistance 
of rivets in double shears 1-75 times their resistance in single shear. Find the 
lowest efficiency of the Joint. 

^16. A cylinclri cal boiler shell is 7 feet in diameter, and the plates are finch 
thick. The longitudinal riveted joints have a tearing efficiency of 70 per cent. 
Find the steam pressure which will cause a tensile stress of 5 tons per square 
inch in the plates^ between the rivets. Also, what tensile stress will this steam 
pressure produce in the plates between the rivets of the circumferential Joints 
which have a tearing efficiency of 60 per cent. ? 

17. The end plates of a boiler shell are inch thick, and are dished to 
a radius of 6 feet. Find the tensile stress in these plates due to a steam 
pressure of 150 lbs. per square inch. If the thickness is altered from inch to 
J inch, to what radius must the end plates be curved so that the stress shall be 
unaltered under the same steam pressure ? 

18. Find the centrifugal tension (in lbs. per square inch) in the rim of a 
cast-iron fly-wheel 25 feet in diameter when running at 250 revolutions per 
minute. Weight of cast-iron =0-26 lb. per cubic inch. 

19. Detennine the speed, in revolutions per minute, of a cast-iron fly-wheel 
20 feet in diameter when the centrifugal tension in the rim 
is 4250 lbs. per square inch. Weight of 1 cubic inch of cast- 
iron =0*26 lb. 

20. Fig. _ 98 shows the lower end of a foundation bolt ; 
the part A is round and of diameter d, the part B is square 
in cross section, s being the side of the square. The effective 
width of the cotter 0 is 5, and its thickness t. Taking 
/i=8, /s = 6, and/c=i5, all in tons per square inch, express 
the dimensions s, 5, and t in terms of d. 

21. Referring to the bolt of the preceding exercise, if 
fc = l*6/i , /s=0-8/«, /;== 5 tons per square inch, and P= 10 tons. 

Find the dimensions d, s, b, and t in inches, 

22. Referring to the Joint shown in Fig. 92, p. 77, if 

15,/,;= 8, andj^=6, all in tons per square inch, determine di, 5, i, .D, and Di in 

terms of d, 

94. Bimple TorsioE. — If two equal and opposite parallel forces F 
and Q act at opposite ends of a straight lever (Pig. 99) which iKS fixed 
to a shaft S, and which lies in a 
plane at right angles to the axis 
of the shaft, then, the forces F 
and Q cannot Be balanced by any 
single force, i.e, they have no 
single force for their resultant, 
from which it follows that the 
forces P and Q will onl}^ tend to 
rotate the shaft about its axis. 

If the lines of action of F and Q be at perpendicular distances a and I 
respectively from the axis of the shaft, then the timiiwj mxmieni^ twuting 
mmrmit, or torque will be measured by Fa + Q5=»T, But since F~<5, 




Fia 08. 


80 ' APPLIED ■ MEOHAFIOS ■ 

tiic-Mi T ^ - P(a + /j) = PR. ■ If P is ill pounds and R is in incliesj tlien T will 
be in inrk'pomds, Tlie inclx-pound is generally the most convenient unit 
for the torque on a shaft, but thii foot-jmimd^ fooHonpmid inchdon 
are also used. 

If T is the torque on a shaft in inch-pounds, N the number of revolu- 
tions per iniimte, and H the horse-power transmitted, then it follows that 
■ 27rRPN ArTN' 

■ ”12x 33000 6"x 33000' 

95. Angle of Twist of a Shaft. — Let a shaft of length Z, radius r, 
or diameter d be subjected to pure torsion by torques each equal to T 
applied at its ends, as shown in Fig. 100. A straight line AM drawn on 
the surface of the shaft and parallel to the axis when the shaft is 
unstrained, will become a helix when the shaft is twisted. This follows 
from the following consideration. If the shaft be divided into a number 
of parts each of unit length by planes perpendicular to the axis each part 
will be subjected to the same torque, and the angular movement of one 
end of eadi part of unit length relative to the other end will be the same, 
and therefore the angular movement of one end of the shaft relative to 
the other end will be the sum of the angular movements due to each 
part, and therefore the movement of A relative to M, namely, the arc 
AB, will be proportional to /. 

If a small square MF be drawn on the surface of the shaft when the 
latter is unstrained and having a side on AM, this square, shown 
enlarged to the left of Fig. 100, will become a parallelogram. If this 



square l)e the outer face of a thin layer of material on the shaft, then the 
edges or narrow faces of this layer are subjected to shear stress of, say, an 
intensity/, and the shear strain is od jV — xjl wliere x is the length of the 

arc AB. But shear strain == — — therefore xll or 

modulus ot rigidity 

X = ///C. If B is the angle of twist in circular measure, then B = xjr == 
hut X ~ /?/ C, therefore 0 . 

• If n is the angle of twist in degrees, then since = 

‘mn ' 
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In stating that the shear strain on the small square ekiint’iit, f)r thin 
layer MN is equal to a///', it is assumed that only the edges of tliai 
layer are subjected to shear stress, and tha^ there is no stress on the 
square faces. It is obvious that there cannot be any stress on the outer 
square face, and since the angular movement of each particle of tlie shaft 
about the axis of the shaft is proportional to its distance from tliat axis, 
particles which are on the same radial line when the shaft is unstrained 
will remain on that line as the latter revolves ; there can therefore be no 
relative movement between the layer MN and the layer next it within 
the shaft, and therefore there cannot be any stress on the inner face of 
the layer MN. „ , 

96. Moment of Besistance of a Shaft to Torsion. — It has been 
shown that the angle of twist of a circular shaft is ^ = 2/Z/CVi or ///Gn 
Hence /= ^Cr/Z, and for given values of 0, G, and Z,/is proportional to n 
Now for all parts of a given shaft subjected to a given torque, 6^, C, and I 
are the same, therefore if a circular shaft be conceived to be made up of a 
number of thin tubes, the shear stress on any one of them will be pro* 
portional to its radius. Let be the mean radius of one of these tubes, xij 
the area of its cross section, and/^ the shear stress on it. Then fi/f~ 
or/| = rj./’/r. The total shear stress on the cross section of this tube is 
and the moment of this about the axis is Hence tlie 

moment of resistance of this tube to torsion h^a^r \ — where 1, is 

r r 

the polar moment of inertia of the cross section of the tube about its axis. 
In like manner the moment of resistance to torsion of each of the other 
tubes is the factor f/r multiplied by the polar moment of inertia of its 
cross section about the axis. Hence M, the moment of resistance of the 
whole of the tubes, or of the solid shaft, is fir multiplied by the sum of 
the polar moments of inertia of the separate annular parts of the cross 
section, which is equal to f/r multiplied by the polar moment of inertia 
of the whole cross section. But the polar moxnent of a circle of radius r 

about an axis through its centre and perpendicular to its plane is — , 
therefore M = 

2 1 6 * 

The following is another way of determining the moment of resistance 
of a circular shaft to torsion. Gonsider a small sector GAB of the cross 



section of the shaft (Fig. 101). The full section of the shaft is shown 
at (a). The part in the neighbourhood of the sector is shown enlarged 
at (b), and an oblique view of this is shown at (c). Let/ denote the 
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i!ito 4 i 8 ily of the shear stress along AB. Let perpendiculars to the sector 
be ereciccl all over its surface to represent the intensity of the stress at 
each p(,)int, and consider for the moment that the stress is perpendicular 
to the plane of the sector. These perpendiculars will be enveloped by a 
pyramid OABFH, in which AH and BF are each equal to f. The 
volume of this pyramid will be the magnitude of the resultant R- of the 
stress over the sector, and this resultant will act through G, the centre of 
gravity of the pyramid, and its line of action will be perpendicular to 
OAB, meeting the latter at g. The real line of action of R is in the plane 
of OAB and perpendicular to Oy, as shown at {a). The moment of 
resistance of the sector to torsion is RxOy. But R is equal to the 
volume of the pyramid OABFH = AB x/x -jr, and Og ~ f r. Therefore 
R X Og ~ AB X The moment of resistance of the whole section will 

be R X Og multiplied by the number of times that the circle contains the 
sector OAB, that is, by the number of times that the circumference of 

the circle contains the arc AB, which is Therefore 


M-ABx|-/;^ 


^2 27r?* '5^ *T3/ 


If the first method adoi3ted in this Article for finding the moment of 
resistance of a solid circular shaft to torsion be applied to a hollow 
circular shaft (Fig. 102), it follows that the moment 

of resistance of the hollow shaft is ~ multiplied by 

the pqlar moment of inertia of the section, Le. . 




4N TT — , 


The moment of resistance of the hollow shaft 
may, however, be deduced directly from the moment 
of resistance of the solid shaft as follows. The mo- 
ment of resistance of a solid shaft of diameter D is 



16 


The moment of resistance of a solid shaft of diameter d tohen it 


forms the central portion of the other is j^fi, where is tlie shear stress 
at radius r (Fig. 102), but =/- 


R 


jrd 


Hence the moment of resist- 


> 


anco of the hollow shaft is DV- —(Ff~ = 

16 16 •'d 16 V D 

97. Formulae for Shafts subjected to Simple Torsion.— It will be 

convenient to collect here the formulsc which have been proved in the 
three preceding Articles, and give several additional formuhe easily 
deduced from them. 

T torque or twisting moment on shaft in incli-pounds. 

N ~ number of revolutions of shaft per minute, 
horse-power transmitted by shaft 
I * length of shaft in inches. 


i»i 
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diameter of solid shaft or internal diameter of hollow skift in 
inches. 

D == external diameter of hollow shaft ill inches. 

/= maxinmin shear stress on shaft in lbs. per square inch, 

C ~ modulus of rigidity of shaft in lbs. per square inch, 
w angle of twist of shaft in circular measure, 
angle of twist of shaft in degrees. 

For hotli Solid and Holloio Shafts — 

TT SttTN y_ 12x3 3Q0QH 


12 X 33000 ' 


For Solid Shafts — 
16 ■ 


'Od ' t<W\ 


360/Z_360xl6T^ 
'irCd ■ Pc# 


For Hollow Shafts- 


TT 


32TZ 


16TD 

_360/Z__ 360xl6TZ 
'ttCD 7r2C(r)4-^#)’ 


98. Helical Springs. — It has already been shown that if a shaft or 
wire of diameter d and length I be subjected to a torque T, the ande 
32TZ 

of twist is 6>= . Also, if / is the maximum shear stress, T = 

ttC# ’ 16 

and 

CcZ \ 

Now suppose the wire to be bent round so that its axis forrns a semi- 
circle of radius R, and let two radial arms AB and CD be connected to the 



Fia. 103. 



tP 

Fia. 104. 


free ends of the wire, as shown in Pig. 103. If forces PP be applied to . 
the inner ends of these arms, the forces acting through the centre of the 
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HOI 11 i circle a,nd perpeiidicular to its plane, tlie wire will Ije under a torque 
etiual to Pll. Tlie length of the wire is ttR. Hence the total angular 

3*^ PR" 

inoveiiient of the two arms is $ = - ~ relative inovenient of 

Ccr , . 


A 1 r. • - "no 32PES ■ 

A and C IS d == R6l,== — . 

Ccr^ 

The half ring shown in Pig. 103 corresponds very approximately with 
a half coil of a helical spring (Fig. 104), in which the slope of the coils 
is small. 

Extending the above formulae for the half ring (Pig. 103) to dhe 
helical spring (Fig. 104), if 7 i is the number of complete coils, then since 

for one half coil , the extension for n coils is o = — . 

Ca‘^ Otp 

Al rrn ^ mi , i ^ ...IP 

Also, PR - p,#/. Therefore also, S = — ^ == j[gg = ®R% ’ 
The length of wire, I - 27^R?^, nearly. 

Tlie above fornmhe also apply when the load is reversed, so that the 
spring as a whole is in compression. 

Helical springs are also called cylindrical spiral springs 


Exercises Vic. 

1. Find the twisting moment in inch-pounds on a shaft which transmits 
50 horse-power at a speed of 120 revolutions per minute, and calculate its 
diameter, taking the maximum stress at 9000 lbs. per square inch. 

2. The turbine shaft of a 5 horse-power De Laval steam turbine is 0'263 
inch in, diameter, and its speed is 30,000 revolutions per minute. What is the 
maximum stress on this shaft when transmitting 5 horse-power? 

3. A shaft transmits 100 horse-power at 120 revolutions per minute. The 
maximum torque is 1’4 times the mean torque, and the maximum stress is 
9500 lbs. per square mch. Find the diameter of the shaft. 

4. The diameter of a shaft is 9|; inches. Determine the horse-power trans- 
mitted when the maximum stress is 9000 lbs. per square inch, and the speed is 
130 revolutions per minute. The couplings of this shaft have each six bolts 
2| inches diameter, whose centres lie on a circle 144 inches diameter. Find the 
average shear stress on the bolts. 

6, A cast-iron flanged shaft coupling has six bolts 1|- inches diameter. The 
axis of each bolt is 7§ inches from the axis of the shaft. Diameter of shaft, 
5J inches. When the maximum shearing stress on the shaft, due to the twisting 
moment, is 10,000 lbs. per square inch, what is the average shearing stress on 
the bolts ? 

6. If a shaft 2 inches diameter safely supports a torque of 15,000 inch- 
pounds, what torque would a shaft of the same material 6| inches diameter 
support with the same factor of safety ? What horse-power would the former 
shaft transmit at 150 revolutions per minute, and what should be the sjpeed 
of the latter to transmit 600 horse-power. 

7. Determine the horse-power transmitted by a hollow steel shaft whose 
external diameter is 18 inches, and internal diameter 12 inches. The speed 
is 90 revolutions per minute, and the maximum stress 10,000 lbs. per square 
inch. 

8. A hollow steel shaft, external diameter internal diameter -|c?, is subjected 
to pure twisting, and transmits 8000 horse-power at a speed of IK) revolutions 
per minute. Taking the maximum shear stress at 9000 lbs. per square inch, 
find it 

9. A hollow steel shaft is made to replace a solid wrought-iron one of the 
same diameter, the material being 35 per cent, stronger than the iron; find 
what fraction of the outside diameter the internal diameter may be, and, 
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neglecting the couplings, find the percentage saving of weight by the substitu- 
tion, assuming that the steel is 2 per cent, heavier than the wrought-iron, 

10. A steel shaft 2i inches diameter, which is subjected to pure twisting, is 
50 feet long, and is driven at one end, while the power is taken oH at the other. 
One end of the shaft moves 30° in advance of the other. Find (1) the maximum 
shear stress, (2) the torque, and (3) the horse-power transmitted at ISO revolu- 
tions per minute. 0 = 13,000,000 lbs. per square inch. 

11. A wrought-iron shaft 3 inches diameter and 40 feet long is subjected to 
pure twisting by couples at its ends. The maximum shear stress is 9000 lbs. 
per square inch, and the speed is 120 revolutions per minute. Determine the 
horse-power transmitted, and the angle of twist in degrees. 0 = 10,600,000 lbs. 
per square inch. 

12. Find the diameter of a steel shaft which will transmit 15 horse-power at 
130 revolutions per minute with an angle of twist amounting to 1° in a length 
equal to twenty times the diameter. Find also the maximum shear stress. 
0 = 13,000,000 lbs. per square inch. 

13. Determine the diameter of a solid shaft which shall have the same stiff- 
ness, under the same twisting moment, as a hollow shaft of the same material 
whose external and internal diameters are 9 inches and 0 inches respectively. 
Find also the ratuo of the maximum shear stresses in the two sliafls. 

14. A steel shaft 2| inches in diameter is driven by a 20 liorse-power gas- 
engine at 100 revolutions per minute. The shaft is supported by tlvree bearings, 
spaced 15 feet apart between centres, and the centre of the driving pulley is 
0 inches beyond the centre of one of the end bearings. Pulleys are arranged, 
as shown on the sketch {Fig. 105), to -work certain machines, and the horse- 



power taken off each of these pulleys is shown on the sketch; in addition, each 
bearing absorbs | horse-power. Assuming that all the loads are applied at the 
centres of the respective pulleys and bearings, calculate the angle of twist in 
the shaft at each of these points, reckoning from either end of the shaft. The 
modulus of rigidity is 12,500,000 lbs. per square inch, [B.F.] 

16. — Two closely coiled spiral springs were made out of round steel wire 
J inch diameter. The one spring, A, had a mean diameter of coil of 4 inches, 
and the other, B, had a mean diameter of coil of 5 inches, both springs had 12 
complete coils. These two springs were tested by loads extending them axially, 
and the results of the tests are shown in the table below ~ 


w 

2 

4 

6 

8 

10 

12 

14 

16 

18 

20 

aq 

0-26 

0-52 

0’71) 

1*06 

1-32 

1-59 

1*8G 

2-12 

2-39 

2*66 

X2 

0-51 

1-02 

1-53 

2-04 

2-55 

3-06 

3-57 

4-09 

4-60 

5-12 


Where W is the axial load in pounds, and £t*i and X 2 are the extensions in 
inches of the springs A and B respectively. 

Plot the results on squared paper. 

Given that the law connecting the extension of these springs with their mean 
diameter of coil is of the form 

Extension of /mean diameter of coil of B \” 

Extension of A \mean diameter of coil of A/ 
what is the xu'obable value of w ? 

Determine from these experiments the average value of the modulus of shear 
elasticity C for this quality of steel wire. [B.B.j 

16. A closely coiled helical spring is made out of round steel wire J inch in 
diameter, the coils having a mean diameter of 3 inches. What axial pull will 
produce a shear stress of 20,000 lbs. per square inch? If the modulus of 
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rigidity of the wire is 11,000,000 lbs. per square inch and the spring has 20 
coils, how much will the spring extend under this pull, and how many ft. -lbs. 
of work must be done in producing this extension ? 

17. What is the stiffness, in lbs. per inch of axial deflection, of a close coiled 
helical spring having 10 coils whose mean diameter is 2 inches, diameter of 
wire 0*128 inch, and modulus of rigidity 11,000,000 ibs. per square inch ? 

18. What length of wire 0*232 inch in diameter will be necessary to form a 
closely coiled helical spring which shall extend 0-05 inch per lb. of axial load if 
the mean diameter of the coils is 3*5 inches, and the modulus of rigidity of the 
wire is 11,500,000 lbs. per square inch? 

19. It is required to design a close coiled helical spring which shall deflect 
1 inch under an axial load of 100 lbs. with a shear stress of 50,000 lbs. per 
square inch. The spring is to be made out of round steel wire having a modulus 
of rigidity of 11,000,000 lbs. per square inch, and the mean diameter of the coils 
is to be 10 times the diameter of the wire. Find the diameter and length of 
the wire necessary to form the spring. 


■ CHAPTER VII 

. BEAMS AND BENDING 

■ 99. Bending Moments and . Shearing Forces on Beams. — In 
general the lines of action of the external forces acting on a l)eam are 
perpendicular to tlie length of the beam, and they may ]>e considered as 
being in one plane, and this plane, in what follows, will be taken as tlie 
plane of the paper. The external forces acting on a beani must of courses 
balance one another if the beam is at rest. 

Gonsider the case of a horizontal beam ABO (Fig. lOG) a(.*tod on by 
any number of vertical forces Pi, Pa, etc. Take any cross section YY 
dividing the beam into two parts AB and BC. Consider the etpiililjrium 
of the part BO. Let the distances of Pg, etc., from YY bo etc. 

Let E. (Fig. 107) be the resultant of the external forces P,, Po, etc., 
acting on BC. The magnitude of B -will be the algebraical siirn of the 
forces Pi, IL, etc., acting on BO. (For the forces shown in Fig. 106, 


1 fa Pz 

V Y - 'I 


■; y 


r - 


B C 

A i c] 

B C 

|.l 

r — 

t : 

l-a-4R 


^ iR 

Fig. 106. 

Fig. 107. 

Fig. 108. 

Fig. 109. 


B = Pi - Pg - 1 \), The distance a of B from YY must bo such that the 
moment of B about a horizontal axis in YY is ecpial to the algebraical 
sum of the moments of 1\, P^, etc., about the same axis. (For the 
forces shown in Fig. 106, Ea - Expressed in another 

way, E — hT and Ea = I'(P^j). 

The force B tends to turn BO about a horizontal axis in YY ; in other 
words, B tends to bend the beam at YY (Fig. 108), and the bending 
moment is En/ = 2P.r. B also tends to make BO slide on AB at YY ^ in 
other words, E tends to shear the beam at YY (Fig. 109), and the shearing 
force is E = 2P. 

The bending and shearing effects of B on BC may perhaps he made 
more apparent by the artifice of applying at YY two opposite forces 
B| and B^, each equal and parallel to B, as shown in Fig. 110,^ The 
addition of the forces B^ and B^ will evidently not affect the equilibrium 
of BC. The forces B and 1 \ being equal and acting in opposite 
parallel directions, form a couple which can only produce a turning or 
bending action on BC, while the remaining force B^ can only make or 
tend to make BC slide on YY. 
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Fig. no. 


Fig. 111. 


Fig. 112. 


To make tlie existence of the turning or bending and the sliding or 
shearing actions more evident, consider the case of a block BC (Fig. Ill) 

resting. on a hori* 

7 . 00 tal plane YY. 

Let this block be 
pushed by a hori- 
zontal force B as 
shown. If the re- 
sistance to sliding 
on YY be not too 
great the block will 
slide to the left into, say, the position shown by the dotted lines. But 
if the resistance to sliding is great enough the force R will cause the 
block BC to tilt over, as shown by the dotted lines in Fig. 112, provided 
the resistance to tilting is not too great. is the resistance to sliding 
at YY, and Eg is the effect of E transmitted; by reason of the rigidity 
of BC, from section to section dowm wards to Y'Y. 

It is evident that the magnitude of the shearing action, at YY depends 
only on the magnitude of E, and not on the distance of E from YY. 
But the turning or bending action at YY depends on both the magni- 
tude of E and the distance of E from YY. 

100. Positive and negative Bending and Shearing. — When a 
horizontal beam is bent by the action of the loads on it, it will either 
sag or ‘‘ hog,” that is, it will either become concave or convex on the 


^ ] 


M 

u — 

— -J 

!=□ 

i i , 

i 1 

1 

1 ^ t ' 

3r ^ 1 


-f Bending. 
Fig. 113. 


~ Bending. 
Fig. 114. 


•f Shearing, 
Fig. 115. 


- Shearing, 
Fio. 116. 


top, and it -will be convenient to call one of these, say the first (Fig. 113), 
positive lending, and the other (Fig. 114) negatine(-) bending. 
Again, in considering the shearing action at a section of the beam the 
loads will tend either to cause the portion to the right of the section 
to descend and the portion to the left to ascend, or vice versa, and it will 
be convenient to call one of these, say the first (Fig. 115), positive ( + ) 
skenriwj, and the other (Fig. 116) negative {-) shearing. 

101. Bending Moment and Shearing Force Diagrams. If the 

bending moments and shearing forces at a sufficient number of sections of 
a beam be determined and the results plotted to scale at right ano-les to 
a base line representing the length of the beam, diagrams are obtained by 
joining the points plotted, which are' called the bending nwment and 
sheanng forte ^ diagrams.^ _ In cases where there is both positive and 
negative bending, or positive and negative shearing on the same beam 
It IS uecesiary to distinguish between the positive and negative quantities 
by measuring them on opposite sides of the base line, and it is desirable 
m all cases to measure positive bending moments and positive shearing 
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forces above the base line, and negative bending ■moiiients .arid negative 
shearing forces below the base line. 

102. Examples of Bending Moment and Shearing Force Diagrams, 
— Two examples of bending moment and shearing force diagrams 
have already been given in Art 75, pp. 59-61, where the grajdiic 
method of constructing these diagrams was explained. In this 
chapter the bending moments and shearing forces will be found by 
calculation. 

In what follows M wall denote the bending moment and F the 
shearing force at a section which is at a distance x from some fixed 
point, generally the free end of a cantilever, and either the centre or 
one end of a beam. will denote the maximum bending moment, 
and F,„. the maximum shearing force. XX will denote the base line 
upon which the bending moment diagram or shearing force diagram is 
plotted. 

Example I. — ■Cantilever (Fig, 117) with loads W| and Wg* 

Between A and B. M = - which is the equation to a straight 
line. = >- at B. F = Wj . 

BeUimn 'B and C. M — - Wo(ir - a)\, which is the equation to 

a straight line. j\ f,, = - { (a + + W/>}. F == . 




Example II. — Beam (Fig. 118) supported at’ the ends and carrying 
a load 10 per unit of length uniformly distributed. 

Reactions at supports = wl. 

Between A andj B. M — iol{l - w{l — which 

is the equation to a parabola whose axis is the vertical through B, 

' ' ' wB 

M = 0 at A where x = L M becomes where x = 0. Hence = — 

at B. 

E = wl - ■?/;(/ - £c) = wx^ which is the equation to a straight line. F = 0 
at B where = 0. F becomes where x — l. Hence F,,^ =* wl at A. 
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IMfVpfM B and C. tiie same as between A and B. 

.2 

'F ^wQ - x) —wl" -wx, 

•wliicli is niimerically the 
same as between A and B, , 
but of the opposite sign. 

Ex AMPLE III .—Beam 
(Fig. 119) supported at 
two points equally dis- 
tant from the ends, and 
carrying a load w per 
unit of length uniformly 
distributed. 

Eeactions at sup- 
ports ~ tl'Ql + Zg). 

Between A and D. 
wx'^ 


M 


which is the 


equation to a parabola, 
vertex at A and axis ver- 
tical. M = 0 at A where 

£e=b. M„.= at D. 

Ji 

F= which is 

the equation to a straight 
line. E = 0 at A where 
0. - toll at D. 

Behoeen D and B. 
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M = + + l,-zf = -z 


■*2), 


which is the equation to a parabola whose axis is the vertical through B. 
At D where M= as before. 


At B where ir = 0, M ~ - Z^), M == 0 where x=^h = ±, il 

F ~ 4- Zg) -- -h Zg ■-- ir) == which is the equation to a straight 

line. F — 0 at B where a; == 0, F^^ = td^ at D where a: == Zg , 

Between B aftd 0 the bending moment diagram is the same as 
between B and A, and the only difference in the shearing force diagrams 
is in sign. 

llie maximum bending moment on the beam will be least -when tbe 
bending moment at B is equal to the bending moment at D, that is, when 

w .,2 wZ? ^2. If Z=Zi + Z2, then ^2 - 1) = 0'414Z. 




\ %d1‘ 2 7 

. Zjl) — ^ or Zg = 


This sho-ws where the supports should be placed when the beam is 
uniformly loaded. An example of this is found in the floats of a paddle- 
wbool. 

Exam.pj;]<] IV. — Two equal cantilevers (Fig. 1201 carrying a beam 
with a load W at its centre. 
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D 
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E 
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^ 1 

y 
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|W between A and C 
= - JW between G 




Reactions at of beam := loads at free ends of cantilfiV(‘rs 

^iw. ■■■: 

For the beam AB. 

M==0 at A and B where 
ir ~ 1 2* 

== IWZ 2 at the centre 
C where x — 0. 

E- 
and E 
and B, 

For the cantilever AD. 

M = ~ |Waj, a straight line 
which is a continuation of the 
bending moment line for AC. 

M = 0 at A where a? = 0. 

- JW/. at D where 
F-iW. 

For the cantilever BE. 

M = “ l-WiT, a straight line 

which is a continuation of the bending moment line for BC. 

M = 0 at B wdiere a; = 0. = - |-W/j at E where F = — | W . 

for the beam = for the cantilevers, then ~ 
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103. Shearing Force at a Section where there is a Concentrated 
Load. — Let AC and BD (Fig. 121) be cross sections of a beam on 
opposite sides of a concentrated load 
Q. Let Rj be the resultant of all 
the loads to the right of Q, and Rg 
the resultant of all the loads to the 
left of Q. The shearing force at BD 
is equal to R;^, and the shearing force 
at AC is equal to Rg . In moving 
the section BD towards Q the shear- 
ing force remains equal to R^ so long 
as the section is to the right of Q 
and however near it may he to Q. 

In like manner, in moving the section 
AC towards Q the shearing force 
remains equal to Rg so long as the 
section remains to the left of Q and 
however near it may he to Q. The 
question then is, wdiat is the shear- 
ing force at Q ? is it equal to Rj or is it equal to Rg? The answer is that 
it is probably near the algebraical mean of the t^wo. In practice there is 
no such case as a load acting at a point or line. What is called a concen- 
trated load must act over a certain amount of surface, even if it acts 
through what is called a “knife edge.” At (a) (a) (Fig. 121) are shown 
examples of shearing force diagrams as usually drawn in the neighbour- 
hood of a concentrated load. At (p) ip) the diagrams are shown cor- 
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rectetl on the aBSiiraption that the load Q is distributed over the surface 
AB. Generally the distribution of the load on .q 

AB would not be uniform. The point just dis- j e 

cussed is of little practical importance, but some- P ~dxT1 ) 
times students find it to be a difficulty. x -- | 

104. Eelations between Bending Moment and 
Shearing Force Diagrams. — Let M be the bending r , ^ 
moment and F the shearing force at a section AC o 

of a beam (Fig. 122). The section AO may be • ^ S 

anywhere except at a point wfiiere there is a ^ ^ cd 

concentrated load, hit it may he as near to that | 

point as is desired. Take a section BD at an ^ ^ 

indefinitely small distance da? from AC, and let j ^ . 

M + dM be the bending moment at BD. Let Q F % S 

be the resultant of any loads which there may i ^ 

be on the beam between the sections AG and BD, x ^ X 

and let its distance from BD be ndx where n is .oo 

n , . r XCr* xAA, 

a iraction. 

Let E* be the resultant of all the external forces acting on the beam 
to the left of the section AC, and let its distance from AC be :c. Then, 
M = Rii‘, F == R, M + dM — R(;'K F dx) - (^ndx = Rx + Rda? - Qndx^ there- 
fore, dM = Rde ~ Qpdx, and = R - Qn = F - Q/^. 
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If Q is the resultant of a load which is distributed over AB, then, 
since dx is indefinitely small, Q will be so small that it may be neglected, 

and then = F. 
dx 

Again, if Q is the resultant of loads concentrated at points in AB, 
these loads may be avoided by taking dx small enough, and then as 

before ^ = F. 

The shearing force F at the section AC is therefore a measure of the 
slope of the bending moment line at the point corresponding to AG. In 
other words, the shearing force at any section is equal to the rate of 
increase of the bending moment at that section. 

Again, dM=:Fda?, therefore the difterence between the bending 
moments at two sections indefinitely near to one another is equal to the 
area of the shearing force diagram between these sections, and, in passing 
from one section to any other section, it is obvious that the sum of all the 
increments dM will be equal to the sum of all the increments Fd:t*, and 
therefore the diflference between the bending moments at any two sections 
is equal to the area of the shearing force diagram between these sections. 

These results are very interesting and very useful. For example, 
referring to a horizontal beam, if the bending moment line is horizontal 
at any point its slope is nil, and there can therefore be no shearing force 
at the corresponding section. Again, at the highest point of the bending 
moment line the slope changes from positive to negative, and therefore 
where the maximum bending moment occurs the shearing force must 
change its sign, and the shearing force line will cross the base line. The 
converse of this is not always true, and all that can be said about the 
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bending moment at a section where the shearing force is zero or changes 
from positive to negative is that at that section the bending moment has 
ceased to increase or ceased to decrease, but in seeking for the section 
where the bending moment is a maximum, the shearing force diagram is 
very useful. 

1.05. Travelling Loads. — By a travelling, moving, or rolling load is 
meant one that comes on to a girder at one end, moves along the girder, 
and comes off at the other end. It is evidently necessary to know^ what 
the maximum bending moment and the maximum shearing force are at 
any section of the girder, and the bending moment and shearing force 
diagrams are constructed so as to show^ the maximum bending moment 
and maximum shearing force at every section. 



W . 

Placing W at D, - a;), and the maximum bending moment at 

h 


Wan. 


D = M = - a?). If D be referred to the vertical through C, the 

I 


W/P 2\ 

centre of the span, so that CD ~ then since a; == J? ~ M ~ -y ( j - j j, 

which is the equation to a parabola whose axis is the vertical through C. 
The height of the vertex above the base line is the maximum value of 

j “ aq ), which is obtained by putting aij|==0, then . ,The 

bending moment for the travelling load is shown at (a). This bending 
moment diagram is the same as for a uniform dead load of w per unit of 

id- WZ 2W 1 V 

length, where or = — , The load w per unit of length is 

8 4 I 

called the equivalent uniform dead load. 
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Wlieii W is to the right of D, the positive shearing force at D is equal 
to the reaction at the left-hand support, and this increases the nearer 
W is to D. When W is to the left of D, the shearing force at D is nega- 
tive and equal to Eo. Hence the maximum positive shearing force at D 

occurs when W is at D. Placing W at D, E^ = -y-(Z - ir), and the maxi- 

V 


W, 


mum positive shearing force at any section D = F = -y-(Z - a*), which is the 

equation to a straight line. = W at A where = 0, and F = 0 at B 
where , 

It is also evident that the maximum negative shearing force at 

Wr . , 

D = F = which is the equation to a straight line. F,,j = W at B where 

t 

x—lj and F™0 at A where x^O. The complete shearing force diagram 
for the travelling load is shown at (h). 

In designing the section of a plate girder to resist the shearing force, 
it is the maximum numerical value of the shearing force which must be 
known, its sign being of no conse- 
quence. Hence it is convenient to “ 

place the ( + ) and ( - ) shearing 
force diagrams on the same side of 
the base line, as shown at (c). If 
however lattice work takes the place 
of the web plate, the lattice work 
must be designed so that it will 
take either the maximum positive 
shearing force or the maximum 
negative shearing force, hut not both 
at the same time. 

Example II. — A uniform load 
of w per unit of length travelling 
along a girder AB (Fig. 124) 
supported at its ends, the length 
of the load being not less than the 
span I, 

As the load advances over 
the girder it is evident that the 
bending moment at any section 
D will continue to increase until 
the girder is covered by the load, 
because a load placed anywhere on the girder will add to the bending 
moment at D. The bending moment diagram for this case is there- 
fore a parabola having for its axis the vertical through C, the centre of 
the span as shown at (c), the height of the vertex above the base line 

XX being 

o 

The load being in the position shown at (a) or (Z»), the reaction 
“ 2 "/^ ~ 



Fig. 124. 
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Wlieii tlie load is in tlie position shown at (a), the positive sliearing 
force at D is 


F = 





(a) 



‘D C 

t 


Ri 

b-> 

1 

i (b) 

R2 

1 

t 


^(/ - - w(x - x\) 

Up + Xj ) which 


which shows that F in- 
creases’ as decreases. 

When the load is in the 
position shown at {h), the 
positive shearing force at 
D is F-Ri ' 

2r 

=-( 

2,i> 

shows that F decreases 
as decreases. 

It is therefore evi- 
dent that the positive 
shearing force at D is 
greatest wlien ~ x, 
that is, when the left- 
hand end of the load 
is at D. The shearing 
force at D is then 

F = ^(Z-a:)2 is 

the equation to a parabola 
having for its axis the 
vertical through B, the 
right-hand end of the span, 
the vertex being on the 
base line XX, as shown 
at (d). The maxiinmn 
positive shearing force is 

at A w'here a: = 0. 

2 , . 

In like manner it can be shown that the negative shearing force at D 
is greatest when the right-hand end of the load is at D. The shearing 

force at D is then F— - which is the equation to a parabola having 

for its axis the vertical through A, the left-hand end of the span, the 
vertex being on the base line XX, as shown at (d). The maximum negative 

shearing force is ^ at B where x = L 

The positive and negative shearing force diagrams are shown plotted 
on the same side of the base line XX at (e). 



LQ.PE 
Fia. 125. 


Example III.— Two loads Wi and Wg at a fixed distance 


apart, 

ends. 


moving along a girder AB (Fig. 125) supported at its 


Let W, the resultant of and Wg, act at a distance a from W^ and 
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a distance h from Wg, then G = W = Wi + W2j ’W’a = 'WoC, and 

W5.=WiC.. 

When both loads are to one side of any section D, which is at a dis- 
tance X from A, the bending moment at D will evidently increase as the 
loads move towards D. Hence the bending moment at D will be- a 
maximum, either when is at D, or when Wg is at D, or when W^ 
and Wg are on opposite sides of D. It will now be shown that when W^ 
and Wg are on opposite sides of D, the bending moment at D has a value 
which lies between the valued of the bending moment at D w^hen and 
Wg are in turn placed at D. 

At (a) Wj is placed at D, at (b) Wg is placed at D, and at (c) W| 
and Wg are placed on opposite sides of D, the distance of W^ from 
D being in the latter case. Let Mg, and Mg be the bending 
moments at D, corresponding to the positions of the loads shown at 

"Wx 

(n), (b), and (e) res|)ectively. It is easy to show that ISl^ — - ir - a)^ 

W'r Wr 

Mg - ---(Z - + b) - m, and Mg - ~(l - - a + x^) 


"Wi-^/ "Wa- 
if Mg > Mp then -y- (Z - a? - u + x^) - > "Q 

therefore 

Wx Wx 

Mg - Mg == -y (I — X + b) — Wb — (I — X — a + + W^aJ^ 

Since x-^ is less than n^ 4-&, the quantity a + is positive, and if 

■ "W^ "Wi^ 

Mg > Mj, ~Y > W] , therefore the quantity - W^ is positive. Hence 

Mg -Mg is positive when M3>Mp that is, Mg>Mg when M3>M^. In 
like manner, if Mg > Mg, M|>Mg. Therefore Mg lies between Mj and 
Mg, and the bending moment at D is a maximum either when Wj^ is at 
D or when Wg is at D. 

’Wx Wb" 

If M2>Mi,tlien-y-(f-a; + S) -W5>^ ( il-K-a), 

therefore x>~ ora:>^, andif thena;< j or a:< 

Hence if the span be divided into two parts, the one to the left, AE, 
having a length =-^-, and the other to the right, EB = ^-V the 

maximum bending moment at any section in AE will occur when Wj is 
at that section, and the maximum bending moment at any section in EB 
will occur when is at that section. AE may be called the field of W„ 
and EB the field of Wj. ^ 

Wx 


BEAMS AND BENDING- 


97 


curve for is a parabola .whose axis LN' bisects. AH at right angles. 
l-a . 7-a . ., _ ■ W.r, 


AL = 


LN = 


Putting , a.r= 




in the equation = j*- {I - a? - a\ 


U 


In like manner it can be shown that the curve for is a parabola 
KGB whose axis PO bisects KB at right angles, AK being equal to /n 
W(/-ZA2 

= ™ — . These two parabola.s intersect at a point B on the 


and PO = 


vertical through E, which divides the held of Wj from the field of Wg? 
and the bending moinent diagram for the whole girder is ANSB. 

A parabola, whose axis is the vertical through C, tlie middle of the 
span, and which touches the larger of the two parabolas at tins hise line, 
will be the bending moment curve for the equivalent uniform dead load. 
Let AN H be the larger of the two parabolas A Nil and KOB. Prodnco 
the axis LN to T, making NT = LN, then AT is tln^ tang(‘nt to the 
parabola ANH at A. AT will also be the tangent to th (3 circumscrilung 
parabola at A. Produce AT to meet the vertical CQ at U. Bisect QU 
at V, then V is the vertex of the circumscribing parabola. 

It is easy to show that QV : LN : : AQ : AL, and therefore that the 
point V may be found by joining AN and producing to meet CQ at V. 


QY = 


LN X AQ W(/ -af /I I -a W(/ - a) 
‘ AL ~ ^ U 2' 2 ~ 4 


If the equivalent uniform dead load is tv per unit of length, then 


ivP_W{I-a) 

8 ” "■■■■- 


therefore tv - 


2W(Z-a) 


When both loads are to the right of D the positive shearing force at 
D = R|, and as the loads move towards D, Rj increases, and is greater the 
nearer is to D. When passes to the left of D, the positive shearing 
force at I) is suddenly diininished by the amount W|, and is then equal 
to Rj “ Wp but as W| moves to the left, being still to the right of D, 
R| increases, and therefore R^- Wj increases until Wg is at I). When 
both loads are to the left of D there is no positive shearing force at D. 
Hence the positive shearing force at D is a maximum, either when W^^ is 
at D or when is at D, or, more correctly, when W^ or Wg is just to 
the right of D. 

Placing the loads so that W^^ is at D, or just to the right of D, as shown 

W ■ 

at (a), Fig. 125, the positive shearing force at D = = R| = y (Z - a; - a). 

Placing the loads so that Wo is at D, or just to the right of D, as shown 

■W ' 

at (h), the positive shearing force at D = Fg = Rj^ - W|^ = y-(Z - a? + Z<) ~ W^^. 


W W 

Fo will be greater than F^ when ~j{l-x + h) ~ W^^ > j (I -x- a). 


that is, when 


6W 


cW 


-^">1) and Fg will be less than Fj when <L 

1 • 1 j t;. 


■ ■ 
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Tlie equation for the maximum positive shearing force is therefore either 
W ' ■ W 

Fj is a maximum when x — 0, and Fg is a maximum when a;«= Oj 

W I 

Fj == 0 when x==I- a, and Fg = 0 when x — l + 

The equations for the positive shearing force at D only apply when 

\Y 

both loads are on the girder. The equation Fj^ = y- (^ - - a) applies 


between jr = 0 and I -c, and the equation F^ == y (^ - x -f 7; ) • 


applies between and a^ = 7. For the remainder of the beam in each 
case the shearing force is due to one load only. 

The positive shearing force diagram shown at (d), Fig. 125, is for 
the case where F| is greater than Fq . 

The maximum negative shearing force at any section is determined in 
a similar inamicr. 


106. Travelling Loads — Graphic Method. — The method discussed 
in connection with E.^ample HI. of the preceding Article for determining 



Fig. 126. 


the maximum bending moment and maximum shearing force diagrams 
for two travelling loads maybe extended to cases where there are'rnore 
than two travelling loads, but for such cases the graphic method now to 
be described is simpler. 

MN {Fig. 126) is a beam, supported at the ends, along which three 
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loads AB, BCVaiid (ID, at .fixed distances- apart, travel, , If instead of 
the loads, travelling over the beam in one direction while the 'beam As 
stationary, the beam and its supports are moved under the loads' in' the 
opposite direction, while the loads are stationary, the resulting iiiaxiinum 
bending moment diagram would be the same. On the drawing paper 
draiv the beam MN and show' the loads in one position, Btill wn»rking 
on the drawing paper draw' (Art. 56) the funicular polygon HI 211K, 
w^hich will also be the bending moment diagram (Art. 75) for the 
position of the loads assumed. Draw^ a horizontal line XX' under MN 
to serve as a baf^ line for the required diagram of maximum bending 
inoments. Transfer the ordinates of the points 1, 2, and 3 of the 
bending nioment diagram H123K to the lower diagram; thus F2 in 
the low'er diagram is nnide equal to F2 in the upper diagram, XF being 
equal to the horizontal distance of F in HK from MX. 

On a sheet of tracing paper TP make a tracing of tlie b(‘.am ]MN 
and the lines of the reactions of the supports. Let the tracing paper 
be moved into anotlier position T^A? the beam MN coming into the 
position F<jr chiarness in tlie figure M^N^ is not at the same 

level as MN, but is parallel to MN. The bending moment 

diagram for the altered position of tlie beam in relation to the loads 
wdll now be H;^123K3, should be drawm on the tracing paper, 

or, at all events, the |)oints such as Fj and 2 should be clearly marked 
on the tracing paper. 

Next transfer the tracing paper so that F^ is on XX.', and M AIi xb 
on the vertical through X. If the point 2 on the tracing pa])er be now 
pricked through on to the drawing paper, the point 2 under F^ on the 
lower diagram is obtained, and this gives the bending moment under the 
load BC when the latter is at Fj in XX'. The points 1 and 3 are to be 
similarly dealt wdth. 

The tracing paper is next moved into another position T^^j 
corresponding bending moment diagram is H 223 K 2 . Points such as F^ 
and 2 are to be clearly marked on the tracing paper, and transferred to 



the low'er diagram as before. Proceeding in this \vay until a sufficient 
number of points have been fixed under XX', a fair curve drawn to 
enclose them all and pass through the outer ones is the required diagram 
of maximum bending moments on the base XX'. 
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Tlie shearing force diagram for each position of the beam in relation 
to the loads will be a stepped diagram, the levels of the steps being the 
levels of the points a, c, and d (Fig. 127) on the line of loads, and the 
zero line being level with a point h obtained by drawing through o a 
line oji, parallel to the closing line of the funicular polygom 

Horizontal lines are drawn on the tracing paper through the points 
a, c, and fl, and the right-hand top corners of the steps above the zero 
line, and the left - hand 
bottom corners of the 
steps below the zero linej 
are marked on the tracing 
paper, as shown by the 
prominent dots in Fig. 127, 
z and z\ the extremities 
of the zero line, are also 
marked on the tracing 
paper. The tracing paper 
is then transferred so that 
zz' coincides with a base 
line zz; (Fig. 128) on the 
drawing paper, and the 
points marked on the 
tracing paper are pricked 
through on to the draw- 
ing paper. This is repeated for each position into which the tracing 
paper was placed in determining the bending moments. It will be found 
that the outside points lie on a series of straight lines. 

107. Beversal of Shearing Stress due to Addition of Travelling 
Load. — Eeferriag to the upper part of Fig. 129, AEO and BFO are the 
diagrams of positive and negative shearing forces respectively due to the 
dead or constant load on a girder of sjmn AB, and AHB and BKA are 
the diagrams of maximum positive and maximum negative shearing forces 
respectively due to the. travelling load, 
hgure sho^vs all the diagrams, drawn for 
convenience on the same .side of the base 
AB, the lines of the negative shearing 
force diagrams being dotted. 

An inspection of the lower part of 
Fig. 129 shows that with the dead load 
only the shearing force over the portion 
CO of the girder is positive, but when the 
travelling load is going over the girder 
there will be between C and O, for certtain 
positions of the travelling load, a negative 
shear greater than the positive shear. 

Hence during a part of the time that the 
travelling load is moving over the girder 
the shear on the portion CO will change from positive to negative. 
Also between O and I) the negative shear due to the dead load will 
change to a positive shear due to the travelling load. Hence the portion 
of the girder between 0 and D must be capable of resisting either 


The lower part of the same 
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positive or negative shear. This is important in- the case of open web 
or braced girders, and is referred to again in Art. 207, p. 233. 

108. Bending and Shearing by Forces in different Planes.*— Suppose 
a beam AB (Fig. 130) to be acted on by a force I\ at B and a forces at 
D, the lines of action of and Pg being in different planes, but per- 
pendicular to AB. Consider the bending action at a section 0 at a 
distance irj, from and from Pg. So far as the bending action of Pg is 
concerned Pg may be replaced by a force Q acting at B in a direction 
parallel to Pg, the magnitude of Q being such that There 

are now two forces acting at B, namely, Pj and Q, and their resultant R 
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may be found by the parallelogram of forces. The resultant bending 
‘ moment at C is then RaS]^, and the plane of bending is ABR. 

If the plane ABP^ be perpendicular to the plane ABPg, then 
R= ^Pf + Q^ and VPA)H(P2as2)2}. 

The following alternative method will in general be more convenient. 
Through C (Fig. 131) draw OF parallel to P^ and equal to M^ = Pjaq. 
DrawCE parallel to Pg and equal to Mg^Pg.'^Sg. Complete the parallelo- 
gram CEYF. Then CY = M will he the resultant bending moment at 
0. Or, after drawing OF, draw FY parallel to Pg and equal to PgiTg , 
then CY, the closing side of the triangle CEY, is the resultant bending 
moment at C. 

It is understood, of course, that the actual scale drawing of the 
parallelogram or triangle must be made on a plane perpendicular to the 
length of the beam, and not in oblique projection, as shown. 

Any number of forces at right angles to the beam and in different 
planes may be dealt with in a similar manner. If there are more than 
two forces, a polygon will take the place of the parallelogram or triangle. 

If any of the given forces are not perpendicular to the beam, resolve 
them parallel and perpendicular to the beam, and deal with the com- 
^ ponents perpendicular to the beam, as above, to find the resultant bending 
moment at any section. 

To find the resultant shearing force at any section, consider the forces 
to one side of the section. Find the shearing forces at the section due to 
these forces separately. The resultant of these shearing forces is the 
resultant shearing force at the section. 

j. 

Exercises Vila. 

Draw the bending moment and shearing force diagrams for the examples 
given. In this set of exercises the bending moments and shearing forces at 
a sufficient number of sections should be found by calculation. 


. ^ i', • ^ ^ ' 
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1. Cantilever (Fig. 132). W~-2to.ns. Lineai' scale, 1 inch to 1 foot. Force 
scale* 1 inch to 1 ton. Moment scale, 1 inch to 4 foot-tons, 

2. Cantilever (Fig. 133), Uniform load of 2 tons per foot. Scales. — Linear, 
1 inch to I foot. Forces, 1 inch to 4 tons. Moments, 1 inch to 8 foot- tons. 



FiU. 132. 


Fm. 133. 


Fiq. 134. 


Fia. 135. 


3. Cantilever (Fig. 134). Loads in tons at intervals of 1 foot. Scales.— 
Linear, 1 inch to 1 foot. Forces, 1 inch to 4 tons. Moments, 1 inch to 8 foot- 
tons. 

4. Cantilever (Ifig. 135). A load of 2 tons at 1 foot from the fixed end, a 
load of 1 ton at the free end, and a load of 4 tons uniformly distributed over the 
second and third feet of the length from the free end. Scales. — Linear, 1 inch 
to 1 foot. Forces, 1 incdi to 4 tons. Moments, 1 inch to 5 foot-tons. 

5. Beam resting on supports 12 feet apart. Load of 5 tons at the centre. 
Scales. — Linear, | inch 


to 1 foot. F orces, 1 inch 
to 2 tons. Moments, 1 
inch to 8 foot- tons. 

6. Same as Exercise 
5, except tJuit the load 
is placed at 2 feet from 
the centre of the span. 








— -lo' 








Fig. 136. 


Fig. 137. 




7. Beam (Fig. 136) resting on supports 10 feet apart. Uniform load of I ton 
per foot. Scales. — Linear, inch to 1 foot. Forces, inch to 1 ton. Moments, 
J inch to 1 foot-ton. 

8. Beam resting on supports 6 feet apart. Loads in tons, at intervals, as 
shown in Fig. 137. Scales.— Linear, 1 inch to 1^ feet. Forces, 2 inches to 
1 ton. Moments, 2 inches to 1 foot-ton. 

9. Cantilever, 10 feet long, carrying a central chwmmrd load of. 8 tons, and 
m upimrd load of 2-| tons at the free end. Scales — Linear, 1 inch to 2 feet. 
Forces, 1 inch to 4 tons. Moments, 1 inch to 8 foot-tons. 

AO. Beam (Fig. 1.38) resting on supports 12 feet apart. Load of 6000 lbs. 
uniformly distributed over the middle third of the span. Scales. — Linear, J inch 
to 1 foot. Fox*ces, 1 inch to 2000 lbs. Moments, 1 inch to 5000 ft.-lbs. 

11. Same as Exercise 10, except that the load is to be moved forward until 
one end of it is at the centre of the span. 

12. Girder, 40 feet long, resting on supports, as shown in Fig. 139. Uniform 




Ir^ 


¥lVu 138. 


Fig. 139. 


load of 1 ton per foot. 1^-7 feet 6 inches. Scales. - 
Forces, 1 inch to 8 tons. Moments, 1 inch to 16 foot-tons. 

13. Same as Exercise 12, except that L 
-= 1.0 feet. 

14. Same as Exercise 12, except that the 
supports are to be placed so as to make 
the maximum bending moment the least 
po.ssible. 

15. Same as Exercise 12, with a central 
load of 10 tons added. 

16. Beam (Fig. 140) resting on supports 
13 feet apart. The load increases at a uniform rate from nothing at one end. 





--—13' - - 
Fig. 140., 
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Total load, 10 tons. Scales.— Linear, | inch to 1 foot. Forces, i inch to H ions. 
Moments, 1 inch to 10 foot tons. 

17. Two cantilevers, 10 feet long, carrying a beam 20 feet long, as .shown in 
Fig. 120, p. 91, The whole carrying a load of 40 tons uniformly distributed over 
the caiitilevei'S and beam. Scales.-~Linear, | inch to 1 foot. Forces, 1 incli to 
16 tons. Moments, 1 inch to 50 foot-tons. 

18. Girder resting on supports 40 f eet apwt. Single travelling load of 2 tons. 
Find also the equivalent uniform dead load w in tons per foot. Scales.—Liiiear, 
1 inch to 8 feet. Forces, 1 inch to i ton. Moments, 1 inch to 8 foot-tons. 

19. Girder resting on supports 50 feet apart. A travelling uniform load of -| ton 
per foot. The length of the load being not less than 50 feet. Scales.— Linear, 
1 inch to 10 feet. Forces, 1 inch to 5 tons. Moments, 1 inch to 50 foot-tons. 

20. Girder resting on supports 50 feet apart. Two travelling loads of 5 tons 
each, and at a fixed distance of 10 feet apart. Find also the equivalent uniform 
dead load w in tons per foot. Scales. — Linear, 1 Inch to 5 feet. Forces, 1 inch 
to 5 tons. Moments, 1 inch to 40 foot-tons. 

21. Girder resting on supports 50 feet apart. Two travelling loads, one of 8 
tons and the other of 4 tons, the fixed distance between tbe loads being 12 feet. 
Find also the equivalent uniform dead load w in tons per foot. Scales, the 
same as in Exercise 20. 

22. Same as Exercise 21, but in addition to the travelling loads there is a 
uniformly distributed load of J ton jjer foot run. Determine the portion of tbe 
girder in wdiich tl;ie shearing force may change sian. 

23. Girder resting on supports 60 feet apart. Tlmee travelling loads Wi 
= 10 tons, W!i = 15 tons, and W 3 = 5 tons. W 2 is between Wi and Wji, and is 
10 feet from Wi and 6 feet from Ws. Use the graphic tracing paper method. 
Find the equivalent iiiiiforni dead load w in tons per foot. Scales. — Linear, 
1 inch to 10 feet. Forces, 1 inch to 10 tons. Moments, 1 inch to 100 foot -tons. 

24. An axle AB rests in swivel bearings at A and B 12 feet apart. At a point 
4 feet from A there is a vertical load of 600 lbs., and at a point 4 feet from B 
there is a horizontal load of 900 lbs. at right angles to the beam. Calculate the 
bending moments on the axle, in ft.-lbs., at distances of 2, 4, 6, 8, and 10 feet; 
from A. Find also the shearing forces, in lbs., on the axle at sections 2, 6, and 
10 feet from A. 

109. Stresses Induced "by Bending. — At (a) Eig. 141 is sliown a 
portion of a straight beam before it is subjected to bending. At {h) is 
slxown the same portion bent to a cir- 
cular form. It is obvious that in bend- 
ing this portion of beam, the plane of 
the paper being the plane of bending, 
the upper part is compressed while the 
lower part is stretched, and there wull 
evidently Ixe a surface ■which will separ- 
ate the compressed and stretched parts ; 
this surface is called the 7ieutral mrfaee 
of the beam. Let HK be the position 
of the neutral surface. Transverse sec- 
tions AD and BC, which are perpen- 
dicular to the neutral sur'face, will be 
parallel to one another -when the beam 
is straight, but when the beam is bent 
these sections will he inclined to one 
another and their planes will intersect at 
0, the axis of the cylindrical surfaces 
assumed by longitudinal sections of the 
straight beam perpendicular to the plane 
of bending. E, the radius of the curved 

neutral surface, is called the radius of curvature of the bent beam. 


I 
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Consider an indefinitely thin layer of material LN parallel to the 
neutral surface, and at a distance y from it. When unstrained, LN = HK, 

= there- 

R 


but ill the bent beam LN becomes L'N'. 


HK 


fore and the strain produced in LN is 


R 

L'N'-LN 


== hk| -f hk = I . 


But E = mvi ; hence if / is the stress produced in the layer LN in the 
strain 

/ E . 

process of bending the beam, - is to say, / is proportional to y. 

2/ R 

The distribution of the stress on a cross section will therefore evidently be 
as sliowii ill Pig. 142,/^ being the maximum tensile stress, and the 
inaxinuun compressive stress. 

llic line in which the neutral surface cuts a transverse section of a 
beam is called the neutral axis of that section. 

110. Moment of Resistance to Bending — Position of Neutral 
Axis. — The resultant of the external forces which produce pure bending 
is a couple, and this external couple is balanced by internal forces in the 
beam, and the resultant of these internal forces must therefore be a couple, 
because only a couple will balance a couple. The two forces which form 
the internal couple are the resultants of the tensile and compressive 
stresses, therefore these resultants must be equal and parallel. 




Let YY (Fig. 143) represent a face view and Y'Y' an edge view of a 
transverse section of a beam, and let XX be the neutral axis. Consider 
an indefinitely narrow strip ss of the section parallel to XX and at a 
distance y from it. Let a denote the area of the strip ss. The stress / 

on the strip ss is such that therefore The resultant of 

y Vi Vi 

the stress on is fa 

Vi 

of the section below XX must be 

Vi V\ 

Ejj = iS^ay. Tlierofore if R, = B„ , ixZmj = But = -i, therefore 

y\ 

^hay for the area below XX must be equal to Ytay for the area above 


The resultant Rj of the stress on the part 
.111 .like nianner ■' 


Mb. 
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NX., Hence the neutral axis XX must pass through the centre of g rarity 
of the section. 

The moment of resistanee is found as follows. The moment of the 


resultant stress on ss is 

Vi 


i' 
or 

2/2 


-%?A and the total moment for the 


which is equal to *-^1 or I, where I is 


* f , 

whole section is or. 

.2/1 / % " ' V vx V. 

the moment of inertia of the whole section about the axis XX. 

For equilibrium the bending moment must be equal to the moment 


of resistance, therefore M 




= Putting Z,=-± and Z„-- 
y\ Vi ?/i 

7ji and are called the moduli of the section. 


V2 


Since 


E 


5 =: therefore M = 

y Vi ih 

111. Moments of Inertia, and Moduli of Various Sections.— The 
moments of inertia and the moduli of the more common sections required 
in connection with the moment of resistance to bending are tabulated 
on p. 106. The axis of moments is the neutral axis of the section, and 
passes through the centre of gravity of the section, y = distance of axis 
of moments from the top or bottom of the section. Where no value is 
given for y, it is equal to half the total depth of the section. Where the 
section is not symmetrical about the neutral axis, there are two values for 
the modulus, Zi ™ 1 4- and Zg — I -r 2/2 • 

112. Equivalent Beam Sections. — Since the moment of resistance of 
an element of a beam section is equal to its area multiplied by the stress 
on it and by its distance from the neutral axis, and since the stress on 
the element is proportional to its distance from 
the neutral axis, it follow^s that if the element 
he moved parallel to the neutral axis into 
another position its moment of resistance will 
not be altered. Hence if a beam section be 
divided into indefinitely narrow strips parallel 
to the neutral axis, these strips may be moved 
parallel to the neutral axis so as to form another 
section, which will have the same moment of resistance as the original 
section. An example is shown in Fig, 144, where the original section, 
a hollow semicircle, shown in full lines, is converted into an equivalent 
solid section by collecting the area about a central axis. 

113. Section Modulus Figures. — Let MHNK (Fig. 145) be the 
cross section of a beam, and XX its neutral axis. The distribution of 
stress on the section due to the bending is shown at (u), being the 
stress at N, and /g the stress at M. Take an iiidefimtely narrow* strip 
HK of the section parallel to XX. Draw the base line parallel to 
XX and passing through N, the lowest point of the section. Draw HA 
and Kife perpendicular to Y|Y|. Select a point O in XX. If the section is 
symmetrical about an axis perpendicular to XX, then O is preferably 
where this axis cuts XX. In Fig. 145, MON is an axis of symmetry per- 
pendicular to XX. Join h and h to 0 by lines cutting HK at m and n. 

The stress / at HK is such that ///i = OL/ON. By similar triangles 
m^^/M = OL/6N, but A/c-HK, therefore mw/HK = OL/ON -///p and 

B* lx 


'WW 

-Wi 

Fia. 144. 


. 1 ■ .^^rr4 1 -X T-fc^fWL ^ 1 
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Moments of Inmiia, eto., of Various Beam Sections {s&e. Art. Ill, p. 1 




f i = 1bd^ 
L 

1 1 
1 
Z 




I=l(D»-cP). 

«- B *H 


I=^(D^-(Z0- 

64 : 


K- B ^ 



K- “D “ -H 


'^^32{~i5-y 



mkk 

•vWT^'yyJi I r/ TD-rk2 


k- “ 0 “ ■>! 



k-B-^ 


a l I = L(BD-‘-M»). 
ra Q 64 

111 „ 

4t^=S2(— IT-- 


2/j =0*5756?*. 
2?.2= 0*4244?*. 
1 = 0*1098?*^ 
Z, = 0*1907?*“. 
Z.,= 0*2586?*“. 


,D(2B + 6) 
^ 3(B + i) ■ 


^ _D(B + 25) j (B“ + 4B6 + i2)D“ 
3(B + Ar ” 36(B + 6) 


7. _ I _(B“ + 4B5 + J“)D® rr I (B2+4B5+J“)D“ 

^ ‘ y, 12(2B + 6) ■ 12(B + 26) 


■ 


e-B--W N*-0--JH 

= .^. ( Bn“ - hi^y z = 22 !a^. 
12 6D 





12^ ■ 6D 


BD2 ~ W 
"2(BD~My 


BDa-25rfD + 5fZ^ 
2('Bl3'-6d) ’ 


y (BD2 - hd^)^ - iBBhdi B-d)^ 
. 12(Br>™6«'} 


I {BD2 •» hdT^ - 4BD6rf(D - d)^ r/ _ I _ (BB^ - hd^)^ - 4BD6t^(D - df 

^ , . 


(ij -area of top fiange, aa^^'^-rea of bottom flange. «=area of web. 

^ W////A ~'^~V//////A 1 a2(2D-«3)+aA+a((7+2«i) 

'' ■" 2(01+ <13+ a) “■ 

dz — . — . Cl 

^ \ .ryr^mrrn I _ai(2D -- ^j) 4-aa]?2 + a{d + 2 ^ 3 ) 

J I 4" ff'2^2 I ^1®2(B 4" 4“ 4" + fi*)^ y I y I 

12 4(<'i.j 4<3f24’ <*) ^ ?/i ” y% 

In act?ual practice it is often sufficiently accurate to take — and 
Zo™“rtyA., where A is the total depth of the section. 


^ If d does not differ much from D, then Z~^{iy^-d^) nearly. 
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/i • mn—f' HK, Hence the strip HK. subjected to the stress /..'wili have 
the same resistance as the strip subjected to the stress /j. 

If the above coiistructioii be repeated for a sufficient number of strips 
(the construction 
for a strip above 
XX is shown by 
dotted lines), and 
the points joined 
up, a figure shown 
to the right in 
Fig. 145, is ob- 
tained, which is 
called the sectmi 
moclulm figure, 

Thesectioninodii- Fm. 145. 

lus figure has the . . ' / \ 

property that the sum of the inoments of the areas of all the strips 
parallel to XX about XX multiplied by J\ •will be the moment of re- 
sistance of the section. Hence if dj is the distance between the centres 
of gravity of tlie parts of the section niodulus figure on opposite sides of 
XX measured perpendicular to XX, and if u-j is the area of the figure, 
then/|Zj and Zj 

If instead of projecting the various strips on to the base line Y|Y|^ 
they be projected on to Y^Yg , which is parallel to XX, and passes through 
the highest point of the section, the construction will give another section 
modulus figure wdiose area is , and the distance corresponding to will 
be cZg, and then Zo - since Zj = I/y| , and — it follow’s 

that Z 2 --=Z,y^/y 2 . Hence if Zf is found from a modulus figure, Z 2 can 
readily be deduced from it without drawing another figure. 

The positions of the centres of gravity of the parts of the modulus 
figure on opposite sides of the neutral axis may be determined by one of 
the methods described in Chapter Y. 

A section modulus wmuld only be determined in practice from a section 
modulus figure when the section was such that, not having definite, or 
sufficient!}^ simple, mathematical p>roperties, its moment of inertia could 
not be determined by the usual method. Even then it may be quicker 
to firijd the moment of inertia by one of the methods described in 
Chapter Y. 

114. Beams of Uniform Strength.— Considering resistance to 
bending, a beam is said to be of uniform strength wffien the maximum 
stress is the same at every cross section. If / is the maximum stress, Z 
the modulus of the section, and M the bending moment, then for every 
section M =/Z, and for uniform strength M/Z is constant. 

In practice it is seldom possible to make M/Z constant for the whole 
length of a beam. For example, in a beam supported at the ends and 
loaded on the top, ‘M vanislies at the ends wffiere the shearing force is^ a 
maximum, and sufficient area of cross section must be provided to resist 
the shearing force. 

115. Strength of Wheel Teeth. —A tooth of a wheel is a cantilever 
on which the load a(!ts at dificrent points of the length during the time 
of its contact with another tooth on another wheel. The direction of the 
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load on tlie tooth also varies during contact, and the investigation of the 
strength of the tooth is still further complicated by the variation in the 
form of the tooth, due to variations in the diameters of the pitch and 
rolling circles, and also to variations in the number of pairs of teeth in 
contact at one time. 

An approximate general solution is obtained by assuming that the 
load, Q (in lbs.), is two-thirds of the load, P (in lbs.), at the pitch line due 
to the horse-power, H, transmitted when the velocity of the pitch line is 
V feet per minute, and that Q acts at the outer end of the tooth. 

F 

-rr _ _ 

33000 • ■ ^ ^ 

There are tw^o cases to consider: (1) where Q is distributed over the 
whole width of the tooth; (2) where Q acts at one corner of the tooth. 
It ■will also be assumed that if, the thickness of the tooth at the root, is 
the same as at the pitch line. 

Case 1 .— Load Q distributed over the whole width of the tooth 
(Fig. 146). This will obtain when tbe directions of the axes of the 
wheels are properly fixed and maintained, and the teeth are truly shaped. 

The greatest bending moment is at the root, and is equal to QA. The 
moment of resistance to bending is ^M\f. Hence QA==| &i^-/. t is gener- 
ally about 0*48 p, but allowing for wear t may be taken at 0*4 where p 
is the pitch of the 
teeth. Taking 0*7p, 
h ==:?ip,andQ = |P,then 




Taking/ 
at 3500 for cast-iron, 
the following simple 
formula is obtained, 

P-:200?^A 

Case II. — Load Q 
acts at one corner of the tooth (Pig. 147). This may result from 
inaccurate mounting of the shafts in the first instance, or thi'ough un- 
equal wear of the bearings, or from want of truth in the shape of the teeth. 

The tooth may break at a section ABCD, which makes an angle 9 
with the side of the wheel. EP being perpendicular to AB, EF = A sin 

Then QA sin B == therefore 

cos 9 


AB = 


cos 9' 




. pf 
6 sin ^ cos 9 


t^f 

” 3 sin 2 ^ ‘ 


This shows that Q will be least when sin 2 <9 is greatest, that is, 
when ^ — 45*". Hence if the tooth breaks at an oblique section, that 

section will be inclined at 45'' to the side of the wheel, and Q If 

Q - |P, t ^ 0*4;?, then P 0‘08py, and if /= 3500 for cast-iron, P = 280^^. 
If while Q acts at one corner the tooth breaks at the root, then 

Q = gp and if the tendency to break at the root is the same as at the 

weakest oblique section, h = 2A. This shows that if h is less 
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than 2/ij tlie tootli will break at the root, and then liut if /> is 

greater than 2 A, the tooth will break at an oblique section, and then 



116. Bending beyond the Elastic Limit — Modulus of Enptoe. — 

The expression for the moment of resistance of a beam to bending, viz. 

I I 

f or />— 5 was deduced on the assumptions tiiat the stress varied 
Vi >2 

uniformly from zero at the neutral axis, and that the material was not 
strained beyond the elastic limit. In the case of a ductile material, such 
as v?rought“iron or mild steel, permanent set will first take place either at 
the top or bottom of the section, and as the strain increases the distribu- 
tion of stress will change, tending to become more uniform. 

The change in the distribution of the stress as the beam is strained 
beyond the elastic limit is shown approximately in Fig. 148. At (a) is 
shown the distribution of stress before permanent set takes place. At 
the material has taken a permanent set in tension and compression, the 
portions AC and 
BD being strained 
beyond the elastic 
limit, hut the por- 
tions OC and OD 
still obey Hooke’s 
law. At (c) the 

whole of the ma- Fia. 148. 



terial has been 

strained beyond the elastic limit. If the material is very plastic beyond 
the elastic limit the distribution of stress approximates to that shown 
at {d)y the tensile and compressive stresses being both uniformly dis- 
tributed. If permanent set takes place at A before it takes place at B, 
the distribution of stress will be as shown at (e), the neutral axis moving 
nearer to B. 

The value of / in the formula M = /Z, when M is the bending moment 
which fractures the beam, is called the modtilm of rii^Hure of the beam. 
The inodulus of rupture is generally greater than the value of / deter- 
mined by experiments on bars in direct tension or compression, and the 
difference depends on the form of the cross section of the beam, being 
small for a flanged section and greatest for a circular section.^ 

117, Eeiuforced Concrete Beams. — Good concrete, having the com- 
position, cement 1, sand 2, and broken stone 4, will carry safe working 
stresses of 60 and 500 lbs. per square inch in tension and compression 
respectively. Beams made of this material offer small resistance to 
bending on account of the low value of the allowable tensile stress. 

The resistance of a concrete beam to bending may, however, be greatly 
increased by embedding steel bars in the concrete near the face of maxi- 
mum tension. The cross section of such a beam is shown to the right in 


Fig. 149, the black squares representing the reinforcement. 

In calculating the moment of resistance of a reinforced concrete beam 
it is usual to assume that the steel reinforcement carries the whole of the 
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tension, and that the concrete carries the compression. It is also assumed 
that as the beam bends the strains in the various layers parallel to the 
neutral surface are proportional to their distances from that surface, as 
in the case of homogeneous beams discussed in Art. 109, page 103. 

From the latter assumption it is obvious that the neutral axis of a 
cross section will not pass through the centre of gravity of that section, 
since the moduli of elasticity of the steel and concrete are not equal. 

Referring to Fig. 149, is the depth of the neutral surface below the 
top or compression surface of the beam, h is the depth of the axes of the 
steel bars from the top surface, and h is the breadth of the beam. Let 
a = total area of cross section of the steel bars, fi = maximum compressive 
stress in the concrete, and /o™ stress 
in the steel. The depth of the 
section of the steel bars being small 
compared with the depth of the beam, 
it is assumed that /o is uniform over 
the .section of the.se bans. 

The resultant of the compressive 
stress in the concrete is Rj ~ 
and this resultant acts at a di.starice 
|yj from the neutral surface. 

The re.sultant of the tensile stress 
in the steel is R^ = q/o, and this resultant acts at a distance li - from 
the neutral .surface. 

The assumption of proportionality of strain to distance from the 
neutral surface already mentioned leads to the equation 

%/i 

where E, and E 2 are the Young’s moduli for the concrete and steel 
respectively. 

Since and Eg are the forces which form the couple whose moment 
is the moment of resistance of the section, it follows that R^- “ 
fore Ifihyi == af ., . 



Fig. 149. 


= R 2 , there- 


Dividing the equation 


Ei^i %{h-yd 


U 


by the equation = 


2 1 

tie result is — ■‘1-;- — which may be written 

Eg 


E,' 


which is a quadratic equation for determining yj. 

E 

Putting the solution of the equation gives 

+ %ahhn) - m 

' b 


^1 = 


Having found the moment of resistance of the section ii 

or ly/i - + l^j ) = aflh ~ ly^). 
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In designing a reinforced beam, if either or/, is assumed, the other 
is found from the equation ■=«/,. 

F ' *■' ■ '** 

The Take of the ratio :^=^n is generally taken at 15 . 


Exercises Vllb. 

1. Taking the moment of resistance to bending of section A (Fig. 150) as 
unity, find the numbers which will represent the moments of resistance of the 
sections B, 0, and D. (In section C the metal is 1 inch thick.) 

2. Denoting the moment of resistance to bending of section A, jjer square 
inch of section, by 1 , 
determine the numbers 
which will express the 
moments of resistance of 
the sections B,0, and 13 
per square inoli of section. 

3. The section E (Fig. 

150) has a total depth of 
8 inches. The flanges are 

5 inches wide and IJ 
inches thick. The web 
is 1 inch thick. What is the moment of resistance of this section to bending 
when the maximum stress is 5 tons per square inch ? What will the answer be 
if the section is placed with the web horizontal ? 

4. A solid circular section is 6 inches diameter. A hollow circular section 
is 8 inches diameter outside. Find the internal diameter of the hollow section 
so that it shall have the same area as the solid section ; then, denoting the moment 
of resistance of the solid section by i determine the number which will represent 
the moment of resistance of the hollow section. 

5. A steel joist has a total depth of 18 inches. The flanges are 7 inches wide 
and 0*94 inch thick. The web is (>55 inch thick. Determine the section modulus, 
Z, in inch units (a) by the correct formula, (h) by the formula Z=-ah, where a is 
the area of one flange, and h is the total depth. 

6. Construct, half full size, the modulus figures for the following sections. 
(a) Circle 6 inches diameter. (5) Hollow circle, external diameter 6 inches, internal 
diameter 3 inches, (c) Flanged section 6 inches deep, flanges 3J inches wide and 
If inches thick, web Ij inches thick, (d) Isosceles triangle, base 5 inches, height 

6 inches, (e) Flanged section 6 inches deep, top flange 2f inches wide and 1} inches 
thick, bottom flange 4 inches wide and If inches thick, web If inches thick. 
From these figures determine in cases (a), (5). and (c) the values of Z, and in 
cases (d) and {e) the values of Zi and Z.^. Compare the results 
with those obtained by calculation from the correct formulm. 

7. AEB and CFD (Fig. 151) are semicircles whose diameters 
AB and CD are parallel and 2J inches apart. AB=2f inches, 

CD = 2f inches. AD and BO are straight lines which are per- 
pendicular to one another. The whol§ figure AEBCFD is the 
modulus figure of a beam section. Construct the beam section. 

8. A cantilever 50 inches long carries a load of 4000 lbs. at 
its free end. The maximum stress due to bending is to be 3000 
lbs. per square inch at every cross section. The cross section 
is a rectangle, breadth depth = 2 ^. Determine the cross 
section, a; X y at 10> 20, 30, 40, and 50 inches from the free end, 
and draw a plan and side elevation of the cantilever (scale, 1 
inch to 1 foot) in each of the following cases : — 

{a) 2 /= 6 inches, and the lever to be symmetrical about a vertical longitudinal 
section. 

(6) as =3 inches, and the top surface of the lever to be horizontal, 

(c) y=3;r, the top surface to be horizontal, and the lever to be symmetrical 
about a vertical longitudinal section. 

0, Same as Exercise 8, except that the cross section is a circle of diameter y* 


F 



Fig, 151. 
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aiKi the lever is symmetrical about vertical and horizontal longitudinal 

sections. ■ .. , . . . . • . 

10. Same as Exercise 8, except that the load is 6000 lbs., and is uniformly 

distributed. _ . 

11. Same as Exercise 9, except that the load is 6000 lbs., and is uniformly 
distributed. 

12. An overhung steel crank-pin journal has a diameter d and length I The 
total load on the journal is 62, 500 lbs. uniformly distributed. The pressure on the 
journal is to be 600 lbs. per square inch of projected area (projected area=dZ). 
The maximum bending stress is to be 10,000 lbs. per square inch. Find d and L 

1$. Same as Exercise 12, except that there is a hole through the pin having 
a diameter equal to Id, the axis of the hole coinciding with the axis of the pin. 

14. A cast-iron flanged beam resting on supports 12 feet apart carries a central 
load of 12 tons, and a load of 5 tons uniformly distributed over the whole length. 
The total depth of the beam is 1.6 inches. The area of the cross section of the 
bottom flange is to be four times the area of that of the top flange, and the stress 
in the boti.om flange is to be 2 tons per square inch. Find the area of the top 
flange and the stress in it, assuming that the modulus of the cross section is equal 
to tile a.rr‘a of one flange multiplied by the total depth of the beam. 

16. Professor Goodman in bis “ Mechanics Aiiplied to Engineering” gives 
the proportions for cast-iron flanged beams shown in Fig. 152. Show that, for 
this form of section, neglecting the fillets between tke 
flanges and the web, the moment of resistance to bending 
IS where d is the total depth, and / the maximum i (I * 

tensile stress in the larger flange. i * 

16. Determine the horse-power which may be safely jq 1 ^ 

transmitted by a spur-pinion 12 inches diameter, having ^ 1 i 

20 teeth, when running at 200 revolutions per minute. \4 gL.— .j->j 

Breadth of teeth 2| times the pitch.* 1 i i 

17. Find the pitch and number of teeth for a spur-wheel k-J 

4 feet in diameter, which when running at 90 revolutions | | 

per minute transmits 150 horse-power. Breadth of teeth 

3 times the pitch.* FiG. 152. 

18. At what speed, in revolutions per minute, must a 

spur-wheel 3 feet in diameter run when transmitting 80 horse-power. Number 
of teeth 40, breadth of teeth 7 inches.* 

19. A horizontal steel shaft 5 inches in diameter projects 36 inches beyond a 
supporting bearing. At the free end there is a vertical load of P lbs., and at a 
point 9 inches from the free end there is an equal load acting in a horizontal 
direction at right angles to the shaft. If the maximum tensile stress in the shaft 
is 12,000 lbs. per square inch, find the force P. 

20. A ferro- concrete beam, rectangular in section, is 12 inches wide and 
24 inches deep. The reinforcement consists of four steel bars, each | inch in 
diameter, their axes being at a depth of 22 inches below the top or compression 
face of the beam. Taking the modulus of elasticity of the steel as 10 times that 
of the concrete, find the depth of the neutral axis of the section from the top. 
If the Ixmm rests on supports 18 feet apart, what load, in tons, uniformly distri- 
buted, will this beam carry when the maximum compressive stress produced in 
the concrete is GOO lbs. per square inch, and what will then be the tensile stress 
in the steel in lbs. per square inch ? 

21. A concrete beam of rectangular section, 11 inches wide, is to be reinforced 
by steel bars whose axes are to be 20 inches from the compression face of the 
beam. If the modulus of elasticity of the steel is 1 1 times that of the concrete, 
find the total area of the steel bars, so that when the tensile stress in the steel 
is 11,000 lbs. |)er square inch, the maximum compressive stress in the concrete 
is 500 lbs. per square inch ? Find also the distance of the neutral surface of the 
beam from the compression face. 


Fig. 152. 


Number 


Use the formula ‘B-200np\ where P is the driving force at the pitch line in 
lbs., p the pitch of the teeth in inches, and n the breadth of the teeth divided by 
the pitch. 
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118. Bending to Circular Arc. — It was .shown m Arts. 109 and 110, 
f W M 17 w ITT 

pp. 103-105, that *^=- = ^7^ orR = -P = ~. The.se equation .s show 
w, 11 1 /, M 


= orR = 


These equations show 


that a beam will bend to a circular form wlien is constant, or when 
I/M is constant throughout the length of the beam. For a beam of 
uniform cross section and I are constant, and tlierefore /j and M must 
also be constant for circular bending. If M is variable, then, for circular 
bending, I must be proimrtional to M. 

The equations R = — Tn«v 1 >P. napd fm* Tinn-cirfinlar liendine* if 


may be used for non-circular bending if 


an indefinitely short length of the beam be considered; R will then be 
the radius of curvature at a point in the length, M will be the bending 
moment at that point, and/\, and I will refer to the section at the 
same point. 

119. Deflection due to Circular Bending.— -Let a beam (Fig. 153) 
resting on supports A and B, whose distance apart 
is Z, be bent to a circular arc ACB. The point O 
is the centre of curvature, D is the middle point ^/ \ 

of AB, and CD is the maximum deflection Uy, \ 

In the triangle OAI), OA^ = AD‘^ + OD‘^. But ^' / \ 

OA =- R, AD = |Z, and OD = R - Therefoiu 

R2 = |^2^.E,2_2^^^R + ^if, that is, 2u^=^lP+u\- 

But since Uy is a very small quantity compared with . Fig. 153. 

R and Z, the term Uj may be neglected. Hence, 

170 .1 .. Tj LI 


2%R= |Z^, and Uy 


therefore Uy = 


For a cantilever of length Z it is easy to show that t6y~- 

120. Cantilever Loaded at Free End. — The cantilever (Fig. 154) is 

supposed to he of uniform cross section \ h 

throughout. Consider an indefinitely ^ |< x ->| p 

small portion H.K of the length at a ^ ^ 

distance ;r from the free end A. Let ^ [I 

0 be the angle between the radii drawn J. 

from H and K to the centre of curva- j 1 

ture of HK, and let R be the radius of J f 

curvature of HK. .Lot HC and KD be 

tangents to HK at H and K, meeting the 

vertical through A at C and D, Then CD is the amount of deflection of 

in 
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tJie cantilever due to the curvature of the part HK. Let = and 

CI) =*^ Tlien, 0 = = - therefore = But M = Wa-, 

Jh X K liii 


.therefore , du — 


.Wcfe 
El * 


The total deflection 


AT, WP ,, WP 


■where I is the length of the cantilever. 

121. Cantilever Loaded Uniformly. — Let the load be w per unit of 
length. Using the same notation, and proceeding in the same way as in 

the preceding Article, — but M = J therefore dM~ 

Ei 


2EI ’ 


and 


_ to 




n.M -W/S 

= where W = wl - total load. The cantilever 

oEi oEi 


is supposed to be of uniform cross section. 

122. Beam Supported at the Ends and Loaded at the Centre. — 

Referring to Fig. 155, and proceeding as in Art. 120, fi' 2 ^ = CD= 

El 

W/3 WL3 


but M = I WiT, therefore du ■ 


’Wx^dx 


W P 


T 1 -p, yr 1 f) 7 yy t- yy ju 

2Er’ 



123, Beam Supported at the Ends and Loaded Uniformly.— 
Referring to Fig. 155, but remembering that the load W is uniformly 
distributed over the length, and that its intensity is w per unit of 
length.'; „ 


du == CD = -5^’, but M = lv)Lx - Itm-?, therefore du - 


El 


Hence 


^ MJo 




2ElJo " 


2EI 

1^^:': 

2EI'3' : 2El’.4 : 


2EI * 


ivL^ wl^ wU A U 5WL3 


48EI 128EI"“16E1 


/I ^ Iv 

\3..;8j'"'.:384Ei^“u: 


:84ir* 


124. Slope of Bent Beam at any Point. — Referring to Figs. 154 
and 155, 6 is the change in the slope of the beam between the points 
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H and, K. and i9^ 


dx 

'S' ^ 


]\to* 

' El ‘ 


Hence the change in the slope between 

the .points .?,! = / and is equal to a.iid.. if the beam, is 

horizontal where a; =7, then the slope at the point where = is (9j . 

125. Stiffness of a Beam. — The ratio of the maximum defiection of 
a beam to its span is called the stiffness oi the beam. The stiffness may 

be denoted by i, where 7t varies from 1000 to 2000 for steel girders of 
n ■ 

large span, and from 500 to 700 for short spans. For timber beams, 
w should not be less than 360. 

126. General Method of Determining Deflection from Bending 
Moment Diagram.-— The analytical method of finding the deflection of a 
beam used in the preceding Articles is simple in simple cases, but in 
many cases in practice it becomes difficult and complicated. The metliod 
now to be discussed wdll be 

found to be comparatively 
simple in cases where the 
analytical method would be 
troublesome. 

In what follo’ws, the beam 
or cantilever is assumed to 
be of uniform cross section. 

Consider first the case of 
a cantilever AB (Fig. 156) 
under any system of loads. 

Let AHKB be the bending 
moment diagram, and let 
A|B| be the curve in which 
the cantilever bends. Take Fig. 156. 

two points L and N on the 

cantilever near to one another, their distance apart being s. If the 
distance s be small enough, the bending moment M may be considered 
as uniform over the length LN. Let E be the radius of curvature of 

.1 ==: and B the angle between the radii to the centre of 

R El 

curvature from Lj and N| will be the change in the slope of the beam in 

passing from L^ to But = therefore which shows that 

the change in the slope of the cantilever in passing from Lj to is 
equal to the area of the vertical strip of the bending moment diagram 
over LN divided by El. Hence if the bending moment diagram over 
the portion BP be divided into a large number of vertical strips, it follows 
that the total change in the slope of the cantilever between B and P will 
be equal to the sum of the areas of these strips divided by El, that is, 
equal to the area of the* part of the bending moment diagram lying 
between the verticals through B and P divided by El. Hence if a 
tangent P^O be drawn to the curve A^P^Bi, at P| it will be inclined to 
the horizontal B^C at an angle a, whose tangent or circular measure, 
the angle being very small, is equal to the area of the figure PHKB 



LjN|, then 
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divided by El, and therefore where A is the area of the figure 

Ei 

PHKB.' 

In measuring the area of the bending moment diagram for the 
purpose of finding the change of slope, the unit of area is a rectangle, 
whose base is the unit of length, and %vhose height is the unit of bending 
moment. 

If on AB as base a curve BFD be constructed such that the ordinate 
PF at any point P in AB is equal to the area of the figure PHKB divided 
by El, then the ordinate of this curve at any point in AB will represent 
the slope of the bent cantilever at that point, and this curve may be 
called the cwrve of slope. 

Now let the mean distance of LN from P be denoted by a:*, and let u 
be the deflection at P, due to the curvature of the part LN, then 

' where a' is the area of the strip of bending moment 

Jill 

diagram over LN. The total deflection PjQ at P will be the sum of all 

A.^ • 

such quantities as between B and P, therefore where £‘is 

the distance of G, the centre of gra vity of the figure PHKB from PH. 
This simple rule may therefore be used for constructing the curve AiP^B^^, 
the work being done graphically, or in part graphically and in part by 
calculation. 

Again, P^j^Q = OQ tan a, but since a is a small angle, tan a may be 

taken equal to a, therefore PjQ = OQ * a. But a = - and P^^Q = 

El , HP 

A,!^ 

hence therefore OQ = ^. This shows that the tangent 

to the curve AjPiBj at P| meets EC at a point vertically under G, the 
centre of gravity of the figure PHKB. 

The deflection A^C at the free end of the cantilever is obviously 
A ^ 

equal to - Ki, where A^ is the area of the whole diagram AHKB, and 
Ei 

is the horizontal distance of the centre of gravity of the figure 
AHKB from A. Also, the tangent to the curve AjP^Bj at A^ will 
meet BAJ at a }:}oint vertically under the centre of gravity of the figure 
AHKB. 

Suppose that the area of the figure PHKB, on a scale drawing, is A' 
square inches. Let the scale for the base PB be 1 inch to ?>?, inches, and 
let the scale for the ordinates or bending moments be 1 inch to n inch- 
pounds, then A — A'mn. (d must be measured with the scale 1 inch to 
?H inches. Then if E is in lbs. per square inch and I is in inch-units, the 

deflection 1\Q= will be in inches. 

If the bending moment diagram AHKB {Fig. 156) be considered as 
a diagram, showing the intensity of a load distributed over the canti- 
lever, and if tlie cantilever be fixed at the end A instead of at the end 
as shown in Fig. 157, then at any section P of the cantilever 
(Fig. 157) the shearing force is proportional to the area of the figure 
PEKB, and therefore the ordinate PF of the curve BFD in Fig. 156, 
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wMcb. measures, the slope of the bent cantilever .at P,. will in Fig. IS7 
represent the shearing force 
on the cantilever at P, that 
is, the curve of slope in Fig. 

156 is the shearing force 
curve in Fig,. 157.' . 

Again, at any section P 
of the cantilever (Fig. 157) 
the bending moment is pro- 
portional to the area of the 
figure PHKB multiplied by 
aj, the horizontal distance of 
G, the centre of gravity of 
PHKB from P, and therefore 
the ordinate PjQ of the 
curve in Fig. 156, 

which measures the deflec- 
tion of the bent cantilever 
at P, will in Fig. 157 repre- 
sent the bending moment on 
the cantilever at P, that is, the curve of deflection in Fig. 156 is the 
bending moment curve in Fig. 157. 

Hence having constructed the bending moment diagram for any 
system of loads, the 
curve of slope and 
the deflection curve 
may be constructed 
by the rules for con- 
structing the shear- 
ing forceand bending 
moment diagrams, 
the original bending 
moment diagram be- 
ing considered as a 
load diagram. 

■ Consider next the 
case of a beam ABB 
(Fig. 158) supported 
at the ends, and 
under any given sys- 
tem of loads. Let 
AHKS be the bend- 
ing moment diagram 
for the given system 
of loads, and let 
AjPjB^iSi be the curve in which the beam bends, being the lowest 
point in that curve. 

Let and % be the areas of the figures PPIKB, AHP, and 

AHKB respectively. Gi, G^, and Gg are the centres of gravity of these 
figures respectively, and the" horizontal distances of the points G-,, Gg, 
and Gg from A are , and respectively, AP = a;, and AB == I 
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The portion AB of the beam may be looked upon as a cantilever 
fixed at B, like that in Fig. 156, the bending moment diagram being 
AHKB, and the deflection P^Q measured from the horizontal BjC will 
be equal to h\{xi - x), where k is a constant. The total deflection 
is equal to Hence P^^Pg == A^^C - P^^Q “ - Jcai(xi — x)^ and 

ftgtXjg 

Consider the figure AHKS to be a load diagram. Let A'DD'S' be 
the shearing force diagram, and AjPjB|Sj the bending moment diagram 
corresponding to the load diagram AHKS. Then the point where the 
shearing force is zero must he in a vertical line through B^, the lowest 
point in the bending moment diagram, and the reaction must equal 
the load represented by the area AHKB, therefore E| = ga 3 , where is a 
constant. Then the bending moment at P is equal to 

'R-^x - - — ga^x - 

Also, the bending moment at B is equal to 

Ei^ - gci^i} •" iCg) ~ g[(i^ — ~ ™ — -A-iC, 

and ~ -^ 2 ) (^1 <^ 2 )^ -- *^ ' 2 ) + a^x^ 

A.|0 ttgtX/g cti^x^ 


Hence whether the curve Aj^P^Bj^Si be considered as a deflection curve 
or a bending moment curve, the ratio of P^Pg to AjG is the same, and 
therefore the bending moment curve will represent the deflection at every 
point. 


127. Beam of Unifonn Section Supported at the Ends and Loaded 
at any Intermediate Point.— AB (Fig. 159) is a beam resting on supports 
whose distance apart is L. This 


beam carries a load W at a point C 
at distances a and b from A and B 
respectively. The bending moment 

at C is and making the ordi- 

nate CD equal to this bending 
moment, and joining A and B to 
D, the figure ADB is the bending 
moment diagram for the beam carry- 
ing the load W at C. 

Now consider ADB to be a load 
diagram. The resultant P^ of the load 
represented by the triangle ADC is 



1 . Wa% , 
equai to and 


Pt acts in 


Fig. ,159. 


vertical line through the centre of gravity of the triangle ADC. The 
resultant P.^ of the load represented by the triangle EDO is equal to 

^ vertical line through the ccntie (»f gravity of the 
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im 


triangle BDGi Let R| and R-g be the reactions at the supports due 
to the load represented by ABB, then 




and Bg == 


Wah(2a + b) 
_ . 


If AiF^B| is the bending moment diagram corresponding to the load 
diagram ABB, then the ordinate of the curve at any point will 

represent the deflection at that point, and the maximum deflection %vill 
be at the section of the beam where the shearing force due to the load 
ABB is zero. The complete shearing force diagram ST for the load 
ABB is shown, but it is not necessary to draw this to find the deflection 
of the beam, but it is necessary to find the point F, where the shearing 
force is zero. Let AF = e, then the resultant P of the load represented 

by the triangle AHF is equal to — ^ 

2L 2L 


and P acts in a vertical 


line through the centre of gravity of the triangle AHF. 

The shearing force at F=^Rj^-<P, and if this is zero Rj ==P, hence 

and therefore 

JtLi O.U \ 3 J 


The bending moment at F = B^c ~ | " §F^* — 
and the deflection at F = \\ If a = nL, then 6 = (1 - ? 2 )L, 

and the deflection at F is given by the expression 

3EI \ 3 / 


The bending moment at G = — Pj^' 


a _ Wa^la 4- 2b) 


6L 


and the deflection at C = = _«\2 

3LEI 3EI ' ’ 


Wa8& Wa262 
6L “ 3L ’ 


128. Beam of Uniform Section Fixed at the Ends and Loaded at 

the Middle. — The beam AB (Fig. 160) is held at the ends in such a 
way that the tangents to the bent beam at A and B are horizontal The 
load W at the centre of the beam will obviously bend the middle part of 
the beam so that it sags, that is, it becomes concave on the top, and the 
tangent to the bent beam at C will be horizontal. Hence the curve 
into which the beam bends, must have points of inflexion and 
.F| between the centre of the beam and its ends, and the positions of 
these points have to be determined. 

If the beam AB were simply supported at the ends it would be con- 
cave on its upper surface for the whole of its length, and the bending 
moment diagram would be the triangle ach, the altitude of which' wmuld 
be equal to the bending moment at the centre, namely, JWL. Also the 
bending moment wmuld be everywhere positive. In order that the beam 
may be concave on its under surface at A and B there must be negative 
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bonding jiioinenis at these points, f 
of fixing. In Fig. 160 the beam i 
posed to be bolted to the walls, 
and the forces PP shown produce 
the necessary negative bending 
moments just referred to.* Also 
these forces PP produce a uniform 
bending action over the whole of 
the beam. Let cui be the bending 
moment at A. Draw a!i/ parallel 
to ab, cutting ac and he at e and 
/ respectively, then the shaded 
figure will be the victual bending 
moment diagram for the beam 
AB, with fixed ends and loaded 
at the cemtre, aV being the base 
of the diagram. Tliis diagram 
shows that the portion EF of the 
]:>eam is subjected to positive bend 


nd these are supplied by the method 
i shown with flanges, which are sup- 

riP 


IF B 



Fig. 160. 


.ing, and that the parts AE and BF 


are subjected to negative bending; also, that there is no bending 


moment at either E or F. Hence if the beam be cut at E and F, and 



The beam of length = JL carries a load W at its centre G\, 
hence by Art. 122 the deflection of below 


-^48EI = 


WL« 

'384Ei' 


tile parts be again connected by pin joints, the axes of the pins being 
perpendicular to the plane of bending, the jointed beam will behave 
exactly as tlie solid beam. Flence the original beam is equivalent to 
two cantilevers AE and BF loaded at E and F, and a beam EF sup- 
ported at E and F, and loaded at the centre, as showui in the low^er 
part of Fig. 160. 

The slope of the cantilever AE at E is represented by the area of the 
triangle aea (Art. 126), and the slope of the beam EF at E is repre- 
sented by the area of the triangle eec\ But these two slopes must be 
equal, therefore the triangles aecd and cee' are equal in area, and as they 
are also similar, it follows that a!e — c'e. Therefore the points of inflexion 
and the middle point of the beam divide the span into four equal parts, 
and = JL, also Lg — |L, 

The cantilever A^E^ of length ==-|L carries a load = |W at Ej^, hence 

by Art. 120 the deflection at E, = 3EI = . 

. ' V2 A4/ 384EI 


flflie total deflection of the whole beam at the centre is therefou 

, WL^ 


*** In order that the theory developed in this Article and the next may be 
strictly applicable, the method of fixing must not hinder any horizontal move- 
ment of the beams as a whole at the ends. The fixing is only supposed to keep 
the beam horizontal at the ends. 
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129. Beam of Bnifom Section, Fixed at tlie Ends, and Loaded' 
Umformly,— The reasoning in, this case, which 'is- illustrated by Fig. 161, 
is similar to that in the preceding 
Article, and corresponding points 
in FigKS. 160 and 161 have the same 
letters attached to them. 

Let denote the load on the 
beam per niiit of length. The 
bending moment diagram for the 
whole beam considered as sup- 
ported at the ends is a parabola 
ad), the height of the middle 
ordinate being equal to the 

bending moment at the centre. 

As in the preceding Article, 
it may be shown that the area 
of the figure aea' is equal to 
the area of the figure cec% and 
therefore the area of the rect- 
angle add a' is equal to the Fia. 161. 

area of the semi-parabola cwcd, __ 

But by the well-known property of th^paraMa, area (ucd — ^ad • cd, 
hence aa' • ad ^ -f^ad • cd, therefore aa'~^ed, and = but 

cd = therefore cd = 

Considering no\v the miMle portion EF as a beam supported at the 
ends and loaded uniformly, cd — = i^LJ, therefore LJ = |TA, and 

L 2 = -|L sj^ - 0-577L. Also - |(L - L^) = 4L(3 - ^3) - 0*21 IL. 

The cantilever AjEj^ of length L| = -JL(3'“ J'S) carries a load 
= -|?/;L 2 = -J-wL at E^, and a unifoim load of w per unit of length. 

The deflection at Ejl due to the first load is, by Art. 120, 

__ ItvL _ wL^ (9 

3EI 648EI 

The deflection at E]^ due to the second load is, by Art. 121j 
8EI 

The total deflection of the cantilever A|E| at E^ is therefore 
?/;IA(9 ^3 - 1 5) ^ ^^;IA(7 - 4 ^3) _ ^^L^ 

648ll 288EI 864El‘ 

The ])eam E^F^ of length JL ^3 carries a uniform load of 70 per 
unit of length, hence by Art. 123 the deflection of below Ej^ 

_ ^wJj\ _ 

"384EI“”3456EI‘ 

The total deflection of the whole beam at the centre is therefore 
86411 ‘^3456EI 38411 
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130. Beam of Unifom Section, Fixed at one End, Supported at 
the Other, and Loaded at the Centre.-^-AB (Fig. 163) is beam fixed 
at B, resting on a support at A, and carrying a load W at the centre C. 
The first step is to determine the reaction P of the support on the 
beam at A. Suppose the support at A removed, as shown in the upper 



part of Fig, 162, then the load W will produce a deflection in AB at 

C =s u, ~ . The bending moment diagram due to W on 

^ 3EI 24EI ^ 

BC will be a triangle BCD, and the tangent to the bent cantilever 
at C| will meet the horizontal through at 0, which is vertically under 

G, the centre of gravity of the triangle BCD. Hence OC' ~ g ’ ^ 

Xj 3?^ 

If a is the inclination of 00 j to the horizontal, then tan a ~ ^ J. 

3 L 

The portion C| A|^ of the deflected cantilever Aviil remain straight, but will 
be inclined to the horizontal at an angle a. Hence the deflection A^A' 

of the cantilever at Ai = d == u, + |L tan a = == 

. i. . ^ ■ - 1 . 

Next siipx)Ose that the load W is removed, and the reaction P at the 
support to act as shown in the lower part of Fig. 162. An upward deflec- 

tion will be produced at the free end of the cantilever — ikf = 5^- . 

How if P and W act together, the deflection at A due to W will be 
neutralised by the deflection due to P. Hence ri = Wg, that is, 


5WL8 
4 8Er ' 


PL3 

SET 


therefore P = -AW. 
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Tlie bending moment diagram for tiie beam AB (Fig. 163) may now be 
constructed. At C the bending moment is.|PL - ^WL. . At B tlie tend- 
ing moment is y’lj-WL ~ |■"WL — - j\WL. ■ Let E be .the point wliere' .the 
bending moment is, zero, ^ and let AE==ir, then -- W(a! 

therefore it* = The shaded figure on the base ab is the bending 

moment diagram. As there is no bending moment at E the beam may be 
supposed to be hinged at that point, and the whole beam is ec|iiiYaient to 
a cantilever B^Ej^ fixed at Ej, and a beam EjA^ supported at its ends. 
Since the^ supporting force at A| is follows that the supporting 

force at E^^ is x|-W, and this latter force will also be equal to the load on 
the cantilever BjE^ at E^. 

The deflection of the cantilever B,E, at E, = iiMf jl'Z = . 

^ ^ ‘ 3EI 1936ET 

By Art. 127 the deflection of G, below A,E, = In this 

^ ^ 3(« + Z<)EI 

case a = -y^L, and therefore the deflection of below A^E^ 

“ deflects louver the point Ci a 

1936EI 

1 . , 11 9WL’^ 

distance equal ^ x multiplier being the ratio 

of AC to AE. 

The total deflection of below the horizontal through Bj is therefore 

__ mL^ 25WL3_7WL^ 

Mr6El‘^4224EI 768Er 


If the bending moment diagram on the base ah be considered as a load 
diagram, the part below ah reprcwseating a load acting upwards, the reaction 
at the right-hand suppoi't will be found to be equal to and the 

point F, where the shearing force is zero, is easily shown to be at a distance 

from the right-hand support equal to — ^L. The complete shearing force 

V 

diagram ST is shown, but this need not be drawn* 

Still considering the bending moment diagram on the base ab as 
a load diagram, the bending moment due to this load at a |>oint in AG 

at a distance x from A is equal to (a? - and the deflection at 


32 \ 3LV’ 

this point is therefore equal to \ ~ 31 /)* 
deflection at F, where the deflection is greatest, is equal to 


Putting X = the 
VO 


48 VoEr"l07EI 


nearly. 


Putting X ™ JL in the same expression, the deflection at C is found to 

' 

be ^ result which has already been found in another way. 
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131., Beam of Uniform Section, Fixed at one End, Supported at 
tlie Otlier, and Loaded Uniformly. — The treatment of this case is similar 
to that of the case in the pre- 
ceding Article, and the steps will ^ 

be here stated briefly, and the 

results given. The load is lo per is—— J — 

ward deflection at that point due iFj 

to the uniform load will be 

SEP L “--f- “-H 

An upward force P at A, the ^ 

uniform' load being removed, will 
produce an upward deflection at , ^ 

that point equal to I-:™ . Hence ! E,illlllMl]^^ a.. 


" 3EI 

3Ei=^ g]gi» 

The bending moment at a dis- Fic4. 164. 

tance x from A is f 

and when this is zero, and aj= |-L. This gives the point 

of inflexion E. When x = L, the bending moment is 

f24L2-4«^;L2= - 

Between A and E the bending moment is greatest at C, where x == |L, 
and is then equal to 

The beam AB may now be considered as a cantilever B^Ei fixed 
at Bp and a beam Ej Ay supjiorted at the ends. The load on the 
cantilever B|Ei is P — -|te;L at Ep and a uniform load of w per unit 
length. The load on the beam EiAr is a uniform load of w per unit 
length. 


Deflection at = 


3Ei 


itvLiiLf 

8EI 


5'wL^- 

"2048EI‘ 


Deflection of C\ below E^^A^ - , 

^ ^ ^ 384EI 32768EI 

Total deflection of Oj below A^B^ 

■ ^ UBioU _ 1x1/ ' . ' , , 

r' 2 X 204811 "^ 3276811 187EI 

The greatest deflection at a point whose distance from A is 

: ;;0*4215L.; A. 

Observe that this beam is not strengthened by fixing it at one end, 
the maximum bending moment being ^wJ/, the same as when the beam 
is simply supported at the ends. 


DEFIiEOTiON OF .BEAMS 


125 


132. BeaM' of IJEiform Section, Besting on Three Eciniiistant 
Supports and , Uniformly Loaded.— AB (Fig. 166) is a beam resting 
on three supports, one at each end and the other at the centre, and 
carrying a uniform load of w; per unit length. Let each of the equal 
spans be denoted by L, and let the reactions at the ends be Q, and the 
'reaction at , the centre P. 

First consider the case where the supports are at the same level. 
Suppose the middle support to be removed, as shown in the upper half of 

Fig. 165. The deflection at the centre will .then be 

. 384EI 24EI 

Now suppose that the load is removed and that a force P acts upwards at 
the centre, forces acting downwards being applied at the ends, as shown 



in the lower half of Fig. 165. The upward deflection at the centre will 

be = If the conditions in the upper and lower halves of 

48EI 6EI 

Fig. 165 be applied simultaneously, and there is no resulting deflection 
PL3 

at the centre 0, then therefore P = |wL, and consequently 

Q “ |w?L. The bending moment diagram may now be constructed, and 
will be as shown on the base a& in Fig. 166. The beam AB (Fig. 166) 
may evidently be considered as two cantilevers AO and BO fixed at C* 
loaded uniformly and supported at their free ends. 

Next, suppose that the middle support is 1-^th of d below the level 

of the other supports, where d = , the downward deflection at the 

24Ei 

centre when the middle support is removed. The upward deflection 
due to P is now = therefore P=|..l(i-1), and 

Bastiy, suppose that the middle support is l-7^th, of d above the 
level of the other supports. The upward deflection due to P is now 

The case discussed in this Article is- the simplest case of a continuous 
learn ; the general case, where there are any number of supports and any 
combination of loads, is considered in the next Article. 
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' A33. ContiEUOUS Beams and Theorem of Three Moments.™™A beam 
wliich rests on more than two supports is called a contiunous heawi. Let 
BCD (Fig. 167) be a portion of a continuous beam, BC = and CD = 
being two consecutive spans. Let b'ec' and e'fd/ be the bending moment 
diagrams on the base b'c'cl' for BC and CD considered as separate beams 
supported at their ends. The separate beams BC and CD would have no 
bending moments at their supports, but the continuous beam BCD will 
have bending moments Mb, Me, and Mp at the supports B, C, and D 



respectively, but at present these bending moments are unknown. Sup- 
pose, however, that Mg, Mo, and M^ are known. Make db ~ Mb, g'c = Mo, 
and d'd = M^. Considering the portion BC, the bending moments Mb and 
Me may be considered as arising from the loading to the left of B and to 
the right of C, and these bending moments will affect the whole of BC, as 
shown by the diagram b'bec', where be is a straight line. The resulting 
bending moment diagram for BC as a part of the continuous beam will 
be the shaded diagram Vec'ch, the base of which is he. 

Let ^2 = area of bending moment diagram b'ec\ and a 3 = area of 
Ixjnding moment diagram c[fd'. Let 2 ?b = horizontal distance of the 
centre of gravity of the diagram 
J/ec' from B, and ~ liorizontal 
distance of centre of gravity of the 
diagram cjd' from I). Also let 
aTjj — liorizontal distance of the centre 
of gravity of the shaded diagram 
I/ee/cb from B, parts below 6c being 
reckoned as negative, and parts 
above he as positive. Lastly, let S.2 denote the effective area of b'ec'cb^ 
that is, the algebraical sum of the positive and negative parts. 

Now consider the shaded bending moment diagram to be a load 
diagraui. Let TOT' be the tangent to the bent continuous beam at C, 
and lot it meet the verticals through B and D at T and T' respectively. 
By Art. 12G, BT — BI. Dividing the figure 7 //xy*/ into a rectangle 
and a triangle, as shown in Fig. 168, where is the centre of gravity of 
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the rectangle and Gg is the centre of gravity of the triangle, it follows 
that 

83*3 == + L2M3 • |L, + |L2(M<, - Mb) • §L, 

= «2^B + iL2MB + |L|Mo. 

[Fote that in the foregoing general expression, as applied to Fig. 167, 
if is positive, Mb and Mo wouhi be negative.] ^ 


Hence 


BT = 


1 

Et 


{a^^+ILiMB + iL^Mo), 


1 


In like manner DT' = - + lEgM^ + JL|Me). 

But if the three supports are at the same level as in Fig. 167, 

BT^I/F 

L]-' 

Therefore " 2 ®” 4 . + iL.MB + .1(L„ + Lb)Mc + iLsMb = 0, 

which is the form of the theorem, of iJiree moments for the case where the 
supports are at the same level. 



If the intermediate support at C is at a distance 6 below or above the 
supports at B and I), as shown in Fig. 169, then 


BT + a DT '±6 ^^^^BT_]DT' 


L., 


L. 


-ihhy 


where the plus sign applies to the case where C is below BD, and the 
minus sign applies to the case where C is above BD. It then follows 

that ^ + JLjMb + J(L, + L3)Mb + J-LgMB = ±sQ + which 

is the most general form of the theorem of three moments. 

Consider the common and simple case in which the three supports are 
at the same level, and tlieload over the span BO is uniformly distributed 
and eipial to w,, per unit of length, and the load over the span CD is 
^dso uniformly distributed and equal to w,^ per unit of length. Here 


•W2Tj2^2 — J ^^2 * 
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■ ag = |.*|^%LaL3==:iA and = 

Hence irj-?^2^2 ILoMu + -KLg + L3)Mc + l-LgMD = 0 ^ 

or, mnltiplying both sides by 6, 


-1?^ + LgMB + 2(L2 + L3 )Mc + LgM^ = 0. 

For a continiioiis beam bn w supports tiie tlieorein of three moments 
furnishes w - 2 equations, and the conditions of support at the two ends 
furnish another two equations. These n equations are sufEcient for 
deterniining the bending moments over the 7i supports. Most commonly 
the beam is free over the end supports, and the bending moments thence 
are then zero. 

134. Reactions at the Supports of a Continuous Beam. — Consider 
the reaction R(, (Fig. 170) at the 
intermediate support of two 
consecutive spans BC — and 
CD = Lg. Let Mb, M, , and M,, 


F-cffc 

" in 


o 


o 


■4^ 




be the bending moments over I^b “ me 
the supports B, C, and D re- 170^ 

spectively. Let Fy and F^ be 

the shearing forces on the beam immediately to the left and right 
respectively of the support at C. Then ILj^Fc + F^. 

Consider the span BO, and take moments about B. 

Mb = FcL^ + Mf. - WqZb . Therefore Fc- = ^ (Mj, - M^. + W^Z^), where Wg 

is the sum of the loads on the span BC, and Z^ is the horizontal distance 
of their centre of gravity from B. 

Consider the span CD, and take moments about D. 

= F'L, + M, - WaZ^. Therefore ^ (M., - M, + W^Z^), where W, 

■L'3 

is the sum of the loads on the span CD, and Zj, is the horizontal distance 
of their centre of gravity from D. 


Hence E,=F, + F' = « + 


4^2 -^3 ‘-'2 -^3 

For uniform loading of per unit run on BC and Wgper unit run 
on CD, 


•p Mb ■“ Mf. Mj) - 


3 W3L3 

- + '2 


If the beam is free over the end supports, tlien the reaction at either 
end is equal to the shearing force at that end. 

135, Example of Ooutinuous Beam, — A bridge ABCD (Fig. 171) 
consists of twc) continuous girders having a central span BC of 200 feet, 
and two side spans AB and CD each of 160 feet. There is a unifwm 
dead load of | ton per foot run on the whole of each girder, and on eacii 
girder'of the span AB there is an additional load equivalent to f ton per 
foot run. The four piers are at the same level, and the ends of the girders 
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are free. It is required to construct the bending moment and sbeariiig 
force diagrams for one girder. . 


I I I I 



jj— -^4|6 

'll I Shearing Forces in Tons. 


3|7 


Fig. 171. 

Bending Moments at Su 2 yports.--\]smg the notation of the preceding 
Articles, the theorem of three moments gives the equations : — 

i?/qLj4-i«q^ + LiM^+2(L for the spans AB 

and BC, and 1:^2^ I + 2{L2 + L 3 )Mc + LgMi^ = 0 for the 

spans BG and CD, where -uq-li, — % L^ = 160, L2==200, 

L3=160, Ma== 0, and Mp==0. Loads being in tons, length kS in feet, 
and bending moments in foot-tons. 

Solving the above equations, Mj 5 = “ 2799, and - 1322- 

Shearing Forces at Stijppo7ds.’— 

^ Li ^ 2 160 8 

Li ^ 2 160 8 

+ _H22r^9 + 2^^57-38 tons. 

Lj 2 200 4 

j, _ Mb — Mo WgLg _ _ + — -? = 42*62 tons. 

■“““"nL.r 1 200 ^ 4 

F' - MAM «.*^1322 160^4g.2g 

L3 2 160 4 

Xf - ~ ^ + 1^ = 31*74 tons. . ;■ 

Lg 2 160 4 ;• 
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Meaetions at Supports . — 

K, = FI = 82-5 tons. R„ = P 3 + F;= 117-5 + 57-38 = 174-88 tons. 

Rt^ = Fo + F; = 42-62 + 48-26 = 90-88 tons. E„ = Fi, = 31-74 tons. 

Bending Moimnts .- — 

For span AB. M == 82 *5^:^ ~ where is the distance of the section 
from A. M is zero when x^Q, or 132. Maximum positive value of 
M = 2723 when = 66. 

For span BG. M = - 2799 4- 57'38.r - where x is the distance of 
the section from B. M is zero when ^ = 70*3, or 159*2. Maximimi 
positive value of M = 493*2 when a? = 114*8. 

For span CD. M = 31*74aj - where a? is the distance of the section 
from D. M is zero when ® = 0, or 127. Maximum positive value of 
M = 1007 when a; = 63-5. 

All the bending moment curves are parabolas whose axes are vertical 
and pass through the points of zero shear and maximum positive bending 
moment, as shown in Fig. 171. 

136. Advantages and Disadvantages of Continuous Girders. — The 
chief advantage which a continuous girder has over separate girders for 
each, span will be clearly seen by reference to Fig. 172, in which the 
bending moment and 
shearing force dia- 
grams for the example 
of a continuous gir- 
der, discussed in the 
preceding Article, are 
reproduced with the 
addition of the bend- 
ing moment and 
shearing force dia- 
grams for the three 
spans when covered 
with separate girders. 

The diagrams for the 
continuous girder are 
shaded, wdnie the 
boundaries of the dia- 
grams for the separate 
girders are shown dotted where they do not coincide with the boundaries 
of the others. 

It will be seen that one effect of converting the separate girders into 
one continuous girder is to considerably reduce the bending moments in 
the neighbourhood of the middle of each span, and to produce bending 
moments at tlie supports, and also to increase the bending moments in 
the neighbourhoods of the supports. If the bending moments at the 
supports of the continuous girder are greater tlian at the other points, 
wliich is generally the case, the girders may be strengthened in the 
neighbourhoods of the supports, and the increase in weight wO i not, to 
any considerable extent, affect the bending moment diagram, the additional 
weight coming over or near the piers. A continuous girder will therefore 
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be, lighter tliari a„ series of separate girders cove,ring the same spans. It 
will ,be noticed that, the maximum shear, is still at the supports when 
the separate girders are converted into a continuous girder, and that the 
change in the values of the maximum shearing forces in the various 
spans is not very great. 

The disadvantages of contiimous girders are, ho^vevex*, serious. In 
the first place, the level of the piers is liable to changes due to unequal 
settlement or variations of temperature, and comparatively amall in- 
equalities of level may cause considerable changes in the bending moment 
diagram. In the second place, travelling loads will cause the points of 
inflexion to change, and there will be portions of the girder in the 
vicinities of those points on which the bending moments will be alter- 
nately positive and negative. This disadvantage 'will obviously be greater 
the greater the moving loads are compared with the permanent load due 
to the wxnght of the structure. The advantage of continuity is therefore 
greater in long spans, where the permanent load is tlie most important 
one. 

A continuous girder requires more care in construction than separate 
girders, because any want of straightness in the unloaded girder will 
upset the results of the designer^s calculations. 

The shearing force diagrams in Fig. 172 show that for a uni- 
formly distributed load the web of a continuous girder must be slightly 
heavier than the webs of a series of separate girders covering the same 
spans. 

137. Cantilever Bridges. — Let the shaded diagram in Fig. 173 be 
the bending moment diagram for a continuous girder covering three spans. 
If the continuous girder 
be cut at the points of 
inflexion E and F, or at 
the points of inflexion 
G and H, and joints 
be made at these points 
which are capable of 
resisting shear but not 
bending, the resulting 
girders form wliat is 
called {imntllever hridf/e, 
and they wall have all tlie advantages of the oilginal continuous girder, 
hut the hendiug moment diagram will not now' he affected Ixy any settle- 
ment of the piers. Moreover, the bending moment and shearing force 
diagrams for a cantilever bridge may be constructed by applying the 
simple j.>rincij)lGS of statics without any reference to the elasticity and 
deflection of tlie structure. The cantilever bridge has therefore the 
advantage of being simple to design and, wdiat is most important, there 
is the further advantage that there need be no doubt about the results of 
the designer’s calculations. 

It should he noticed that wdien the flexible joints are made at G and 
TI, in the centre span, the cantilevers AG and DH may need to he 
micJwred down but not Jlml at A and D, as the reactions at these points 
may become negative. 

Cantilever bridges have been used with great success for very large 
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spans. The Forth Bridge, one of _ the _ greatest achievements of the 
engineerj is a caiitiiover bridge. This bridge, which crosses the hiith of 
Forth, consists of three great double cantOevers, one at each end and one 
in the centre, the centre cantilever being connected to the others by inde- 
pendent girders. Fig. 174 is a skeleton diagram of one of the end canti- 

k- _ _ _ _680' 680- •*+>-- -350- — -H 




Fig. 174. 



levers ABG, and the bridging girders GH in the centre of one of the 
large spans. As the arm BG has to carry half the weight of the central 
girders GH and of the train loads which may be passing over them the 
arm AB is made heavier than the arm BG, and at the extremity A there 
is an additional weight sufficient to counterpoise with an excess of 200 
tons half the weight of GH when carrying a full train load. 

138. Resilience of a Beam.—- Consider a very short portion LH of 
length s of a beam, and let M be the mean bending moment over LN, 
also let 0 be the change of slope of the beam in passing from L to N. 
The work done in bending LH is equal to |M6^. But by Art. 126, 

^ 5= therefore work done in bending LN = . 

hii 2EI 

Referring to Fig. 175, let ACB be the bending moment diagram for 
a beam. Construct another curve 
AC'B on the same base AB, the 
ordinates of AC'B being equal 
to the squares of the correspond- 
ing ordinates of ACB. The work 
done in bending the i>ortion of 
the beam lying between A and 
B will evidently be equal to tlic a 
area of the figure AC'B divided 175^ 

by 2EL In measuring the area 

of the figure AC'B the unit of area is a rectangle, whose base is the 
unit of length, and whose height is the unit of bending nioment. 

In the simple case where a beam of length L is subjected to a uniform 

bending moment M, the work done in bending it is obviously If 

is the greatest stress at the elastic limit, and the distance at which 

' ■ ■ ■ . , . fj ■ ■, ■ *■ ■ , , 

it acts from the neutral axis, then M and the resilience of the beam 

Vl 
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For ;i hoain L supported at its ends and loaded with a weight 

Wat; ;u! intei’inediate point di- 
viding Linh.) two parts a and !>, 
the bending inoment diagram 
(Pig. 176) is a triangle ACB and 
the curves AC' and BC', whose 
ordinates are the squares of the ' 
ordinates of the bending moment 
diagram, are serni - parabolas 
whose axes are vertical and whose 
vertices , are at A and B re- 
spectively. Hence the area of 
WW 



AC'B = i.2!."' -0 + 0 

3 Jj"' 


3L 


' - , and the ^vork done in deflecting the 


beam is 




6LEI 

deflection at the load. 


But the wa>rk done is equal to JWS, where B is the 

■ W.-,27.2 . 

Hence 3- 


, a result which was proved in 


3LEI’ 


another way in Art. 127. ' ' 

The work done in deflecting a beam of length L may be found 
analytically as follow's. Let .r = mean distance of LN (Fig. 175) frojn A, 

BM-dr 1 T'’ 

and let rlx^s, then W(5rk done in deflecting beam — | .... I 

J,)2EI SElJo 

Applying this to the case of a beam supported at the ends and carrying 


a uniformly distributed load of w per unit of length, M = 
work done 


^(L.r - a:^), and 


)- 


2'L;kMx’^Mx\ 


'beiVT 


2LS L^\ 


76’2L5 

= 2iOEi' 


'240EI’ 


where W ~ ivh = tohil load. 


Exercises ¥111. 

1. A pitch pine beam rests on supports 15 feet apart, and carries a uniformly 
distributed load of 2 tons per foot run. The cross section is a rectangle 15 inches 
deep, and the maximum stress is 3000 lbs, per square inch at every cross section. 
I’be breadth b of the section is to vary so that the beam will bend to a circular 
arc. Find h at the centre of the span, and at 2 feet and 4 feet from the centre. 
Find also the deflection at the centre, and the radius of curvature of the neutral 
surface. E = 1,900,000 lbs. per square inch. 

2. A cast-iron cantilever, 54 inches long, carries a load of 3000 lbs. at its 
outer euid. The cross section is a rectangle 2 inches broad. At the fixed end 
the depth is 8 inches. The depth at other points is to be such that the lever 
will bend to a circular arc, and the lever is to be symmetrical about the neutral 
surface. Find the depth at 9, 27, and 45 inches from the fixed end. Find also 
the deflection at the free end, and the radius of curvature of the neutral surface 
when the lever is bent. What are the maximum stresses at the fixed end and 
at the other sections mentioned ? E = 17,000, 000 lbs. per square inch. 

3. A beam, instead of being straight when free from bending moment, is curved 
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to a radius r, On applying a bending moment the radius of curvature is altered 

from r to E. Show that and therefore if r is large compared 

U r ij\ r 

with ?/, (l^i-i^nearly. 

4. The cross section of a cantilever is a circle of diameter d. Length of lever, 

1 feet. Load at free end, 5000 lbs. Maximum stress, 9000 lbs. per square inch. 
E = 29,000, 000 lbs. per square inch. Find d and the deflection at the free end. 

6. A cylindrical cantilever is 30 inches long, and 5 inches in diameter. There 
is a load at the free end which causes a maximum stress of 2500 lbs. per square 
inch. Taking E at 1,800,000 lbs. per square inch, what is the deflection at the 
free end? 

6. A vertical mild steel tube of 6 inches external diameter, and J inch thick, 

is securely bedded in the ground. Its height above ground is 10 feet, and it is 
subjected at the upper end to a horizontal pull of 1500 lbs. Calculate the 
maximum stress at the ground section and the deflection at the top. (Take E 
as 30,000,000 lbs. x>er square inch.) [Inst.O.E.] 

7. A beam 12 feet long, 1 foot deep, and 5 inches wide rests on supports 
at its ends, and carries a load of W lbs. at its centre. The maximum stress being 
2000 lbs. per square inch, find W and the deflection at the centre. E = 1,800,000 lbs. 
per square inch. 

8. Beferring to the beam of the preceding exercise, what load, in pounds, 
distributed uniformly over the length, will cause a deflection at the centre equal 
to l-500fch of the span ? 

9. A steel joist, 10 inches deep and 10 feet long, is supported at the ends. 
The joist has equal flanges 5 inches wide and 0*54 inch thick, and a web 0‘35 
inch thick. The weight of the joist is 29 lbs. per foot. What central load, in 
addition to its own weight, will this joist carry when its deflection at the 
centre is l-lOOOth of the s^ian, and what will then be the maximum stress ? 
E = 30,000,000 lbs. i^er square inch. 

10. A wooden plank, 12 inches wide and 3 inches deep in section, rests freely 

on two supports, in the same horizontal level, which are 20 feet apart. A man 
weighing 12 stone stands in the middle of this plank carrying on his shoulder 
a hod of bricks which weighs 84 lbs. Find: — {a) The maximum stress at the 
central section due to this load, and the weight of the plank. (1 cubic foot of 
wood weighs 46 lbs.) (i) The deflection in the centre, if Young’s modulus of 
elasticity, is 1,600,000 lbs. per square inch. " [B.E.] 

11. In connection with a contract for the supply of Cast-iron pipes, certain 
bending tests were sjiecified on bars (cast at the same time) 40 inches long, 

2 inches deep, and 1 inch thick. The following results were obtained when one 
of these bars was tested on edge on a 36-inch span : — 


Load at centre of beam,l 
pounds . , . ./ 

100 

400 

800 

1200 

1600 

2000 

2400 

Deflection at centre of beam, 1 
inches , , . 

0-012 , 

0*048 

0-098 

0-160 

0-204 

0*256 

0-314 


{a) Plot on squared paper a curve to show the relation between the load at the 
centre of the beam and the deflection at the centre of the beam. (6) From your 
curve determine the load which will be required at the centre of the beam in order 
to give a deflection of one-eighth of an inch, (c) Calculate in lbs. per square inch 
Young’s modulus of elasticity for this cast-iron, (ci?) Calculate in inch-pounds 
the total work done in bending this beam up to a load of 2400 lbs. in the centre 
of the span, (c) The beam eventually broke with a load of 3200 lbs. in the 
centre. Assuming that the ordinary beam formula holds up to the breaking 
point in cast-iron beams, what was the maximum intensity of tensile stress in 
the metal at the instant of rupture? [B.E.] 

12. A steel girder, having a uniform depth of 13 feet, rests on piers which 
are 150 feet apart, and carries a uniformly distributed load. Find the deflection 
at the centre in inches ; (<x) when the area of the flanges is proportioned so that 
there is a uniform flange stress of 6J tons per square inch ; (5) when the girder 
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is of umlorm cross section' througliotifc and. the maximum flange stress, is 0|-,toriH 
per square .inob. , 13, 400. tons per square inch. ■ 

13. Show that if a cantilever of length L carries a load W at a point from,' 


the fixed end, the deflection at the free end is 


(3a-l)WL» 


14. A steel shaft AB', 8 inches in diameter, rests on supports at 0 and D, and 
is loaded at the ends, as shown- 


Al 


:W. 


— 30- 


-60‘ 


U- 


•1 


W| 


^-30 - 


B 


Fig. 177. 


in Fig. 177. . If .the maximum 
stress due to bending is 10,000 
lbs. per square inch, wbat is the 
total deflection at the centre 2 
E = 30,000,000 lbs. per square inch. 

16. A continuous girder, built 
for crossing two equal spans, ha.s 

a uniform section whose moment of inertia is I, while its uniform weight per foot 
lineal is w. The girder is launclied across the spans from one end, and, wiien its 
centre comes nearly over the central pier, the leading end will droo|) dosvnwards 
under its unsupported weight. Write the expression for the extreme deileotion 
of the leading end, the length of each span being denoted by L. (Tnst.C.E. j 

16. A cast-iron pipe, internal diameter 18 inches, and thickness 1 inch, rests 
on supports 40 feet apart,. Find the maximum bending stress and the deflection 
at the centre when the pipe is full of watei*. Take weight of cast-iron =450 lbs. 
per cubic foot, weight of water =(»2-3 Ihs, per cubic foot, and 
E = 60C)0 tons per square inch. 

17. If any Iseain of uniform section deflects 1 inch in a span 

of 100 inches under a central load, what will be the slope of the 
beam at each end ? ’ [Inst.G.E.] 

18. Suppose that three besims or planks, A, B, and 0 (Fig. 

178), of the same material, are laid side by side across a span 
L = 100 inches, and a load W = 600 lbs. is laid across them at 
the centre of the span so that they must all bend together. 

The beams are all 6 inches wide, but while A and C have a depth of 3 inches, 
the depth of the middle beam B is twice as great. How much of the weight W 
will be carried by each of the three beams, and what will he the extreme fibre 
stress in each ? ^ f Inst.G.E.] 

19. A flitch beam is made up of two timbers, each 6 inches wide and 14 inches 
deep, and a steel plate | inch thick and 12 inches deep, as shown in Fig. 179. 
Taking the modulus of elasticity of the steel as 21 times 
that of the timber, find the maximum tensile stress in the 
steel when the maximum tensile stress in the timber is 
lOOO lbs. per square inch. Find also the percentage in- 
crease in the strength of the timber beam to resist bend- 
ing due to the addition of the steel plate, allowing the 
same stresses. 

20. A beam of uniform section rests on supports 
whose distance apart is L, and carries twm loads each 
equal to W, one at a distance a from one support, and 
the other at a distance a from the other support. Show that the deflection 




Fig. 179. 


under each load is equal to — -(3L 
6E1 


* 4cfc), and that the maximum dofiection (at 


the centre) is equal to 


Wa 


21. A single line railway bridge is carried by two main girders, each of 
40 feet span. The total weight 
of a locomotive standing on the 
bridge in the position shown in 
Fig. 180 is 68 tons, distributed 
upon 4 axles, the leading axle 
carrying 8 tons, and each of the 
others 20 tons. Find the maxi- 
mum deflection of the girders, 
and where it occurs. [U.L.] 


20 TONS. 20 TONS. 20 TONS. 8T0NS. 

, ( |) ( 1) 0 6 ...-^ 


Fig. 180. 
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22. A beam of uniform section is built into a wall at one end, and rests on a 
support at a distance of 20 feet from the wall. A load of 26 tons rests on the 
beam at a point 12 feet from the wall. Taking E = 1.3,000 tons per square inch, 
and 1 = 1000 in inch units, determine the reaction of the support on the beam 
and the deflection of the beam at the point where the load is applied. Draw 
the bending moment and shearing force diapams for this beam. 

23. A beam of uniform section is built into a wall at one end and supported 
on a column, as shown in Fig. 181. The 
beam carries a load of 54 tons uniformly 
distributed. Find the vertical thrust on 
the column, and draw the bending moment 
and shearing force diagrams. At what 
points is the bending moment zero ? 

24. A beam of uniform section is rigidly 
fixed at its ends to two walls, which are 
24 feet apart. Two loads, each of 10 tons, 
are applied to this beam at points 6 feet from the walls. Determine the bend- 
ing mouients at the ends and at the centre, and find the positions of the 
points of zero bending moment. Draw the bending moment and shearing force 
diagrams. 

25. A continuous beam of uniform section covers two spans, each equal to 
L, and carries a uniform load of w per unit of length. Show that the middle 

support must be below the level of the outer supports by an amount 

order that the pressures on the three supports may be equal. 

26. A continuous girder of uniform section consists of two spans, each of 
50 feet, and carries over both spans a uniformly distributed load of 1 ton per 
foot run. Both ends of the girder are free. Calculate the bending moment 
over the middle support, and the maximum positive bending moment between 
the centre and one end. Find also the reactions at the supports. 

27. A continuous girder of uniform section and of two equal spans carries a 

uniformly distributed load of w tons per foot run. Find the bending moment 
over the central pier when the height of the three piers is the same, and also 
when the central pier, owiug to temperature effects, is raised or lowered by an 
amount equal to 25 inches. [U-L.] 

28. A rolled steel joist 40 feet in length, of I section, 10 inches deep, and 

5 inches wide, has a thickness which is equivalent to J inch in both flanges and 
web. It is continuous over three supports, forming two spans of 20 feet each. 
What uniformly distributed load would produce a maximum stress of 6|- tons 
per square inch ? Sketch the diagrams of bending moments and shearing 
forces. [Inst.C.E.] 

29. Apply the theorem of three moments to find the reactions when there 

are three level piers supporting a continuous girder carrying a uniformly 
distributed load, of 2 tons per foot run, the two spans being 200 feet and 150 
feet respectively. ^ [U.L.] 

30. A continuous girder consists of two spans. One span of 100 feet is 

loaded with 1| tons per foot run, the second span of 80 feet is loaded with 
2 J tons per foot run. Find the values of the supporting forces, and the 
maximum bending moment for the whole girder. Both ends of the girder are 
free. [Inst.C.E.] 

31. Work out the example of Article 1.35, pp. 128-130, assuming that, owing to 
settlement of the pier, the support at B is J inch below the level of the other 
supports. Take E=: 13,000 tons per square inch, and I =; 432,000 in inch units. 

32. A cantilever bridge ABO D has supports at A, B, C, and D. AB = CD 
= 100 feet. BG = 300 feet. There are hinge joints at E and F in the centre 
span. BE=CF = 100 feet. Assuming that there is a permanent dead load of 
2 tons per foot run, and a live load of 1 ton per foot run, construct the bending 
moment and shearing force diagrams for this bridge when the live load covers 
{(t) the span AB only, (5) the cantilever AE only, (c) the girder EF only. 

33. A cantilever bridge has three spans, each of 200 feet. There are hinge 
joints in the side spans at points 120 feet from the shore ends. Assuming a dead 
load of 2 tons per foot run, and a live load of 1 ton per foot run, construct the 
bending moment and shearing force diagrams when the live load covers (a) one 
side span only, {h) the centre span only. 
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34. Show felmt5 the resilience .of a bar of umform circular section when 
subjected to a uniform ^bending moment is oiie-quarter of its resilience .when 
subjected to simple te.nsion or simple crushing. 

35. A steel bar o.f uniform rectangular sectioHj 3 inches deep, 2 inches \v.id.e,' 
and 30 inches long, is supported at the ends and loaded at the centre with a 
weight W. Taking the, maximum stress, at 20,000 lbs. per .square inch, and 
B — 30,000,000 lbs. per square inch, find the number of ft. -lbs. of , elastic 
energy stored .up in this loaded bar. What would the answer be if this bay 
were placed in simple tension under the same stress? 


CHAPTER IX 

COMPOUND STRAINS AND STRESSES 

139. Directions of Stresses Generally Parallel to one Plane.— If 
a portion of a strained body be taken which is a right prism it will be 
found that in the majority of practical cases this prism may be selected 
so that on its parallel ends there is no stress whatever, and if this is so it 
is easily shown that the directions of the stresses on the remaining faces 
must be parallel to the planes of the ends of the prism. In the w^eb of a 
girder, for instance, there is usually no stress on the sides or on plane 
sections parallel to the sides, and the tensile, compressive, and shearing 
stresses are all in directions parallel to the sides of the web. 

In considering the equilibrium of a right prismatic element, on the 
ends of which there is no stress, it is most convenient to represent this 
element with its ends parallel to the plane of the paper upon w^hich it is 
projected *, the directions of the stresses couvsidered are then all parallel to 
that plane. 

In the articles and exercises of this chapter it will be assumed, unless 
otherwise stated, that the directions of the stresses considered are parallel 
to the plane of the paper, and that the plane sections upon which the 
stresses act are perpendicular to that plane. 

In proving the propositions connected with stresses in a strained body 
it is convenient to consider an element of it which is a right prism, selected 
as described above, and in many cases it is necessary to assume that the 
element is indeftmtely small to allow of the stresses being of varying inten- 
sities, because if the stress on a surface is not of uniform intensity, the 
stress on an indefinitely small area of that surface may be considered 
as of uniform intensity. 

140. Stresses on an Oblique Section of a Bar subjected to Direct 
Tension or Compression. — Let AB (Eig. 182) be a bar subjected to a 
direct pull or push by a load P 
which is uniformly distributed 
over its ends. If a is the area 
of the cross section of the bar, 
and p the intensity of the 
stress on it, then P = pa. Con- 
sider an oblique section CD 
inclined at an angle B to the 
cross section. The area of 
this oblique section is a/cos B. 

Considering the equilibrium of 
the part ACD, the force P is balanced by a force N perpendicular to 
CD, and a force Q in the plane of CD. The force N is the resultant 
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1 of a Bormal stress on CD,, and 'the force Q is .the resultant of .a tan- 

gential, or shear >stress on CD. ■ By the triangle,' of forces N - P cos 0, and 
I Q = P .sill 0. 

; If n is the intensity of the normal stress, and q the intensity of .the 

tangential stress on CD,, then N===,^^"g==P cos 6^.— jia .cos ' the,r^^^ 

cos‘^ When d = 0, n is a maximmn, and is then equal toyn 

1 ' Also Q==~^^==P sin pa sin 0, therefore q—p sin 0 cos 0, but 

^ ■ sin 0 cos ^~|sin 20, therefore = sin 20. When sin 20=1, 

i z.e. when 0 = 45°, q is a niaximum and is then equal to 

If a section be taken perpendicular to C3D its inclination to tlie cross 
I section will be 90° -0, and the shear stress on this section will be 

-|p sin 2 (90 - 0) = |p sin (180 - 20) — | sin 20, which is tlie same, as the 
’ shear stress on CD. It will be shown in the next Article that in all cases 

; where there is a shear stress on one section there is always an et|ual sliear 

j stress on a section perpendicnlar to it. 

The fact that there is a shear stress g on the section 01) having a 
I maximuni value equal to |p when 0 is 45°, suggests that if the resistance 

j of a material to rupture by shearing be less than half its resistance to 

I rupture by direct tension or compression, it will give way by shear- 

r ing when subjected to tension or compression. This is what really 

' happens with several materials, and examples will be found in Art. 166, 

p. 175. 

141. Equality of Shear Stresses on Planes at Right Angles. — 
Consider an indefinitely small rectangular portion ABCD (Fig. 183) of a 
strained body, and let h be the height, d the breadth, 
and t the thickness of this portion. Assume that 
there is no stress on the face ABCD or on any inter- 
im face parallel to it. The portion of material ABCD 

being at rest, the stresses on the faces which are 
perpendicular to the face ABCD must balance one 
another. The stresses on the faces AD and BC 
may be resolved into normal stresses p, and shear 
stresses q. In Fig. 183 the arrow’s representing the 
normal stresses are omitted. The normal stresses on 
AD and BC must evidently balance one another. 

The resultant of the shear stress on AD equals 
{ qhf, and this will also be the magnitude of the result- 

j ant shear stress on BC. These two resultants will form a couple whose 

I moment is q/ifd. Now no system of forces but a couple will balance a 

! couple, therefore the stresses on AB and CD must have components which 

/ are shear stresses s on these faces. The normal components of the 

stresses on x4.B and CD must balance one another. The resultants 
of tlie shear stresses on AB and CD will form a couple wiiose moment 
is and if this couple is to balance the other couple, then sbih — qhfh, 
, therefore .s' = g. Hence if at any point of a strained body there is a 

^ shear stress iti one plane there must be a shear stress of equal in- 

tensity in another plane at right angles to the first, but these two planes 
i must be perpendicular to a plane which is parallel to the directions of the 

I stresses. 
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142. PEie Shear Stress Eqtdvalent to ' two Normal Stresses.— 
Consider an indefinitely sniall cube ABCD (Pig. 184) of a strained body. 
Let b be tlie length of the edges of this cube. Assume that there is no 
stress on the face ABCD or on any interface parallel to it. Suppose that 
the faces AD and BG are subjected to pure shear stress of intensity q, the 
direction of which is parallel to the face ABCD, then by the preceding 



B^IG. 184. Pig. 185. ¥ iq . 186. 


Article there must be shear stresses of intensity q on the faces AB and 
CD, as shown. Imagine the cube divided into twT) equal parts by a plane 
AG perpendicular to the face ABCD. Consider (Fig. 185) the equili- 
brium of ABC, one of these parts. The resultants QQ of the stresses 
on AB and BG must balance the resultant R of the stress on AC, and by 
the triangle of forces it is seen that R is perpendicular to AC and equal 
to Q ^2. The stress on AC is evidently a tensile stress. Let r be the 
intensity of the stress on AC, then 


R = rb'^ ^2 = Q ^/2 = qh^ therefore r = q. 

In like manner, by dividing the cube into two equal parts by a plane 
BD perpendicular to the face ABCD, and considering (Fig. 186) the 
equilibrium of the part ABD, it can be shown that there is a compressive 
stress of intensity q on the face BD. 

Hence a pure shear stress is equivalent to two normal stresses at 45° 
to the shear stress, and each equal in intensity to the shear stress, hut one 
is a tensile and the other a compressive stress. 

It is evident that all sections of the cube parallel to the plane AC 
will he subjected to tensile stress, of intensity q^ and all sections parallel 
to BD will he subjected to 
compressive stress of inten- ^ 
sity q. Hence if a part of i 
the interior of the cube be I 
mapped out so as to form a 1 
rectangular solid EF having ^ 
faces parallel to AC and BD, I 
as shown in Fig. 1 $7, this q 
solid will be subjected 
to tensile and compressive 
stresses of intensity equal 
to that of tlie shear stresses on the faces of the cube ABCD. 

Conversely, it is easy to show that if a cube ABCD (Fig. 188) have 
its faces AD and BG subjected to tensile stress, and also have its faces 
AB and CD subjected to an equal compressive stress, sections parallel to 
AC and BD will be subjected to shear stress of the same intensity. 
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The tlieoreiii wliiclx lias just been proved 1ms an Iniportaut applieation 
in the case of a shaft subjected to twisting. Let ABOD (Fig, 189) be a 
square traced on the surface 
of a shaft, the sides AD and 
EG being perpendiciiiar to 
the axis of the shaft, and 
suppose ' that , this square 
represents an indefinitely 
thin prism of the material. 

The faces AD and BC are 
subjected to pure shear 
stress, and by Art. 141 the 
faces AB and CD must be subjected to an equal shear stress. Hence by 
the theorem of the present Article the diagonal face AO is subjected to 
pure tension, and the diagonal face BD is subjected to pure compression, 
also the intensities of tlie tensile and compressive stresses will the same 
as that of the shear stress. Now, if the resistance of the material to tension 
be less than its resistance to shearing the shaft will give way along AG, 
which is part of a helix whose inclination to the axis of the sliaft is 45°. 
This is what actually occurs when a cast-iron shaft is broken in torsion, 
except that the inclination of the helix is not exactly 45°. Further 
reference to this matter will be found in Art. 167, p. 176. 

As an illustration of the presence of tensile and compressive stresses 
whose directions are inclined at 45° to the directions of the shear stresses 
in a shaft under torsion, it will be foniid that a spiral spring whose coils 
are close together and inclined at 45° to the axis will he as stiff and 
strong when twisted in one direction as a tube of the same material 
having the same outside and inside diameters, but under torsion in the 
opposite direction the spring wdll he very weak. Allien twisted in the 
first dix’ection the surfaces of the coils in contact are subjected to pure 
compression, and therefore the fact that the material is divided at the 
surfaces in contact will not affect the power of the coils to resist com- 
pression. When twisted in the opposite direction the coils will separate. 

143 . Principal Stresses — Principal Axes of Stress. — Let ABCD 
(Fig. 190) be an . . a * * 

indefinitely small 
cube in a strained 
body, the face 
ABCD and all in- 
terfaces parallel to 
it being free from 
stress. The stresses 
■on the faxxes AB, 

BG, CD, and DA ' ' 

may he resol ved into , Fia 190. 

normal and shear stresses. The normal stress on AD must balance the 

normal stress on BC ; let the intensity of these stresses he denoted by p. 

The normal stress on AB must balance the normal stress on CD ; let the 

intensity of these stresses be denoted by g'. 

By Art. 141 the intensities of the sliear stresses on AB, BG, CD, and 
DA must be equal; let these he denoted by/. 
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Let BE'be a .plane section,, upon Aviiicii tliere is pure nomial stress of 
intensitjt r. It is recpiired to find r, and 6, tlie incriiiation of BE to CD, 
ill tciiiis of < 7 , and /. 

Let tlie edge of .the cube be denoted hj x. Consider the equilibrium 
cf tlie prism BCE. 


P the 

Q 

E 

F 

S 


resultant of the stress on BC — 

„ „ „ q „ CE - qx^ cot e. 

„ „ „ r „ BE = r.K2/ sin 0. 

„ „ „ / „ BC=>;2. 

„ „ „ . / „ CE=/c2cot6i. 


Resolving vertically^ 
Eccs^-F + Q. 
fx?' cot 6 + cfv^ cot <9. 

r cot cot 0 . , (1) 


Resolving horizontally, 

Esm6> = P + S. 

n# = cot 0, 

r == q-/ cot B „ . . (2) 


Solving equations (1) and (2), r = -|{p + g± V(P S'? "b 4/'^^ 


tan 26*=== or tan ^ 
g~p r-2^ 


-9. + 


There are two values of 9 which satisfy the above equations, and 
these values difter by 90°. Corresponding to the two values of B there 
are two values of r. 

The two values of r acting in directions at right angles to one another 
are called sfxesses, and two lines parallel to the directions of the 

principal stresses are called principal axes of stress. 

As a numerical example, let = 6, g = 3, and /= 2, all in tons per 


. 1 rm 6 + 3± J(6--3y^ + 4x 22 ^ 

vSquare inch. Then r = — y . J — — ~ ^ , or 2 tons per square 


inch, tan B=z 


r - q 

"T 



2, or tan 


2-3^ ^1- 

2 ’ 


To show the positions of the principal axes of stress, draw HK (Fig. 
191) parallel to the direction of p, and make it equal to unity on any 
convenient scale. Draw KL at right angles to KH, and make it = 2. 
Join HL, then the angle LHK is one value of B, Produce KH to 
M, making HM™2. Draw MN at right angles to MH, and make 
it~l. Join NH, then the angle NHK is the other value of and it 
is easily seen that the angle NHL is a right angle. Through any 
point O in tlie original cube ABCD draw OX and OY perpendicular to 
HL and HN res]iectively. OX and OY are principal axes of stress, and 
if a rectangular element be taken at O, with its faces parallel to OX 
and OY, the stresses on the faces of this element will be entirely normal, 
the stress in the direction OX being a tension of 7 tons per square 
inch, and the stress in the direction OY a tension of 2 tons per square 
inch. 

In Fig. 190, p and q are shown as tensile stresses. If p or g, or both, 
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be altered to compressive stresses, this will be equivalent to making i? or 
q, or both, negative instead of positive. It 
wv>iild be well for the student to demon- 
strate the proposition, first, taking q as 
compressive stress and p as tensile stress, 
and then again, taking both p and g as 
compressive, stresses.. 

The case where p or q is equal to zero 
is one of great practical importance, and 
will be considered in the next Article. 

144. Principal Stresses due to Oom- 
Mned Bending and Twisting. — When a 
shaft of diameter d is subjected to a bending 
moment B, the maximum tensile and com- 
pressive stresses produced are given by the 

equation p ^ and these stresses are in direction parallel to the axis 

of the shaft. If the same shaft is subjected to a twisting moment T, the 



JGT 


Let- 


maximurn shear stress produced is given by the equation 

ABGD (Fig. 192) be an indefinitely small square prism of the material of 
the shaft in the neighbour- 


hood where 
compressive 


the tensile or 
stresses are a 
maximum, the face ABCI) 
being on the surface of the 
shaft, and AB parallel to its 
axis. Then by the preceding 
Article, putting g==0, there 
will be pure normal stresses 
on planes at right angles to 

one another, the intensities of these normal stresses being given by the 



Fig. 192. 


equation T^l\p± + 


Inserting the values of p and / given 

^s{B± 


The 


16 . 


IS + + and when p is a 


greater of these two values of f 

tensile stress the greater value of t is a tensile stress, but when p is a 
compressive stress the greater value of ?* is a compressive stress. Kow, 
since the resistance of the material of shafts to compression is greater 
than the resistance to tension, the maximum value of r should be con- 
sidered as a tensile stress. 

The equation r =~{B+ + may be put in tlie form 

^#r = B + \/lPVf^. Now, a simple twisting moment = 

produce a pure shear stress and also a pure tensile stress ( Art. 142) of 
intensity r, therefore a twisting moment a^/B‘-^-}"T- will produce 

the same maximum normal stress as is produced by the combined action 
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of the bending moment B and twisting moment T. T,, is, called the 
equivdeM k()idmg m 

In using the formula T, = B + it must be remem- 

bered that r is not a shear stress, but a tensile stress. This is a point 
which is frequently misunderstood, and it may be well to restate the case 
as follows When a shaft of . ^ 

diameter d is subjected to a pure A,rr;:» , B 

twisting momentT, then T = 

where / is the shear stress on the 
faces AB, BG, CD, and DA 
(Fig. 193} of a square element 
of the skin of the shaft, AB 
being parallel to the axis, hut 
f is also the tensile stress on AG, If a bending moment B 
is added, this shifts the plane of tensile stress to EF (Fig. 
194), and increases its value from / to r, the value of r being 

T = J^dyand T, 



h{B -f Hence it may be said that in the formuliB 

: / and r are both tensile stresses. 

It is easy to .show that if B^ is a bending moment which will produce 
the same maximum normal stress as a bending moment B and a twisting 
moment T acting together, then Bg= + T^. In applying this 

to a shaft, Bg must be equated to where / is the maximum normal 

stress. 

145. Maximum Shear Stress due to Combined Twisting and 
Bending. — Let ABCD 
(Fig. 195) he an in- 
definitely small square 
prism of the material 
of a shaft of diameter 
d which is subjected 
to a bending moment 
B and a twisting mo- 
ment T, the face ABCD 
being on the surface of 



Fig. 195. 


Fig. 19(1 


the sliaft in the neighbourhood of the greatest bending stress. AB 
is pirallel to the axis of the shaft. The faces AD, GB, AB, and 


GD are subjected to shear stress /= The faces AD and CB are 

■ ■ . .'TT# ■ ■■■ 

also subjected to bending stress. In Fig. 195 the bending stress is a 

tensile stress p ~ . These stresses produce a pure normal stress 

on planes parallel to GJ, and a pure normal stress on planes parallel 
to DK, which is perpendicular to CJ. By Art. 143, putting r/- 0, 


= Ip + 1 -P 4/2 and + if\ 
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Consider the indefinitely small square HJlvL, sliown ^Tiljirged 

in Fig. 196. Let JK = .ty and let the depth of the prism at rigiit angles 
to the plane of the paper also be a*. Cut ofi: from the juism ILJ KL a 
wedge KNJ, the aiigle JKN being a. Consider the equilibrium of the 
wedge KNJ. On the face JK there is a normal stress /y , the resultant 
of which is On the face JN there is a normal stress the re- 

sultant of which is rgih- tan a. On the face KN there is a stress equiva- 
lent to a normal stress and a shear stress /g . The resultant of the 

normal stress on the face KN is n ^ , and the resultant of the shear 

cos a 

stress on this face is Resolving these resultant forces parallel 

* cos a 

to EN, /v -A — = sin a + tan, a cos a, or 

cos a ^ ^ 

/g - sin a cos a + r 2 sin a cos a = | (/q + sin 2a, 

Hence /g is a maximum when a = 45'^, then /g^ |(vq H- r.,). If tensile 
stress is positive and compressive stress is negative, and if a,nd 
carry their proper signs with them, then - i(yq - vy). lns(‘rting the 
values of r\ and rg in terms of j? and /, then the maximum ^'alue of 

fs I 2’ = 1 and/= , therefore /g = ^/Tf^TT'- 

and 


4- T^'. But a simple twisting momeiit T^, = would 

produce the same shear stress /g . Hence a simple twisting moment 
Tg = ^B^ + T"'^ will produce the same maximum shear stress as the bend- 
ing moment B and twisting moment T acting together. 

A bending moment 1\. = Tg= ^/B^ + T^ would produce a maximum 
normal stress equal to 2/g, and therefore (Art. 140, p. 13<S) a maximum 
shear stress at 45° to the direction of the normal stress. 

There is little doubt that in the case of ductile materials, such as mild 
steel, it is the resistance to shear which determines the strength (see Art. 
166, p. 175). Hence in designing shafts made of ductile material, ^nd 
which are subjected to bending and twisting, the 

should be used in preference to the one Tg — B+ ^yB-q-T^. But, for 
mild steel shafts, in equating B-4 JW^T^ to 

tiiembered that /q is a tensile stress, while in equating ^^B^ + T- to 

the stress /g is a stress, axid/g^ -J/p 

Guest was the first to demonstrate that mild steel shafts subjected 
to bending and twisting gave way by shear,* and his theory and the 
results of his experiments have been confirmed by Hancock, Bcoble 
C. A. Smith, and others. 

Tg:= is generally called the “ Guest formula, and 

Tg = B-h is generally called the “ Rankine” formula. 

Shafts designed by the Rankine formula are weaker than those 
designed by the Guest formula. 

^ “ Strength of Ductile Materials under Combined Stress,” PhU. July DJOO. 
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■ 146. Stresses in a Cranked . Shaft. — A cranked shaft is a good 
example of a structure subjected to both bending and tv/isting, and 
particular attention should be directed to the fact that the crank pins 
are generally subjected to twisting as well as the shaft itself. The forces 
acting on a cranked shaft usually vary in magnitude and direction as the 
shaft revolves, and each part of the shaft must he designed to withstand 
the greatest straining action which may come upon it. 

A simple example will serve to indicate how the stresses in a cranked 
shaft are determined. Fig. 197 shows a. cranked shaft turning in bear- 



ings at A and E. The shaft has two crank pins B and D, the axes of 
which are in the same plane as AE, the axis of the shaft. The parts 
A, B, G, I), and E are each 3| inches in diameter. Fig. 198 shows how 
the shaft is loaded when the cranks are in a vertical position. There is 
a pure torque on the left-hand end of the shaft, a force P of 4800 lbs. 
on the crank pin B, and a force Q of 6000 lbs. on the crank pin D ; the 
lines of action of P and Q are perpendicular to the plane containing the 
axes of the crank pins. It is required to find the maximum stresses in 
the pins B and D, and in the shaft at C. 

Imagine the shaft produced to the points F and H directly opposite 
to the centres of the crank pins B and D respectively. The equilibrium 
of the shaft will not be affected by applying at F forces Pj and Pg acting 
in opposite directions and each parallel and equal to P. Nor will the 
equilibriuni be disturbed by applying at H forces and Qg each 
equal and parallel to Q, as shown. 

P and P| being equal and parallel forces acting in opposite directions 
form a couple, and since a couple can only have a turning effect, there 
can be no pressure on the bearings due to these forces. The forces Q 
and Q| also form a couple. The reactions on the shaft at the hearings 
at A and E must therefore be due to the forces Pg and Q*,. Taking 
moments about A, Eg is found to be 3120 lbs., and taking moments 
about E, 111 f<>^3^^^d to be 1920 lbs. . 

Consider the straining actions on the crank pin B. The only 
force to the right of 1) is E^ , and this produces a bending moment 
«= 3120 X 8 24,960 inch-lbs., and a twisting moment — 3120 x 6 — 18,720 
inch-lbs. Using the Eankine formula, the equivalent twisting moment 
at D due to these is 

24960 + - 56,160 inch-lbs. 

If / is the maximum stress in the pin D, then ^(3|)y=== 56,160,from 

which /= 6671 lbs. per square inch. 

Consider next the straining actions on the shaft at C. Taking the 



COMPOUHJD; BTRAINB A¥D STRESSES 


147 


forces to tlie riglit of C, tlie forces 11, and produce a bending UHnnent 
= 3120 X 15 ~ 6000 X 7 *= 4800 inch-lbs., and the forces Q and Q| 
produce a twisting moment === 6000 x 6 36,000 incii-lbs. The equivalent 
twisting moment at G due to' these is/ 

4800 + 36000^ = 4 1 ,1 19 inchdbs. 

If / is the maximum stress in the shaft atC, then ^(3-|)y=41,119, from 

which /= 4884 lbs. per square inch. 

Consider lastly the straining actions on the crank pin B. Taking the 
forces to the rignt of B, the forces and Rg produce a bending inonient 
= 6000 X 14 - 3120 X 22 ™ 15,360 inch-lbs., and the forces Q, Qg, and 
R 2 produce a twisting moment = 6000 x 12 - 31 20 x 6 ~ 53,280 incli-lbs. 
The ec|uivalent twisting moment at B due to these is 

' 1 5360 -1 /1 536 FT53f8¥2 - 70^ 

If/ is the maximum stress in the pin B, then ^’^(3|)/== 70,810, from 

which /= 8411 lbs. per squaiT. inch, 

147. Ellipse of Stress. ---ABCI) (Fig. 199) is an indefinitely small 
cube, edges of length, I On the faces AD and BG there is pure normal 
stress of inten- 
sity _p, and on 
the faces AB and 
CD there is pure 
normal stress of 
intensity q. It is 
required to find 
the direction and 
intensity of the 
stress on any 
interface LIST in- 
clined at an angle 
0 to AB. Draw 
MN parallel to 
AB. Consider 
the ecpiilibrium 
of the element 
LMN. The re- 
sultant of the 

stress on LM = pT^ tan 0 = P. The resultant of the stress on MU = = Q. 

Let r denote the intensity of the stress on LN, R the resultant of this 
stress, and <l> its inclination to LM. ’R — rl-j cos $. Then, since 11 must 
balance P and Q, , 

R sm <i=P, or sin 6 = 5;?^ tan therefore siii 6=-- sin <l>. 
cos 0 

R cos f/> = Q, or co,s = therefore cos 5 = - cos cji. 

cos p q 

= sin^ e + cos2 6=1. 

pi t 




Hence 
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cos“ 0 ^ 

7 ''^ 


Also, sill- sm“ aiid cos^i/> = ^-;5 

■7‘- ■ r- 

therefore, r- 9 +q^ cos- B, and tan </> == | tan B, 

Draw OX parallel to P, OY parallel to Q, and 0.5 parallel to R. 
Make Os — r, Draw and s?i parallel to OX and OY respectively. 
Let Oii^x=^r sin and Om = y = r cos </>. Then, substituting ^ for 

r sin </>, and y for r cos </^ in the equation at the foot of p. 147, ^ ^ 

which is the equation to an ellipse whose semi-axes Oa and Ob are equal 
to p and g respectively. 

The point s may be found graphically as follows. Draw OiJT perpen- 
dicular to LN, to meet a circle with centre O and radius Oa at t, and 
a circle with centre O and radius 0& at T- Through T and t draw 
parallels to OX and OY respectively to meet at s. 

OX and OY are principal axes of stress, and the ellipse, wdiose semi- 
axes are Oa and Ob, is called the elliptse of stress. 

If the stresses 2^ J3,nd q have opposite signs, that is, if one is tensile 
and the other compressive, then Of ~p must be measured in the opposite 
direction from O. The construction being completed as before, Os' will 
be the direction and intensity of the resultant stress on the interface LN. 

148, Shear Stresses in Beams. — The existence of a transverse shear 
stress in beams has been discussed in Art. 99, p. 87, and in Art. 141, 
p. 1 39, it has been shown that a shear stress in one plane is always accom- 
panied by a shear stress of equal intensity in planes at right angles to 



that plane ; hence there is shear stress in horizontal longitudinal sections 
of a horizontal beam. The object of this Article is to determine the 
intensity of the longitudinal shear stress at any point in a beam, and also 
to show how the intensity of the transverse shear stress varies at difFerent 
points in the depth of the beam. 

Before discussing the general case of a beam of any section, it will be 
advantageous to first consider the simple case of a beam of rectangular 
section. Fig. 200 sliows a portion of a rectangular beam of depth d and 
breadth h. YY and Y'Y' are two transverse sections very near to one 
another, and W, at a distance x from YY, is the resultant of all the external 
forces acting on the beam to the right of YY or Y'Y'. The bending moment 
at YY is Wx, and if f is the maximum stress at this section due to the 
bending moment W^, then Wx - \hdYi* The bending moment at TY' 
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is W(aJ + ^), and if f. is the maximum stress* then 
Hence 

The distribution of the stresses due to bending on the upper half of 
the sections YY and Y'Y' is shown in Fig. 200. A portion A of the 
beam bounded by the sections YY, Y'Y', the top surface of the beam, and 
a horizontal section at a distance A- above the neutral surface, is pulled to 

the right by a force Rj, = and it is also pulled to the left by a 

^ . The resultant of these two ];)ulls is a pull to the 


force R, 


'2 = %( 


4 d 


left by a force R = R^ - = ^(/g “/i)^ j - J-jl, and this is balanced by 

the horizontal shear on the under surface of A. Let ^ equal the intensity 
of the shear stress on the under surface of A, then Uq ^ 

■l^tit therefore and this by Art. 141 must 

be the intensity of the transverse shear stress on the section YY at a 
distance li from the neutral axis. 

The equation q = ~ connecting q and li is the equation to a 

parabola which, when drawn as shown in Fig. 201, represents the dis- 
tribution of the shear stress on a transverse section of the beam. 

The maximum shear vstress in the case just considered evidently 
occiirs at the neutral surface of the beam or neutral a.xis of the transverse 

section where its intensity is but since the total \^--z H 

transverse shear is W, the average transverse shear stress 

. W 

IS — , hence the maximum transverse shear stress is 14- 
ha 

times the mean. 

Proceeding now to the general case of a beam 
of any form of cross section, and referring to 
Figs. 200 and 201, and also to Fig. 202, which 
represents the section of the beam, the stress due Pio. 202. 
to bending at a distance y from the neutral axis 

~ at the section YY, and f~-i^ at the section YT'. 

Vi Vx 



Rj betw^een the limits y-li and 

y \ ^ y \ 

But Ijyzhj — ay^ , where a is the area of the section beyond the line at a dis- 
tance from the neutral axis, and is the distance of the centre of gravity 

of that area from the neutral axis. Therefore R. ^^-avr . . In like manner 

Vi 

^2 ' Hence R = R^ *- Rj ^ (/^ Again, W;t‘ and 

Vx " . " ’ Vi y\ 

A1so,R = ^R Hence^y-^B* 
yi Vx ^ H 


../•f 
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An interesting case of great practical importance is that of a Hanged 
beam, which whll now be considered, and for the sake 
of simplicity a numerical example will be taken. The 
I section shown in Fig. 203 has a total depth of 12 
inches, the flanges are 8 inches wide, and the wmb and 
flanges are all 2 inches thick,. The formula which gives 
the shear stress at a distance h from the neutral axis 

has just been proved to be ^ ~ . 

Consider the value of q at the neutral axis, where the shear stress is 
greatest. Here a = 24 square inches, 2 /o = 4 inches, and h = 2 inches, therefore 
■ 48W 



Fig. 203. 


16 square inches, = 5 
2 inches, therefore the value of q at these places is 


At the junctions of the web and flanges, a 
inches, and b 


In the flanges at places indefinitely near to the junctions with the 
w'-eb, IG squai-e inches, '^0 = ^ inches, and % inches, therefore q in 

low 

the flanges at these places 

For the dimensions given 1 = 896 in inch units, and if W==14 tons, 
the three value.s of q considered above are 1680, 1400, and 350 lbs. per 
square inch. The diagram to the right 
in Fig. 203 show’s the distribution of 
the shear stress. It will be seen that 
.not only does the wmb take a large 
proportion of the whole of the shear 
stress, but that the shear stress is 
nearly uniform over the section of the 
web. It may be noted that the 
curves in Fig. 203 are parabolas. 

In most practical cases the maxi- 
mum shear stress on a section of a 
beam is at its neutral axi.s, but this is not always the case. For example, 
consider a section which is a square (Fig. 204) wdth one diagonal vertical 
(in the plane of bendiiig). Let d equal the length of a diagonal of the 
square. Using the same notation as before, it is easy to show that 

q “ Differentiating, y? = - 



Fig. 204. 


a maximum when 2d - 


Differentiating, „ 
dh 

167i = 0, or4 = cV8. 


•164). Hence O' is 


Putting 7^ = ^f/8, the maximum value of q is 


m 


Putting li = 0, the value of q at the neutral axis is 




m 

(72 


2W 


the same as the value at the 


The mean value of q is W -f 
neutral axis. 

The variation of tlie stress is showm plotted to the right in Fig, 204. 
The curved lines are portions of parabolas w^hose axes are horizontal, and 
at distances (7/8 from the neutral axis of the section. 
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The distribution of a shear stress over a section of a beam may be 
found by making use of the section modulus figure which was described 
in Art. 113, p. 105. A little consideration will show that the force R 
(Fig. 201) is equal to -/|), where % is the area of that part of the 
section modulus figure which lies beyond the line at a distance /i from 

bl ' 


the neutral axis. Hence it follow’S that g' = 


Exercises IXa. 





TTTT* 

Fio. 205. 


1. A cube ABCB (Fig. 205) is subjected to compressive stress of 10 tons per 
square inch on the faces AB and CD. Taking D as the origin, 
draw a polar curve showing the intensities of the shear stresses 
on inclmed sections through JX Scale, 1 inch to 1 ton per 
square inch. 

2. A cube A BCD ( Fig. 206) Is subjected to a compressive 
stress of 3 tons per square inch on the faces AD and BC, and 
also to a compressive stress of 5 tons per square inch on the faces 
AB and CD. ermine the shear stresses, in tons per square 
inch, on the interfaces BD and BE. 

3. On A and B, the opposite faces of a cube, there is no stress, but on 
the remaining four 

faces there arb nor. ,,,,,,,, AA 1 I i J U i B F I i i I R 

mal stresses, of the - i i t i • i i i ' ■ ■■ ' ■ 

same kind, and of 
intensity p. Show 
that there is no 
shear stress on any 
interfaces w h i c h 
are perpendicular 
to the faces A and 
B, also that the 
intensity of the 
normal stresses on 




FiU. 207. 


B 


Fia. 206. 
these interfaces is equal to p. 

4. ABCD (Fig. 207) is a cube. On the faces AD and BO there is tensile 
stress of intensity p, and on the faces AB and CD there is compressive stress of 
intensity q. Show that there is xnire shear stress of intensity /on all interfaces 
inclined at an angle d to AB, and find /and 6 in terms of p and q. 

Consider the equilibrium of the element BCE.) 

5. The rhombus ABCD (Fig. 208) is one end of a right prism. There is pure 
shear stress of intensity /on the faces AB, BC, CD, and 
DA, as shown. Prove that the interfaces AG and BB 
are subjected to pure normal stresses of intensities 
p and q respectively, and that interfaces, such as 
BE, which are perpendicular to BC, are subjected to 
shear stress of intensity /, and a normal stress of 
intensity s. Express p, and s in terms of /, and 6 
the angle ABD. 

6. The maximum tensile stress on a shaft due 
to the bending moment is half the maximum shear 
stress due to the twisting moment. The maximum tensile stress due to 
the above two stresses combined is 12,000 lbs, per square inch. If the 
diameter of the shaft is 3 inches, find the twisting and bending moments in 
inch-lbs. 

7. The maximum stress on a shaft 3 inches in diameter is 9000 lbs. per square 
inch, and the shaft is subjected to equal bending and twisting moments. Find 
the twisting moment in inch-lbs. 

8. A shaft transmits 50 horse-power at 135 revolutions per minute. There is 
a bending moment on the shaft equal to three-fourths of the twisting moment. 


/ 

' 
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Fig. 
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Taking tbe maximum stress at 10,000 lbs. per square inch, find the diameter of 
.. the shaft. 

9. The external diameter of a hollow shaft is 15 inches, and the internal 
diameter is 10 inches. The shaft is subjected to a bending moment equal to 
the twisting moment, and the maximum stress is 10,500 lbs. per square Inch. 
Find the horse-power transmitted at 85 revolutions per minute. 

10. A shaft 5 inches diameter is subjected to a thrust of 15 tons along its 
axis. There is a bending moment on the shaft equal to half the twisting moment. 
The maximum compressive stress is 13,000 lbs. per square inch. Find the horse- 
power transmitted at 120 revolutions per minute. 

11. lief erring to Figs. 197 and 198, page 146. If the forces P and Q are 

each 9000 lbs., and the angles PBF - 

and QDH are each 60°, what mu^ 30 TONS 

be the diameters of the crank pin B T 

and the shaft at C if the maximum J 1 

stress is 9000 lbs. per square inch ? **•' j ^ 

12. The centre lines of the crank ^ 

Bhidi of a single-cylinder engine are I 

shown in Fig. 209. When the crank Clt 3 ft ^ . 2 O' _ ^ 

and connecting-rod are at right 
angles, the effective force on the rod 
is 30 tons. The work is entirely 

taken off at the right-hand end, and j 2()9^ 

the bearings may be assumed to 

exercise no restraint on the shaft. Calculate the bending moment and twdsting 
moment on the crank pin, and find the maximum direct stress induced, the pin 
being 12 inches 

internal and 21 1^ 

inches external 

diameter. [U.L.] , ^ 

13. The cranked , . ? - j — =?=r 

shaft (Fig. 210) 6 I k- -8 - ■>!<-- 8 - -H I | j 

turns in bearings j § ■ ! 

at A and B. The p^Pu 
cranks 0 and D 

are in the same IiG. 

plane, and the forces P and Q act at right angles to that plane. P = 2000 lbs., 
and Q=2400 lbs. Find the equivalent twisting moments in inch-lbs. on the 
shaft at A and on the crank pin at C. 

14. Same as the preceding exercise, except that the crank 0 and the force Q 
are turned through a right angle, as shown in Big. 211. 

15. A three-throw cranked shaft used for working a set of three deep well 
pumps is shown in Fig. 212. The rods are so long that the forces on the crank 


Fig. 209. 


Fig. 210. 


big. 211. 


pumps is shown m Fig. 212. The rods are so long that the forces on the crank 
pins may be as- 

,?• , , 1?°°^. 

shaft turns in > 1 r f C i l 

bearings at A ^W//////mr Jl/ \tnnn 

and E, and it > Pa^ 'B J ' 

is driven by ^rfrir^fv- ' i I 1 

pure twisting ^ \ * \ *0 J 

at the end A. n . i <* ' 

The cranks K>I2 “ -|0^ - ^ ~ *2 “Ai 

lono' Fig. 212. 

120 with one 

another. Allowing for bending and twisting, determine the diameters (in 
indies) of^ the three crank pins for the given loads when the shaft is in the 
given piosition^ (a) by the Kankine formula, and (6) by the Guest formula. 
Maximum tensile stress, 9000 lbs. per square inch. 

16. A wooden beam, 3 inches deep and 2 inches wide, when tested, gave way 
by shearii^g along the neutral surface when the load at the centre of the span 
reach cxi 2760 lbs. What was the intensity of the longitudinal shear stress in the 
plane ot fracture, assuming that the distribution of stress at fracture is the same 
as witiiin the elastic limit? 


- 12 " - 

' . Fig. 212. 
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17. Two cross sections 1 inch apart of a rectangular heam 3 inches broad by 

8 inches deep are subjected to bending moments of 20 and 30 incli-i.oiis resjK'c- 
tively, Betermiiie the maximum shear stress on the sections, and draw <iiagrarns 
of shear stress and direct: stress. jli.L. j 

18. A cantilever oi* mild steel 10 inches long, 2 inches deep, and 11 inches 
wide, carries a load of 1000 lbs. at its free end* Construct the (mr\'e which 
show^s the intensity” of the transverse shear stress at any point of t.he dt^pth. 
»Scales.~— Linear, full size. Stress, 1 inch to 500 lbs, per square inch. 

19. A rolled steel joist has a total depth of 15 inches j the Hang«‘s are 0 
inches wide and 0*85 inch thick, and the web is 0*54 inch thick. The total trans- 
verse shear at a certain cross section is 30 tons. What is the maximum intensity 
of the shear stress in the cross section, and what multiple is it of the mean 
shear stress, assuming that the web takes the whole of the shear. Draw the 
diagram which shows the actual distribution of the shear stress in the cross section. 



Fia. 213. 

20. Cross sections of various beams are shown in Fig. 213. If the shear 
stress at the neutral axis in each of these sections is 
6000 lbs. per square inch, calcnlate for each the mean 
shear stress in lbs. per square inch. 

21. Eeferring to Fig. 203, page 150, and the dimensions 
in the text, and remein boring that the diagram in Fig. 203 
shows the variation of the intemit'^ of the shear stress, 
determine the fraction 'which the total shear on the 
section of the web is of the total shear on the whole 
section. 

22. Deduce an expression for the intensity of shearing 
stress at any place in a cross section of a beam. Draw 
to scale a diagram showing the intensity of shear stress 
throughout a cross section (Fig. 214), 2 feet from one 
support, of a girder of 80 feet span, supported at the ends, and carrying a 
iiniformly distributed load of 60 tons. The greatest moment of inertia is 3860, 
calculated from dimensions in inches. 

149. Bending OomMned with Tension or Compression.-— A piece 
AB has an arm CD upon which a force P acts as shown in Fig, 215, the 


3T 
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line of action of P being }:>arallel to the line YY, which is the edge view 
of the neutral surface of AB when considered as a beam subjected to 
bending, the plane of bending being the plane of the paper. 

Let XX be any cross section of AB. If forces P^ and Pg each equal 
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and parallel to P be applied as shown at points P and II in YY j}rodiicedj 
these added forces will not adect in any way the stresses at XX, because 
Pj and JY balance one another. P and being equal and i:>arallel forces 
acting inapposite directions form a couple which produces a pure turning 
or bending action at XX. The bending moment is Pr, and the distribu- 
tion of stress at XX due to Pr is shown at (a), where is the tensile stress 

. ' I 

along AC, and is the compressive stress along BE. Pr , 


also Pr —/^Z 2 where I is the moment of inertia of the section XX 

"1/2 

about its neutral axis 0. From these equations == , and/g . 


The forcc3 Po will produce a direct tension, and the tensile stress at 
P P 

XX due to Po is ‘ ™ /» . wdiere a is the area of the cross section XX. 
a a 


The distribution of this stress is shown at (d). 

Combining the stresses due to the pure bending and the direct tension 
as shown at (c), it is seen that there is a tensile stress / along AC equal 
to and a compressive stress along BE equal to -/g. If /2 is less 

than ,4 j then /g is a tensile stress. 

Example. — Referring to Fig. 215, the section at XX is a rectangle, 
depth XX = 6 inches, breadth = 3 inches, r = 5 inches. Total tensile 
stress along AC = 5 tons per square inch. It is required to hnd P and 
the stress along BE. 

Pr = 1 wy, , that is, 6P = I X 3 X 6% tence /i = 5? . 


A =/i = rl " I ■ 

inch, and is a compressive stress. 

150. Strength of a Bing. — Pig. 216 shows a ring of uniform cross 



Pig- 316- Pig. 217. Fig. 218. Fig. 219. 


section carrying a load W. The mean radius of the ring is r. There is 
at the horizontal section at B a Bending action tending to diminish the 
curvature of the ring at B, and at the vertical section at A there is a 
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bending action tending to increase the curvattn-e of the ring tit A. Tliore 
must therefore be some intenuediate point F in AFB at wliicli Mien.^ is 
no tendency to alter the curvature of the ring, and therefore at F there 
is no bending action ; consequently at F the ring may he jointed witlnmt 
altering the stresses in the other parts. There are obviously four points 
at which joints may be introduced, these being synxmetrically situated with 
reference to the vertical and horizontal diameters AC and RE, as sliown 
in Fig. 217. The ring now consists of four links connected by pin joints. 

The lower link FK, shown detached in Fig. 218, is in the condition 
of a beam supported at the ends and loaded in the middle. The inaxi- 
munx tensile stress / due to the bending moment will be at L, and will 
16 'Wa? ■ ■ . ■ ■' ■ ■ ■ . 

be equal to — » assuming the cross section of the ring to be a circle of 
diameter d,' 

The right-hand link FH, shown detached in Fig. 219, is sul jected to 
a’ maximiini bending moment at the horizon bxl section at R airiounting 
W 

to causing a maximum tensile stress at M equal to 


16 W(r-i:srb ... . ' 

— -A , In addition tliere is a uniform tensile stress A 

ow ' w 

zontal section at B equal to due to the load . The 

Tra- -2 

.t M i, + 


on the liori- 
total stress 


Now it seems reasonalxle to suppose that the points F and H vill be 
so situated that the total stress at M will equal the stress at L, Ixecause 
when the first permanent set takes place, say at M, if there is not a 
simultaneous permanent set at L, the line FH would shift towards M, 
causing the bending moment, and therefore the stress, at L to increase. 
The line IHI will therefore adjust itself so that permanent set takes place 
simultaneously at M and L, and therefore the stress at M must be the 
same as that at L. I^fakirig use of this, 



r = , 




.(8^^+ 1). 


The foregoing results are only roughly approximate, because of the 
assumption that the moment of resistance to bending of the curved piece 
FBH is the same as for a straight piece. In the case of a curved bar 
subjected to bending the neutral axis of a cross section does not pass 
through, its centre of gravity, and the stress does not vary uniformly from 
the neutral axis, as in the case of a straight bar. Tlie errors in the 
fornxnlse deduced above are on the wrong side for safety. 

For a full discussion of the theory of bending of curved bars the 



student is referred to Morleyh Strength of Materials. 

151, Poisson’s Ratio. — When a bar is subjected to direct stress, either 
tensile or compressive, there is not only a longitudinal strain, but also 
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a, traiiHverso strain. If a bar of lengtli breadth and thickness be 
loaded, say in tension, in tlie direction of its length, the length will 
iian’easo by an amount .r, the ])readth will decrease by an amount ?/, and 
the thickness will decrease by an amount s;. The longitudinal strain 
is .r 7, and tlie transverse strain is yjh or zjt 

It is fuiuul that, within the elastic Hmit, the ratio of the transverse strain 
to the longitudinal strain is constant for any given material, and this con- 
stant ratio is generally called Pomo/i’s ratio. In this work Poisson’s ratio 

is denoted by cr ; thus a = ^ For metals cr is generally 

longitudinal strain 

between J and but values as low as 0*22 and as high as 0*45 are given 
by different authorities. For india-rubber, cr is about J. 

152. Relations between cr, E, C, and K. — Let a cube ABCD (Fig. 
220), whose edges are of length be subjected to tensile stress of in- 
tensity / on the faces A D and BC, and all interfaces parallel to them. 
Also let the faces A B and DC, and all interfaces parallel to them, be 
subjected to a crushing stress of intensity/. The cube will assume the 
rectangular vshape A'B'G'Dh 

The tension will cause a strain in the direction EG amounting to//®, 
and the compression will increase this strain by the amount o//E. There- 
X f 

fore the total strain ^ (1 + c). 

According to Art. 142, equal tensile and compressive stresses acting 
at right angles to one another, as in this case, are equivalent to shear 
stresses of the same intensity on planes inclined at 45® to the directions 
of the tensile and compressive stresses. If, therefore, a rectangular solid 



be formed whose front face is the square EPGH, having its angular points 
at the middle points of the sides of the square ABCD, the faces of this 
solid, which are perpendicular to EFGHL,will be subjected to pure shear, 
and the intensity of the shear stress will be/. If <p is the angle of dis- 
tortion, then When the block EFGH is strained it assumes the 

form E'E'O'H', and the angle E'F'G' = | + ^. Let E'G' = ^ + », and let 

EF be denoted by a, then 
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But since 
o,-,, 4’ 4> 


cos‘4'-.sin^| j . 

^i(^cos2 +sm2j. 


<f>. <h 

^ IS a very small angle, cos -^ niay be takerr=l, and 


Therefore - — ?= ./2( 14-” 


Hence ^ +2) ~ ~ I “ f “ 2*0 ’ 

X f 

But it has al ready been shown that j — +tr). 

Therefore |^j = |{(H-o-) or E = 2C(1 +«■). 

If the faces AG and I)H of a cube AH (Fig. 221) be subjected to a 
norinal pressure of intensity p, the edge AD will be shortened, and the 
strain produced will be p/'E, If, in 
addition, the faces AE and BH. be 
subjected to a uniform normal pres- 
sure of intensity p, the edge AD win j 

be lengthened, and the strain pro- JE ^ 

duced in AD by the pressures on ^ 

AE and BH will be crp/E. D . C CyyyyyD 

In like manner, normal pressures 221. 

of intensity p on the faces AC and 

FH -will lengthen the edge AD, and the strain in the direction AD, due 
to the pressures on AC and FH, will be o-p/E. 

When all the faces are subjected to normal pressure of intensity p, it 
follows that the strain produced in the direction AD will be 

E ■e'“e(^“"V 

But the strain in the direction of each edge will be the same, and the volume 
strain will be three times the above linear strain (Art. 81), therefore volume 

strain = '^(1 - 2o-). But volume strain = g . Therefore g 

or E = 3K(1 -2(r). 

From the equations E = 2C(1 -Per) and E = 3K (1 - 2fr), the following 
relations are easily obtained : — 

9CK BEK CE 

■^“CTBK* •^~9C'“-M* 

.^E ~ 2C___ 3K - E 3Kj- 2C 
^ 2C 6K"~ 2C + 6K‘ 

It is evident that if any two of the four quantities, E, C, K, and cr, 
be found by experiment, the other two can be calculated. 
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153." TMck Hollow Cylinders.— In Art. 90, p. 76, it was shown that 
if a thin eyliridrical shell of diameter d and thickness t be subjected to an 
internal pressure of intensity 

I?, the material of the shell T n+dn 

is siil:yhcted to a tensile ” 

of intensity /, given by | P'YV 

equation ^ 2i{/. Inserting X u V ' U 

twice the radius r instead of -J L f- 

the diameter d, then pr== tf, \ ' p 

It is evident that so long as / . 1 

the thin shell remains circular f 

the relation pr = if will hold 
if the pressure j? be transferred 
to the outside of the shell, < 10 . 

but the stress / will become compressive instead of tensile. The assump- 
tion Tuado in proving this relation was, that the stress is uniformly distri- 
buted over the longitudinal section of the shell. This assumption is 
Justified for a thin shell, but it cannot be used in the case of a thick 
hollow cylinder. 

Let a thick hollow cylinder (Fig. 222) have an internal radius 7\ and 
an external radius ? ^ fet there be an internal pressure of intensity 

and an external pressure of intensity jx, . 

In what follows a thrust or compression will be considered as posi- 
tive, and a pull or tension as negative. It will be convenient to suppose 
that the cylinder is in compression, the external pressure being greater 
than the internal pressure, but the results obtained will be of general 
application, the forimilte making the stress negative when the internal 
pressure is greater than the external pressure. 

Consider a portion of the cylinder of unit length, and take an inter- 
mediate indefinitely thin ring of it of internal radius r and thickness d7\ 
Let the internal radial pressure on this ring be p, and the external 
pressure p + dp. 

Considering the equilibrium of this ring, if the external pressure 
p -h dp acted alone, the stress / produced would be given by the 
equation (p + dp)(r + — /dr, and if the internal pressure acted alone, 
then pr ~fd.r. Hence, when both pressures act at the same time 
(p + <:?j(/(r + dr)-pr=/dr, which reduces to pdr + ?Yip =/dr, which is 
one relation between p, /, and r. 

Another relation involving p and /is found from a consideration of 
the strains produced by p and / in the direction of the axis of the 
cylinder. The pressure p will j^roduce a strain in the direction of the 
thickness of the ring equal to p/E, and a strain in the direction of its 
axis equal to trpfK The stress /will produce a strain in the material of 
the ring, in the direction in which it acts, equal to /'E, and a strain in 
the direction of the axis equal to cr//E. Hence the total strain in the 
direction of the axis due top and /is crp/E4-fr//E, and this strain will 
be uniform throughout, l>ecause it is reasonable to suppose that plane 
sections perpendicular to the axis will remain plane. If, therefore, 
<r p /'E + (r//E is c( mstant, p +/ is constant. Let p +/= 2a. 

From the equation p -f /==* 2a, f^2a-p; substituting this value of / in 
the equation pdr + rdp ^fdr, it follows that 2pdr + /-dp = 2adr. Multi- 
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plying both sides by r, iprilr r-dp — = iardr. Integrating 

^*2 ^ ■ 

pr^ = 2afrdr - 2a + c ~ ar‘^ 4- where e is a constant of integration. 
When r = rp therefore 

„ r=--r2, ,p-=P2i » i?o^*2=af|4-c. ' 

From these equations a and * 


rl - r'l 


f o - r j 

From the eqmitlons == ar‘^ 4- c, and f^2a-p, and the values of 
a and c just determined, 

/_ /v i -Pd'i (P i . 

j»2 (^*2 “ ^2 

Putting r=rj,/ becomes /j, the stress at the inside surface 

f =^Wj_zPiM+’’a). 

•'I ^‘2 _.,.2 .• 

Putting 5* = , / becomes /„ , the stress at the outside surface, 

^’1 “ ■ . ■ 

The most common cases in practice are those in which small 
compared with pj that the former may be neglected, or 2h ~ 


-p-i(r\+rl) 
r'i-r'l 
-Pi’ll 


/o=- 


2pp'i 




li p^ — O then/j^ = 
and /= 

r| - T 

the minus sign in front in each case showing that the stress is tensile. 

. P i(’‘i + rl) 

■r 


<■'1 (T^- + r%\ 

r?V ’-2 / 


The iemile stress fi has the value - 
.1 ^ 


, hence it is easy to deduce 

^ V/i “^1/ , '■i ^ V-^i 'w 

where is ecpial to - r^, the thickness of the cylinder. It is evident 

that for all possible values of t, must be greater than p^. 

The foregoing formulse are knowm as Lame^s formulae 


Exercises IXb. 

NoT-U. — The amwers given at the end of the hooh to Exercises 5, 0, and 8 


on crane 
a curved 
therefore 


fL 


hoolcs were obtained on ike assumption that the moment of resistance of 
bar to bending is the same as that for a straight bar. The answers are 
only approximate^ See the latter part of Art. 150, p. 155. 

1. The crank shaft shown in Fig. 223 is subjected to a thrust P along 
its axis. Betermine the magnitude of P, in tons, 
when the maximum tensile stress produced by it 
in the crank pin is 4 tons per square inch. 

What will then be the maximum compressive 
stress in,; the pin ?, 

2. A link (Fig. 224) of rectangular section, 

3 inches deep and 2 inches wide, is subjected 
to tension by a load P, the line of action of which 
is parallel to the axis of the central part of the 
link, and at a distance x above it. When 
inch, find P, if the nxaxinmm tensile stress in 
the link is 5 tons per square inch. Find also 
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Fig. 223. 
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the maxlmiioi value of so that there shall be no ciaishing stress in the 


link. 

3. A short cylindrical block of diameter d 
is subjected to "crushing by a load whose line 
of action is parallel to the axis of the block, 
and at a distance x from it. Find the maxi- 
mum value of ic, in terms of d, so that there 
shall be no tensile stress in the block. 

4. Show that there will be no tensile stress 



Fig. 224. 


at the joints of a masonry arch if the resultant 

thrust between two adjacent blocks falls within the middle third of the joint. 

5. The crane hook shown in Fig. 225 has at the level AB a circular cross 
section 2| inGhes in diameter, and \ the distance of B from the line of action 
of the lokl W is 2 inches. Find W, in tons, when the tensile stress at B is 
4 tons per square inch. Find also the nature and intensity of the stress at A. 

6. Keferring to the crane hook shown in Fig. 225, if d is the diameter of the 


section at AB, and lind d in terms of W, where W is in tons and the 


tensile stress at B is 5 tons per square inch. What is the nature and intensity 
of the stress at A ? 

7, A beam 3 inches deep and 2 inches wide projects from a wall and carries 
a load P, which acts as shown in Fig, 22G, The maximum tensile stress in the 




beam is to be 10,000 lbs. per square inch. Find the magnitude of P, in lbs., 
(a) when A = I J inches ; (6j when A = 4J inches. 

8. In the crane hook shown in Fig. 227 the dimensions are given in terms of 
an unknown unit, and the section at AB is to be assumed as having the form 
shown in the lower part of the figure. Determine the unit for the dimensions in 
terms of W the load in tons, so that the total tensile stress at B shall be 5 tons 
per square inch. 

9. A built-up crane jib is in the form of a curved girder, and a horizontal 

section near the base is a hollow rectangle. The ontside dimensions of the 
rectangle are 54 and 3G inches, and the longer and shorter sides are 1 inch and 
2 inches thick I'ospectively. Find the maximum tensile and compressive stresses 
induced in the material wdien a load of 25 tons is suspended from the end of the 
crane, the horizontal distance of the load from the centre of the section being 
50 feet. Show by a sketch how the intensity of stress varies across the 
section. [U.L.] 

10. A cylindrical masonry column of diameter d feet is subjected to a 
horizontal force due to the wind pressure. Prove that no tensile stress will be 
produced in the basal cross section of this column, if the resultant of the wind 
pressure and the weight of the column fall inside a circle concentric to the 
(iircular cross section of the column, and of diameter = J of the diameter of the 
column. Hence find the greatest height to which a column of granite 6 feet in 
diameter can be safely built, if the maximum intensity of the horizontal wind 
pjressure is 40 lbs. per square foot, the weight of the granite being 160 lbs. per 
cubic foot. 
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iV’ofc.— You, may assume that the wind pressure on the cjlindricai snrrae.e is 
equivalent to a pressure of half the given intensity on an area equai In tla* 
diameter of the column multiplied by its height. [Lhh. j 

11. Using the method of Art. 150, p. 154, show that if the cross s(‘(‘.tioii 


of the ring is a square whose sides are equal to s, then « 




12. A steel bar 20 feet long and 2 inches square is elongated by a load of 
20,000 lbs. Find by how much the volume of the bar is increased. Take 
(r= 0*27 and B = 30,000,000 lbs, i.)er square inch. 

13. A piece of oast iron ^5 inches long and 1 inch square is subjected to com- 
pression in the direction of its length by a load of 10 tons. Wliat must be the 
intensity, in tons per square inch, of the lateral external pressure which must be 
applied to the piece to prevent lateral strain, and what will then be the alteration 
in length ? Take (r = 0‘25 and E = TOOO tons per square inch. 

14. The shell of a cylindrical steam boiler is 8 feet 4 inches in diameter and 
I incii thick, and the effective steam pressure is 200 ibs. per square inch. Find 
the circumferential strain produced, (a) neglecting the longitudinal strain, (5) 
taking the longitudinal strain into account. Take (r = 0*26 and E = 30,000,000 Ibs. 
per square inch. 

15. A bar of mild steel 1 inch in diameter t wists through an angle of 2-2 degrees 

in a 20-inch length wlien subjected to a twisting moment of 2200 inch-lbs. An 
exactly similar bar of the same material deflects 0*03 inch when supported 
horizontally at two points 20 inches apart and loaded at the centre of the s})an 
with a load of 204 lbs. Calculate the Modulus of Elasticity (Ei, Modulus of 
Transverse Elasticity (C), Modulus of Elasticity of Bulk (K), and Poissoirs ratio 
for the material. [U.L.] 

16. The cylinder of an hydraulic press has an internal diameter of 10 inches, 
and the water pressure is 1500 Ibs. per square inch. Find tlie thickness of the 
metal of the cylinder so that the maximum stress may be 2500 lbs. per square 
inch. What will be the stress in the metal at the outside of the cylinder ? 

17. Find the safe internal pressure, in lbs. per square inch, for the cylinder 
of an hydraulic press which has an internal diameter of 5 inches and an external 
diameter of 7 inches, when the maximum safe stress is .3000 lbs. per square inch. 

18. The internal diameter of a thick hollow cylinder is 5| inches, the internal 
pressure is 1120 lbs. per square inch, and the maximum stress produced is 
3000 lbs. per square inch. Find the thickness of the metal. 

19. The internal and external radii of a thick hollow cylinder are 5 inches 
and 9 inches respectively. If the tensile stress in the metal at the inner surface 
of the cylinder is 3000 lbs. per square inch, w^hat is the internal pressure? 
Calculate the values of the tensile stress in the metal, in lbs. per square inch, 
at radii 0, 7, 8, and 9 inches, and plot the stresses on tlie thickness of the 
cylinder as a base. Linear scale, full size. Stress scale, 1 inch to lOOO lbs. per 
square inch. 

20. In a thick hollow cylinder, show that if the stress / at radius r is 

inversely proportional to r\ or that constant, then {Barlow' h 

formula), wdiere pj is the internal pressure, fi the stress at the inner surface, 
y-ij tiio external radius, and t the thickness of the metal. The external pressure 
is assumed to be zero. 

21. 3Tie internal pressure in a thick hollow cylinder is .3 tons per square inch. 
The internal and external radii of the cylinder are 5 inches and 10 inches 
respectively. Calculate the values of the stress at radii 5, 6, 7, 8, 9, and 10 inches, 
{a) by Lame’s formula ; [h) by Barlow’s formula (see preceding exercise). Plot 
the results. Linear scale, full size. Stress scale, 1 inch to 2 tons per square inch. 

22. Same as preceding exercise, except that there is an initial stress in the 
material which varies uniformly from 2 tons per square inch compression at the 
inner surface to 2 tons per square inch tension at the outer surface. 





CHAPTEE X 

COLUMNS AND STRUTS 

154. Columns and Struts. — A Colmnn or Pillar is always vertical, 
and generally it is fixed rigidly at its ends. A Strut may be vertical or 
inclined, and one or both ends may be fixed rigidly, or one or both ends 
may be connected to the surrounding structure by flexible joints. The 
theory of struts will therefore evidently apply to columns. In most cases 
the only important load on a column or strut is one acting at its ends in 
the line of its axis and tending to shorten it. In some cases, however, 
there is a lateral load in addition. 

Comparing a strut with a tie (Figs. 228 and 229), it is^eyident that 
if the strut and tie be bent by lateral forces or if they be originally bent, 
the load P on the strut tends to bend it still further, while the load P on 

Yit ■ 

■ ' w --g g Eg;:::r:=3iBEcr:::;;^ 

Fig. 228. , Fig. 229. 

the tie tends to straighten it. The theory of a tie is obviously very 
simple, being expressed by the equation P = A/, where A is the area of 
the cross section and / the stress. The theory of the strut would be the 
same as that of the tie if the strut did not bend. FTeglecting for the 
present the case of the laterally loaded strut, the load at its ends may 
bend the strut, because (1) the strut may not be perfectly straight when 
unloaded, (2) the load may not be applied exactly in the line of the axis 
of the strut, and (3) through a w'ant of uniformity in the material one 
part may yield more than the other parts in compression. 

The tendency of the strut to bend will evidently be greater the 
greater the ratio r of its length to its least transverse dimension, and 
the manner in which it gives way under the load wall depend largely on 
the value of r. When ?’ is small there is no bending, and the strut gives 
way by crushing (or oblique shearing, as described in Art. 166, p. 175). 
When r is very large the strut gives way by bending, and for moderate 
values of r the strut may give way by crushing and bending. 

155. Critical Load for Long Column. — A simple and instructive 
experiment on the behaviour of a long column will here be described. 
A long slender lath of wood or a straight strip of steel is placed in a 
vertical position and loaded, the load being guided vertically, as shown in 
Yig, 230. The ends of this experimental strut are rounded and fit into 
shallow grooves in the end connections, as shown on an enlarged scale 
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But therefore P' = F. 

From the foregoing it follows that the strut will be in equilibrium 
under the load F for any deflection within the elastic limit. 

hor a load greater than 1 ^ the force Q, acting as shown at (e), P’ig. 
113 i, would be nc(iessary to ])revent further deflection of tlie strut, because 
the bending moiuent due to .P+ W is F/ij + W^^ and the moment of 
resistance of the strut to bending is /*jZ, hut Fwj— y'lZ, therefore the 
bending moment W//, must be balanced by the moment of Q, hence 

Qj = Within the elastic limit, /Z, the moment of resistance of the 


at (a). ^ A load insufficient to bend the strut is applied, and the strut is 
then^ slightly d:)ent by pressing it sideways at the -middle of its length. . 
When this side pressure is removed the strut straightens 
itself. A small addition is made to the load and the side jP 
pressure is again applied and removed, the strut bends and 5! I 
straightens again- The experiment is continued in this ''hjS. ^ 

way, gradmrlly iiicreasing the load until it is found that 
when the side pressure is applied and then removed the 
strut remains bent. W'lien this point is reached it will l>e (a) 

found that, whatever arnount of deflection be given to the 
strut by the a])p]ied lateral force, tlte strut will rettain I 

that amou7.it of: deflection wlien the lateral force is x'emoved, 35 ^ 7 , 
provided tliat the elastic, limit is not exceeded. But if 
file l()a,d on tlie strut 1)0 further increased and the strut ' 

lie slightly bent as l)efore, the load will increase the amount of bend- 
ing until the strut takijs a pei’inanent set or collapses. This load, which 
will keep the strut bent but -will not bend it 

further, may be called tlie critical load for the ip ip ip+w 

strut. h / 

That there is a critical load for a long il /j /| /l 

slender column may be demonstrated as follows. ^ | M j 

Let the strut shown at (a), Fig. 231, be in equi- ^ 

librium under the load and lateral force Q^, ^ 

the deflection being u^. Let Z be the modulus I' \| ^ 

of the cross section, and let/j be the iiiaximiim \ \ 


This load, which 


stress due to bending. 


The total bending moment is Fj^w^ + Qj 


and the moment of resistance to bending therefore F^v^, + =/jZ. 

4 

If Qj^ be now diminished to zero and F^ be increased to F, the deflec- 
tion remaining the same, it follows that Fu. t\Z or P = ^Z. 

If the same strut be in equilibrium under the load Fo and lateral 
torce Qoj shown at (//), Fig. 231, the deflection being then decreasing 
Qg to zero, and increasing Fj, to F', the deflection remaining tlie same, 

it folio Avs that F'==*^^Z, where /g is the maximum stress due to bending. 

W'f) 
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striit/ to bending \vill be proportional to /, and therefore 
tional to the deflection. But when the elastic limit is passed, the 
iiiomeiit of resistance will increase more rapidly (see Art, 116, p. 109); 
and with the additional load W there may be another position of 
eqnilibrinm for the strut, but the strut will then have taken a per- 
manent set. 


166. Approximate Theory of Long Oolumns.— ACB ^(Fig. 232) 
represents a long slender column which, when unloaded, is perfectly 
straiglit, of uniform cross section, and uniform elasticity. 

The ends are supposed to be rounded so that the column 
is free to bend throughout its whole length. The critical 
load P is supposed to act in a fixed line which coincides 
with, the axis of the column when the latter is unloaded. 

Let the loaded column be slightly bent by the applica- 
tion for an instant of a lateral force. At any point C 
there is a bending moment ecpial to where is the de- 
flection at G, and it follows that the figure ACBA is the 
bending moment diagram for the whole column. It is 
evident that the curve ACB cannot be an arc of a circle, 
because that would necessitate the bending moment being 
uniform throughout the -whole length of the column. If 
the curve ACB be assumed to be a pai'abola, then the deflection 
of the column is. the same as it would be if the column became 
a beam, supported at its ends, with a transverse load uniformly dis- 
tributed over its length. In Art. 123, p. 114, it was shown that fora 
beam of length L and uniform section, supported at its ends and loaded 

. 5WL^ 

uniformly with a total load W, the deflection at the centre is xurpTr • 

0o4Li 

If M is the bending moment at the centre of the beam, then 





WL . 5ML2 

- -j hence 


8 


but for the column M = therefore 


;^P_48EI_9-6EI 

' 48EI 5L2 • 


By the more exact theory of Euler, discussed in the 
next Article, P = 

L^ 

157. Euler’s Theory of Long Columns. — The column 
ACl^ (Fig. 233) is supposed to be under exactly the same 
conditions as the column considered in the preceding 
Article. At any point C in the column, at a distance y 
from the middle point of AB, the bending moment M is 
equal • to Pm. If li is the radius of curvature of the 
column at C, then by Arts. 109 and 110, pp. 103-105, 

II minus sign 

being used to make B positive, because as u increases 



du 

dy 


decreases. 


Hence 

El dy^ 


The general solution of this differ- 
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eritial eqaatioii gives u- 
are (^nnstanis. 

DifFerentiatiiig, = 


A sin + B- cos where and A and B 

■ *■ ■ ■ Li 


= An cos ny - Bn sin ny* 


Wlieii y = 0, ^ ^ = 0, also sin ny — 0; therefore. A - 0, and u- B cos 


Blit when y = 0, u = 
'When 


j, and cos w//—!, therefore %™B. 


"When y~'l, , therefore B cos — hence 'either B==0, or, 

77* , / 1? TT 

COS nl = 0. Blit B - Up therefore cos nl - 0, hence, nl^ and * r^* 

Therefore F = = U'rF 

4h L"* 

158. Influence of End Connections on Strength of Ideal Ooluinns. 
— If the ends of the ideal column' ACB' are fixed 'as shown at (a), Rg. 
231-5 then when the column deflects the directions of p 

the tangents to the curve ACB at A, C, and B .must gy...}: 

be vertfcah and the line of action of the resultant load 
on the (ioluinn will no longer pass through the ceiitres » p t 

of its eiuls, Imt luiist lie between the point G and the ^ t | JP 

straight line AB, and will cut the curve ACB at points . j |#j . 

H and K. At the points H and K there is no bending j ■/ .j / > 
moment, and these .must therefore be -points of-, con- .j j j | g 
trary fle,x.iire. , t CLn— *“C - ^ 

Consider the parts HA and HO of the bent column. L I ^ 1 i 

At T)oints in HA, and HG where, the deflections, mea-, .» \ J Vl 

sured from the vertical line through H, are equal, the j ^ 

bending momeTits are equal, and therefore the radii of i(a) \ IP 

curvature at these points must be equal, the column i {T>) - 

being of uniform cross section. Also the curves have pS| 
the same slope at H, and also the same slope at A and " |p 
C. Hence it is evident that . the curves HA' -and HO- Pica 234. 
are similar and equal, and that the points -H, G, and, K 
divide the column into four equal parts. Hence the part HCK has a 
length ecpial to half the length of the whole column. Now the part 
HCK is in the condition of a column with rounded or hinged ends ca.rry- 
ing the load P, as shown at (6), Fig. 234. Therefore, .p 

1* . 1 T> 47r2EI i 

from the preceding A,rticl.e, ..P- Hence ^ 4 a fA 

Li L^ . I / I / 

a column fixed at the ends is four times as strong as the j I l | 
same column with hinged or rounded ends. i j I 

The formula for the strength of an ideal column fixed l - c- Mm 
at one end and loaded at the other is easily deduced A 
from that for the column with rounded ends. A column i (B) 

ACB with rounded ends is shown at (a), Fig. 235. At ! \ 

C, the middle point of its length, the tangent to the ^ 

curve is vertical, and if the column be held in a clamp at 1 

C, so as to preserve the direction of the tangent to the . piG. 235. 

curve at that point, the lower part of the column might 

be removed without affecting the upper part. The upper part will then 


IP 

Pm. 234. 


la) ' (V) 


Pig. 235. 
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becjoiiie .a coliinm fixed ■ at one 
(b)j Fig. 235, where. L^-|L|. 


end and loaded at the other, as shown at 

Hence, P =; r=: which shows 

Lf 4L2 


that a coluiiin fixed at one end and loaded at the other has only one- 
fourth the strength of the same column with hinged or rounded ends. 

169. Empirical Formulae for Struts. — The Euler formulae for struts 
is rational, but it is only applicable to struts wdiich are very long com- 
pared w^ith their least transverse dimension, and when applied to struts 
which are cornmon in practice they give values w^hich are too high for 
their strength. Numerous empirical formidm have been devised by 
different authorities to give the strength of ordinary struts, the constants 
or coefficients in these formuke being derived from the results of experi- 
ments on struts. The empirical formula which has been most nsed is 
that known as tlie Ranlcine or Ranhme’-Gordon formula. 

160. Eankiue-G-ordon Formula for Struts. — The Eankine-Gordon 

formula is p = ? = - .......A ^ where 

P ™ crushing or cripj^ling load on strut in tons. 

p == crushing or crippling load on strut in tons per square inch of 
cross section. 

/—direct crashing strength of the material of the strut in tons 
per square inch. 

A — area of cross section of strut in square inches. 

L= length of strut in inches. 

h = least radius of gyration of section of strut in inches. 

a — constant. 


Values of / and a commonly taken for different materials in different 
cases are given in the following table : — 





Values of a. 

Material. 

/ 




Case 1. 

Case II. 

Casein. 



Cast-iron 

j 

36 

1 

4 1 

16 1 

6,400 

6,400 1,600 

9 X 6,400 3,600 

Wronght-iron . . 1 

j 

16 

1 

4 1 

16 1 

36,000 

36,000 “"9,000 

9 X 36,000 ""20,250 

Mild steel . 

21 


4 ^ 1 

16 ' ' 1 ' 

30,000 

30,000 7,600 

9 X 30,000 16,875 

Dry timber (strong kinds) 

3'2 

1 

3,000 

4 1 

3,000^ 750 

,16' ■ 

9x3,b0() "" iTg<S7 


Case I. Fixed ends. Case II. Hinged ends. Case III. One end 
fixed and the other hinged. 

It will he observed that the values of a for Cases II. and HI are 
obtained by multiplying the values for Case I. by 4 and respectively. 
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Most text-books give a so-called proof of the Raiikinu-Chadoii 
foriiiiila, but the assumptions made are not wairanted in the case of 
actual struts. It is best to consider the formula as an empirical one, but 
it may be pointed out that when it is applied to very short struts it 
reduces to P = A.f\ wliich is correct, and when applied to very long struts it 

reduces to P = = U 25 , 

aJj- ah- 5 \ MILD STEEL COLUMNS. 

which is the form of the V HiNGED EHDS. 

expression given by Euler’s ^ 

theory of long columns. tt 15 

Fig. 236 shows graplii- a!' 

cally the difference between g 10 — — — 

..the Rankine- Gordon and p- 

the Euler formuhe applied ^ 5-- 

to mild steel coliiimis with ^ 

hingal ends. , , ° 25 50 75 WO 125 150 175 200 

If the results of the HATIO L*rE 

Rankin e-Gordoii formula 236 . 

be plotted for coluirms of 

different matteials, instnictive curves are obtained. Fig. 237 shows the 
curves for columns of (ust- 

iron,wrouglit-iroii, and mild '^l I I [COLUMNS. FIXED ENDS. I 

steel with fixed ends. It ^ * ' ' ‘ ... I 

will be seen that for very 
short columns cast-iron is * 

much stronger than either 
wrought-iron or mild steel, ^^5 
and that for ratios of L to g 
less than 85 the cast-iron 
columns are the stronger, S 
but for ratios of L to /c 15 
greater tlian 85 the mild § 
steel columns are the 10 

stronger. Also for ratios § 
of L to /r less than 115 2 ^ 

the cast-iron columns are 
stronger than the wrought- ® 

iron ones, but when the RATIO L-rhi 

ratio of L to yJ; is greater Ficu 237. 

than 115 the wrought-iron 

columns are stronger than the cast-iron ones. For all values of the 
ratio of L to k the mild steel columns are stronger than those made of 
wrought-iron, ■ 


RATIO L-rE 
Fig. 236. 


COLUMNS. FIXED ENDS. 
RANKINE FORMULAE 



50 75 100 125 150 175 200 

RATIO L-rhi 

Fku 237, 


Note. — A d(*fect in the theory of Arts. 155-158 is that the direct crushing 
stress is neglected; hut in very long columns the direct stress is small com- 
pared with the bending stress, while in short columns the direct stress is large 
compared with the bending stress. 
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Exercises X. 

1. A straight bar of steel 40 inches in length, 1 inch broad, and ^ inch in 
thickness, is bent into the form of a bow, having an elastic deflection of 2 inches 
in the middle, and the ends are united by the bow string. Taking the modulus 
E = 29,000,000 lbs. per square inch, what will be the tension on the string ? 

[Inst.C.E.] 

2. Apply the liankine-Gordon formula to find the buckling load for a cast- 
iron column 8 inches external diameter, 6 inches internal diameter, and 20 feet 
long. The column has fixed ends. 

3. A strut in a framed structure is formed of a steel pipe 6 inches external 
diameter, and inch thick; it is 10 feet long, and has pin connections at each 
end. A¥ith a factor of safety of 5, to what load may it be submitted? [Inst.C.E.] 

4. Determine the value of the ratio L'h for which columns of cast-iron and 
mild si, eel of the same cross section, with hinged ends, have the same strength by 
the Rankine formula. 

5. Riot, crippling load, in tons per square inch, and ratio h/k, for ' cast-iron 
oolunins with hinged ends, («) by the Rankine-Gordon formula, (b) by Euler’s 
foriimla, up to Llk-200. Take E = 6000 tons per square inch. 

6. Find the proper diameter for a solid mild steel strut with pin ends, if its 

length is 120 inches, and if it has to carry a total load of 20 tons with a factor of 
safety of 7. Take the values of / and a (for flat ends) in the formula as 30 tons 
per square inch, and inr-ffw [U-E.] 

7. Three solid cast-iron columns, each 3 inches in diameter, and 10 feet long, 
have their ends fixed, and each carries one-third of a load W. Find by the 
Rankine-Gordon formula the diameter of a single solid cast-iron column with 
fixed ends to replace these three columns, and find the percentage saving in 
weight of cast-iron. 

8. A hollow cast-iron column has to be designed to support a total load of 130 
tons ; the column is to be 15 feet in length, and the internal diameter is to be 
four-fifths of the external diameter, and it is desired to have a factor of safety 
10. Find the external and internal diameters of the column if the crushing 
load in tons per square inch for such a column is given by the formula 

36 

Crushing load in tons per square inch = — , where L is the length 

of the column in inches, and D is the external diameter in inches. [B.E.] 

9. A hollow cast-iron column 20 feet long, with ends rigidly fixed, has 
to carry safely a load of 50 tons. If the factor of safety is 6, and the 
external diameter of the column is 8 inches, find the internal diameter. 

10. A slieel strut is built up of two T section bars (Fig. 238) 
riveted back to back ; the T’s are of the following section ; 6 
inches X 111- infdies X inch. The ends of the strut are rigidly 
secured, and its over-all length is 18 feet 6 inches. What gross 
load can this stmt carry if it is to have a factor of safety 5 ? By 
the Rankine foriimla the buckling load in lbs. per square inch 

of such a struts— , where L is the length of the 

*^30000\«:/ 

strut in inches, and k the least radius of gyration of tlie section. [F.L.] 

11. A column is built up of an I rolled joist 20 inches deep ; flanges 7R inches 
wide, and 1 inch thick; web |’4nch thick; with two -|-inoh 
plates .12 inches wide riveted to each flange (Fig. 239). Find 
the least radius of gyration of the section. Taking a factor of 
safety of 6, find the working load if the column is 10 feet higli 

with fixed ends. Use the formula P =:= — , where P is the 

I , Fig. 239. 

30000 

buckling load in tons, A the cross sectional area in square inches, and X is 
the ratio of the length to the least radius of gyration. [Inst.C.E.] 




Fig. 238. 
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^ 12. A vertical mild steel, post- In a bridge - consists- of ,a central plate 18 

iiiones X -| iDchj a. pair of angles 4 iuclies x 4 inches'x inch al each 
end of the plate, and a plate. 12 inches wide '.by I inch thick con- 
nected to each pair of angles so as to form an I section (Mg. 240). 

Its length is 20 feet, and each end is firmly riveted to the fianges of the 
main girder, find the safe load by Eankine’s formula. ■ . [InstXlE.l 

13. A cast-iron column 10 feet long is fixed at the ends and has an 
1 sectioipJ:) .inches dj3ep, with flanges 5 inches wide and web 1 inch Fig. 240. 
thick. Iind the thickness of the flanges so that with a factor of 

sa-fety of 6 this column will carry safely a load of 85 tons. Use the Rankine- 
Gordon formula. 

14. 11 P denotes the buckling load of a column by Euler’s formula, and W 
(lenotes the buckling load of the same column by the Eankine-Gordon formula, 
also It denotes the crushing load of a very short column of the same section 

a.nd same material, .show that W if the constant a in the. Eankine-Gordon 

formula is equal to -^L for a column with fixed ends. 

15. ^ A liollow cylindrical steel stmt has to be designed for the following 

condii.jons. Ltingf h 6 feet, axial load 12 tons, ratio of internal external 
diamet(*r 0’8, factor of safety 10. Determine the necessary external diarn(l<“r of 
the strut and the thickness of the metal, if the tmds of the strut are firmly built 
in. Use the Rfoikine-Gordon formula, taking /= 21 tons per square inch,* and n 
for rounded ends =1/7500. ^ ^ [ULl 
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BEHAVIOUR OF MATERIALS IN THE TESTING 
MACHINE 

161. Nominal and Actual Stresses.— Wlien a specimen of cross 
sectional area a is placed in simple tension or simple compression by a 
load P, then /, tlie direct stress produced, is given by tbe equation / ~ P/a. 
The eiiect of the load is not only 
to alter the length of the specimen, 
but also its cross sectional area, 
and if in the above equation a is 
the original area of the cross section, 
then / is the nominal stress pro- 
duced A)y the load P. If however 
a is the actual area of the cross 
section when the load P is on the 
specimen, then / is Iho actual stress 
produced. 












7777777T> 








rri'i'ri'TnTT 

™<iiriirr^ 




TfMllll'W 

prill iTtm 

1 


TENS 

JLE 


<rT 


MILl 

) 



TEST 

1 



STEE 

■L 


__ 

Axis 






Jl. 


I 2 3 4 5.6 

Lengths. Sccdeh^. 
Fig. 241. 


. 1 ' 

.Si 




















1 

1 

1 

— 4J 




TENSILE TEST 
MILD STEEL. 


/ 

/ 

/ 





✓ 

✓ 



/ 



[' 

ml ^ 










— 























Extension (in inches) m Binchs 
Fig. 242. 


For loads within the elastic limit of the specimen the difference 
between the original and actual areas of the cross section is so small that 
it may be neglected. Beyond the elastic limit however, in the case of 
ductile materials, the actual area of the cross section of the specimen may 
differ considerably from the original area, and the actual stress may be 
much greater than the nominal stress when the specimen is in tension, 
and much less when in compression. The foregoing remarks are well 
illustrated by Figs. 241, 242, and 243, which show the results of two 
tests, one a tensile test on a specimen of mild steel, and the other a 
compression test on a specimen of wrought-iron. Tlie Ml curves in 
Figs. 242 and 243 show the relation between the nominal stress and the 
strain produced, while the dotted curves show the relation between the 
actual stress and the strain produced. The specimens -were originally 
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parallel], ]>iit tlaiv did ih ) t remain bo, as tlie load was increas(‘d beynnd 
the elasticj limit, and in each case the actual area of the cross section is 
taken as the area of the smallest sectiom The original and final outlines 
of the mild st(*el specimen tested in tension are shown in Fig. 241. I’he 
change in the form of tlie \vroiight-iron specimen in compression as tlio 
load is iiiereascd is clearly shown in Fig, 243. 

Keferring to Fig. 242, it will be observed that the niaximum nominal 


Load - 0 


Stress in tans per sqmre mek, 

20 40 so 80 fOO 


I 


Load -10 tons. 
ijMd=20to7u\ 

“I’" ” 

Load tons 




COMPRESSION TEST 
WROUGHT- IRON. 


Fia. 243. 

stress is greater tlian th(‘ nominal stress at fracture, but the actual stress 
at fracture is much greritcu than the maximum nominal stress. 

In reports on tensile tests for commercial purposes, the maxiimim 
nominal stress is sometimes called the nltimate or breaking stress; this 
however is wrong, and it should either be called the maximum nominal 
stress, or the maximum stress on the original area. When the term 
maximum stress is used, maximum nominal stress is generally under- 
stood. 

There is no definite ultimate crushing stress for ductile materials, 
such as mild steel and wrought-iron, but it will be seen from Fig. 243 
that the curve for the actual stress gets more nearly parallel to the strain 
axis as the load is inci-eased. 

162. BelatioH of Elongation to Dimensions of Test Piece, — A study 
of the following results of a test of a specimen of mild steel will lead to 


bl'23*k l'24 + l*25 *hf-26 4^ P47 
, (I) I (2) i (3) I (4) , (5) 


1*45 ■+ 1*25 1*23 +■ 1*25 4' 

(6) . (7) , (8) , €9) , (Ip) 



Fig. 244. 


smiie important conclusions. Before testing, tlie specimen wus marked off 
carefully in half-inch lengths, and after being broken in tension the two 
parts were put together, and the lengths given below the specimen in 
Fig. 244 were measured. The shortest of these lengths, 1*58 inches, is 
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tlie altered length of a 1 inch length on the specimen before testing, and 
this length contains the 
fracture near its centre. 

The other lengths, in order, 
are the altered lengths of 
2, 4, 6, 8, and 10 inch 
lengths respectively on the 
specimen ])efore testing, 
and the fracture is approxi- 
mately in the middle of 
each of these lengths. 

The altered lengths of the 
original ineli lengths num- 
bered (1), (2), (3), etc., are 
given above the specimen 



(I) (2) (3) (4) (5) (6) ( 7 ) (8) (9) (fO) 
Inches of Length, 

Fio. 245. 


in Fig. 244, and the elongations of these inch lengths are plotted 
in Fig. 245. 

It will be seen that the elongation per inch is fairly uniform, except 
for about inches on each side of the fracture, and the elongation in 
the immediate neighbourhood of the fracture is much greater than in any 
other part of the specimen. 

Coming next to the actual elongations and the elongations per cent, 
of length in the 2, 4, 6, 8, and 10 inch lengths, which contain the fracture 
near their centres, the results are tabulated below. 


Gauge length, inches . 

1 

2 

4 

6 

8 

10 

Elongation, inches . . 

0*58 

0-92 

T43 

1-91 

2*40 

2-87 

Elongation, per cent. , 

58-0 

46*0 

35-7 

31-8 

1 

1 

30-0 

28-7 


It will now be seen how important it is, in stating the elongation, 
to give the gauge length on which it is taken. It is also very important 
that the gauge length used in getting the elongation should contain the 
fracture, and if possible the gauge length should contain the fracture 
near its centre. For example, the elongation on the 4 inch length con- 
taining the inch lengths numbered (1) to (4) in Fig. 244 is only 24*5 
per cent,, while the elongation on the 4 inch length containing the fracture 
near its centre is 35 ’7 per cent. 

To be able to select the gauge length so that it shall if possible contain 
the fracture near its centre, it is desirable that the whole length of the 
parallel part of the specimen be marked off in half-inch lengths. 

When tests are made on specimens of the same material it is found 
that the elongation is influenced by the area of the cross section of the 
specimen as well as by the gauge length. 

The elongation may be divided into two parts, one, the general, and 
the other, the local. The general elongation takes place over the whole 
length of the parallel part of the- specimen, and is produced mainly before 
tiie maximum load is reached. This general elongation is practically 
uniform over the length, and is independent of the area of the cross section 
of the specimen. After the maximum load is reached, local contraction 
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sets in ill tlie neighlionrliocxl where the fracture will occur, juhI the 
subsequent Obligation is mainly in tliis iieighbourliood. But tlie haigth 
over wOiicli the local extension takes place is greater the larger the area of 
the cross section of the specimen, and is approximately pr()]>ortiona] to 
the diaineter, or, in the case of non-circular sections, to the square root of 
the area of the cross section.. 

Professor Unwin has shown ^ that within a considerable range of 
diniensions, the percentage eh.ingatioii c, on a gauge length Z, of a specimen 

whose cross sectional area is rq is given by the equation, e ~ - A + ^ where 


represents the local extension, and h the general extension, c and h 

being constants for a given material. 

The folio-wing are a few values for c and /q given on the authority of 
Professor Unwi'n : — 


Material. 

c. I , h 

Mild steel plates not very thick, average values . 

Gun-metal (cast) 

■Rolled brass 

Rolled copper . . ....... 

Annealed copper 

70 1 .1 8 

8*3 ! ,10*6 

101 -G 1 y-7 

H 1 0‘8 

125 i 35 

1 


163. Position of Fracture in a Tension Test Bar. — When a test 
bar is gripped at the ends the outer surface of the bar at the ends first 
receives the tension, and this tension is transferred towards the axis of the 
bar by means of the longitudinal shear stresses betw'een the different 
I co-axial layers of material. It is therefore evident that at cross sections 

near the ends of the bar the tensile stress will be greatest at the 
outside, and that it will diminish towards the centre. But at sections 
further and further from the ends the distribution of the tensile stress will 
i be more and more nearly uniform. Hence the section at wLich the 

stress is most nearly uniform will be at the centre of the length of 
I the bar. 

When a ductile material is loaded in tension it stretches, and the 
tendency to stretch is greatest wliere the stress is greatest. But wPere 
stretch occurs there must be a contraction of cross section, and the 
greater the tendency to stretch, the greater is the tendency to contract. 

; Now^ if the stress is greater on the outside of a bar than on the inside, 

the tendency of the outside to contract is opposed by tlie inside, wliere 
the tendency to contract .is less. Hence it is evident that contraction 
will be greatest wliere the stress is most nearly uniform, and this is at 
the centre of the hmgth of the bar. But fracture will occur where the 
contraction is greatest, therefore a bar of ductile material of uniform 
strength should break at the centre, and this is what generally happens. 
If the bar is not of nniform strength throughout it will of course 
tend to fracture at its wmkest section, but it will not break there unless 
the difference between its strength at that section and its strength at the 

* Proceedings of the Institution of CivU Engmeers^ vol, olv, p. 180. , t; 
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centre i,s sufficient to counteract tlie tendency to break at tlie centre, as 
ex[>lained, aboTe, 

In tlie case of brittle in aterials, where the contraction is negiigible, 
iln‘ position of the fracture is either at the weakest section, or at the 
sectioii on wliich the distribution of stress is most variable. The fracture 
is therefore at the weakest section, or near one end. 

164. Long versus Short Tension Test Bars.— Every material is 
more or less variable in quality, and test pieces taken from the same 
piece will probably have different tenacities. In a long bar there will be 
one },>a,rt weaker than the remaindei', and if this bar is tested as a whole, 
it will |)robably fracture at the weakest part. But if a niiiiiber of test 
bars bo cut from the long bar, only one of them will contain the original 
weakest ]iart. Hence the short bars will generally show a higher tenacity 
than long ones. A familiar illustration of the above is found in boot- 
laces, In. tightening the lace it is more likely to break wdieii the pull is 
applied at the end than wffien the pull is applied locally at the boot. 

165. ' Effect ■ of Notches and Perforations on Tenacity of Test 
Bars.— Reducing the cross section of a bar by notching it, as shown at 
{a) and (5), Fig. 246, or by perforating it, as shown at (c) and (d)^ will 
evidently fix the position of the frac- 
ture, and as the probability is in favour 
of this not being at the section wkere the 
material is weakest, the tenacity of the 
notched or perforated bar wull for this 
reason probably be higher than that of 
the unaltered bar. Again, the notching 
or perforating wfill evidently disturb the 
distribution of the stress at the reduced 
section, making it less uniform, with the result that the contraction of 
area wfill be reduced. On this account, therefore, the tenacity w^oiild be 
increased. On the other hand, however, the notch or perforation may 
cause such an unequal distribution of stress that fracture may take 
place in consequence and the tenacity be reduced. The effect of the 
notch or perforation in reducing the tenacity will evidently be greater 
the sharper the re-entrant angle formed by the notch or perforation, 
and it will also be greater the more brittle the material, because a brittle 
material does not yield sufficiently ■where the stress is greatest to throw 
part of the stress on to the part of the bar wiiere the stress is least. 

Notching or perforating a bar of mild steel raises its tenacity, but 
notching a piece of cast-iron lowers its tenacity very considerably. 

Another important point to: consider is the effect of the notch or 
])erforation on tJie resilience of the bar, which is a ineasure^^ power 
to resist shocks. Let I be the length of a bar of uniform cross section a. 
Let A be the area of the cross section of another bar of the same length, 
but having an indefinitely narrow notch in it, the area of the section at 
the l>attom of the notch being a. Let / be the maximum tensile stress on 

each bar. Then the stress on the second bar, except at the notch, is 
The resilience of 






□ 


0 



(d) 

TTT 


TTT 


FlO. 246. 


the first bar is (see Art, 88, page 69). 


The 
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resilience of the second, bar is 


Aj 

2E 



anp 

We 


Hence 


resilience of first bar 
resilience of second Ear 


A, 

a ’ 


Tlic nnnotcbod l^ar lias therefore a greater resilience than the notched 
bar wlien tlie niiiiiniuin or Ofective cross section is the same in both. 

166. Fracture by Shearing in Tension and Compression Tests. — 
In Art. 140, p. 138, it was shown that a piece subjected to direct 
tension or direct compression is also placed under shear, the shear stress 
being a inaxinuini in plines inclined at 45° to the axis of the speeinieu. 
It was also sho nil that tlie intensity of the maxirnimi shear stress is half 
the intensity of the tensile or compressive stress on planes perjiendicular 
to tlie axis of the specimen. 

Experimental evidence of the existence of this oblique shear stress in 
tension and compression tests is found with various mat(?rials. For 
example, if a test piece of mild steel be highly polished pitivioiis to 
testing in tension, a series of lines inclined at about 60° to the axis of 



Fiu. 247. 


the piece are clearly seen after the yield point is reached. If the piece 
is cylindrical, the lines referred to form helices on the polished surface, as 
shown roughly in Fig. 247. These lines, sometimes called Luden^ lines, 
r? show that the molecular slip is taking place in the direction of shear 

stress, and in the case of mild steel and other materials it is no doubt 
the resistance to pure shear which determines the yield point. 

The actual fracture of a piece of mild steel in tension also shows that 
it really gives way by shear- 
ing, as is shown in Fig. 248, 
where the specimens are cylin- 
drical, and the fractures partly 
conical. Fig. 249 shows tlie 
common form of fracture of 
a cyliiKlrical piece of cast-iroii 
tested in compression. The 
cast-iron , gives way by shear-, 
ing oliliquely, the inclination 
of the fracture to the axis of 
the specimen being about 35°. 

' Further evidence of the 

shearing of a piece under a crushing load is found when testing a hard 
steel ball in compression between two hard flat plates, or between two 
other halls. Where contact takes place small circular flats are formed 
on the ball, and these become the bases of two cones, which form in the 
ball by shearing, and these cones are forced into the ball and cause it to 
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two or more pieces. The ball therefore gives way finally by 
tea-ring. Fig. 250 shows a bail which has split into two pieces by a 
crnslilng load i ! 

actin'*' in the t v I I I I i 

*1 ^ 

adlierini?, oiio to 

one half of the t f t t > t > 

ball and the other Fig. 250. Fig. 251. 

to tlie other. 

Fig. 251 shows a typical fracture of a cast-iron roller tested in coin- 
pression lietw^^en tAvo hard flat plates. Here wedges form by shearing, 
and these finally split the roller. In the case illustrated, the splitting 
was probably caused by the bottom wedge. 

In actual fractures by shearing in tension and compression tests the 
inclination of the plane of fracture to the axis is never 45°, although at 
that angle the shear stress produced by the external load is greatest. 
The reason why the fracture does not take place at 45° is that the ‘resistance 
to sliding at an oblique section is affected by the normal stress on that sec- 
tion. The theory of the effect of the normal stress on an oblique section 
in altering the inclination of the shear fracture is as follows. Ee- 
ferring to Fig. 182, p. 138, and using the notation of Art. 140, the 
external load P causes a shear force p sin 0 cos 6 along CD per unit area 
of CD, and also a force p cos^ B normal to CD per unit area of CD. If s 
is the normal cohesive force per unit area holding together the parts on 
opposite sides of CD, then the resultant normal force on CD per unit 
area is s ±p eQS^ i9, where the upper sign applies to a compression test, and 
the lower vsign to a tension test. Assuming that the resistance to sliding 
along CD per unit area is proportional to s±p cos^ and that it is equal 
to li{s±p cos^ B\ where /x = tan is a coefficient of resistance to sliding, 
then p sin ^ cos ^ ~ p{s ±p cos^ ^), and this reduces to 

__ 2jascos<^ 

^ sin (2§ + ^) + sin 

Hence p will be a minimum when sin(2^ + j>) is a maximum, that is, when 
2j9 + f/) = 90°, or when cot 26^ ~ +/J!., where the upper sign applies to a 
compression test, and the lower sign to a tension test. It follows from 
the above that the value of ^ in a compression test is the complement of 
its value in a tension test of the same material. 

167. Fracture by Tension in Torsion Tests. — When a cylindrical 
specimen is subjected to simple torsion there is a pure shear stress in the 
nmtei'ial in planes perpendicular to the axis, and also in planes containing 
the axis, and in Art. 142, p, 140,' it was shown that at any point in the 
material there is also a pure tensile stress equal to the shear stress at 
that point, the direction of this tensile stress being at 45° to the shear 
stresses. It may therefore be expected that when a specimen of a 
material whose resistance to direct tension is less than its resistance to 
pure shear is subjected to torsion it will give way in tension. Cast-iron 
is such a material, and the form of the fracture of a hollow cylindrical 
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specimen of tills material wlieii tested in torsion is siiown in Fig. 25% It 
will lie seen that tlie surface of the oblique -fracture, is a screw surface, the 



ABC Development of outside surface 
AiB^Ci w « inside n 
Scale Half Fxdl Size 


Fig. 252. 

edges of which are helices. The developments of the outside and inside 
surfaces of the specimen after fracture are shown to the right in Fig. 252. 

168. Hardening Effect of Overstraining. — When a ductile material 
like mild steel is loaded beyond the yield point, and therefore given a 
definite permanent set, and then unloaded, it is found that w'hen the load 
is again applied the yield point is higher than before. This is well 
illustrated by Fig. 253, which is a stress strain diagram (the stress being 

the nominal stress) for a bar of mild steel / ■ _ ; i.... 

tested in tension. The first loading pro- .g 

duced a decided yield when the stress 

reached 16*5 tons per square inch. When A 

the stress reached .about '21*5 'tons per 

square inch the load was almost entirely S 

removed, and then again immediately ^ — 

applied, with the result that the yield 

point was found to be at about 22*2 tons p 5 — 

per square inch. The load *was increased ^ 

until the Stress was about 24*4 tons per — a — J 

square inch, when it wus again almost £xtensim% in !0 inches. 

entirely removed. A third application of Fig 

the load showed a yield 2 :)oint at about 

24*7 tons per square inch. The load w^as then continued until fracture 
occurred. 

Compared with a test of the same material, in which the bar was 
broken with one loading, the maximum and breaking loads w^ere found 
to be higher, l)ut the final elongation was less in the bar tested with 
interrupted loading than in the other. 
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If after each unloading an interval of a few lioiirs is allow'ed before 
tla? next a,p[)li<‘ation of the load, it is found that this lias the effect of 
raising the yield point still higher. If a bar which has been overstrained 
l»e loaded ])e]ow its yield point and the extensions measured with a 
delicate tjxtcnsometer, it is found that the elasticity of the bar is very 
iinperhict, lint after a sufficient period of rest the elasticity is restored. 
The idaslicity lost through overstraining a bar of mild steel may be 
quickly restored by iinmersing the bar for a few minutes in boiling water. 
Another etiect of this heating is that the yield point is raised as much as 
it would be after a considerable period of rest. 

For further iiiforination on the above subject the student is referred 
to papers by Ewing in the Proceedings of the Eoyal Society, 1880 and 
1895, also a paper by Muir in the Phil, Tram, Poy, Soc,, 1899. 

169. Effect of Fluctuating Loads.— General experience, and direct 
experiinents, have shown that wdien the load on a piece is made to vary 
over a given range a sufficient number of times, fracture may take, place 
at a much lower stress than the piece w’ould have originally stood under 
a static load. For example, in one of Wohler’s tests on wroiight-irou, the 
tenacity under a static load W'as about 23 tons per square inch, but when 
loaded and unloaded about 10 million times, the load in each case pro- 
ducing a tensile stress of 15*28 tons per square inch, the bar broke. In 
another test on the same material the stress was made to vary from 8*6 
tons per squai-e inch in tension to 8*6 tons per square inch in compres- 
sion, and the bar broke when the number of repetitions of the load w^as 
about 19*2 millions. 

Wohler was the first to investigate in a comprehensive manner the 
effects of huctuating loads on the strength of iron and steel. His 
researches, which were carried on for about twelve years, embraced 
loading and unloading, and also 23artial unloading in tension, repeated 
bending in one direction and also in opposite directions, repeated twisting 
in one direction and also in o 2 )posite directions.* 

Further researches on this subject have been conducted by Spangen- 
berg, Bauscliiiiger, Sir Benjamin Baker, Dr. J. H. Smith and Professor 
Osborne Eeynolds, Dr. Stanton, and otliers. The subject is still being 
investigated by a number of ex])erimenters. 

The general result of the numerous experiments which have been 
made seems to be that the niaximum stress at which fracture will occur 
in any particular case de[)ends to a large extent on the range of the 
fluctuation of stress as well as on the static strength of the material 

Yarions empirical formuhe have been constructed to express the rela- 
tion between the maximum stress at fracture after a very large number 
of re])etitiuns of the load, the static strength of the material, and the 
range of stress. One w*ell-known formula is the following, given by 
Unwin in his “ Machine Design,” 

where is the stress at which fracture will probably occur after a 
sufficiently large number of repetitions of the load, f is the static ultimate 

Por details of Wohler’s tests the student may refer to Unwin’s Testinq of 
Materiak of Oomtruotion, and also to Engineering, vol. xi. (1871). 
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stress, A is tlie range of stress, and n is a eoeffieient depending on 
iiiateriaL For ductile iron and ductile steel the average val no ef a is 
about 1*5. For the harder and more brittle qualities, n may be ms fjigh 
as 2*2. In estimating the range of stress, if a teiision is taken as p«>siti\^(^ 
then a eoinpression must be taken as negative. 

The following are examples of the application of the foregoing formula, 
to a bar of mild steel having a static tenacity of 26 tons per sepia re inch. 

■ ■ ' . 

(1) Eange of stress from /kiax. to 0. A=:=/„,ax. 

ttmoux. ” ' 2 ./inax. d* \/26*' ““ 1 0 X 26y^j,.jx, Heiice ~ lo tons per sq. in» 

(2) Range of stress from to A = I/mx. 

/■mix. = i/max. + " 1'5 X 26 X Henee/,„„x. = 2 1-43 tons iier sij. in. 

(3) Range of st ress from t o A = 2/.„„x. 

.fmax. =/n,ax. + n/26‘^ - FS X Hencs == 8-67 tons iter sq. in. 


The safe WTjrking stress is obtained by dividing x, by a factor of 
safety. 

Other empirical formuhe for fluctuating load stresses are given on 

p, 252. 

170. Fatigue of Metals. — The loss of strength which occurs when 
a metal is subjected to a fluctuating load for a considerable time is 
frequently said to be due to faUgue, It is necessary, ho^vever, to dis- 
tinguish between deterioration of strength due to mere fluctuation of 
stress and deterioration due to shocks. It is well known that a crane 
chain, if kept in use for a long time, may fracture abruptly when carrying 
a load less than that which it has been in the habit of carrying. This 
deterioration of strength is, however, probably due to a slow accumula- 
tion of permanent set produced by shocks due to the sudden starting 
or stopping of the load when raising or lowering (see Art. 88, p. 69, and 
Art. 168, p. 177), and the 'chain becomes in consequence less able to 
resist shocks. It has been found that the power of the chain to resist 
shocks is restored by annealing, and it is a common practice to anneal 
crane chains at frequent intervals, say, once or twice a year. Unwin has 
proposed to restrict the term fatigue to deterioration due to shocks which 
is removable by annealing. 

171. Mechanical Properties of Steel after Heat Treatment. — 
The sixth report to the alloys research committee of the Institution of 
Mechanical Engineers by the late Sir William 0. Roberts-Austen and 
Professor William Gowland, relates to the heat treatment of steel.* This 
voluminous report contaiiis a record of a large amount of research on the 
effects of various kinds of heat treatment on the mechanical properties of 
samples of steel containing different amounts of carbon, A few of the 
results will be given here. 

The table on page 181 gives the maximum stress and the elonga- 
tion obtained in tensile tests of the bars as received from the rolls, and 
also after the different kinds of heat treatment described. Additional 

* Proceeding & of the Institution of Meohanioctl Engineers , 1904 . 
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results, and tlxe results on tlie bars as received, are shown plotted in 
Fig. 254. 

The maxiiniim stress is in. tons per square inch of the original area of 
the test pieces, and the elongation is the percentage elongation on a 
length of 2 inches in each case. The reduced parallel part of each 
specimen was inch in diameter before testing. 

^ ^ Maximum stresses sJwwri Yy full Urwsf. 

EUngatioM shown by dotted lines. | 
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The full lines A, B, C, D, and E show the maximum stresses. 

The dotted lines cf, 6, c, d, and e show the elongations, 

A, «, refer to the bars as received from the rolls. 

B, hf refer to bars annealed at 900'^ G. for half-anMionr, 

G, c, refer to bars soaked at 720° C, for twelve hours, 

D, dy refer to bat's qumched at 800° G. in water at 20° 0. 

E, e.y Tifer to bars quenched at 720° G, in oil at 80° 0. and subsequently 

reheated to 350° G, 

Fig. 254. 

Bars as received . — The maximum stress for the bars as received from 
the rolls is about normal, but the elongation is extremely low. The low 
elongation was found, after microscopic examination, to be due, to a 
certain extent, to rapid cooling near a certain critical temperature. 

Antiealing . — The test pieces were annealed as follows. ^^Tlie bars 
were packed in lime in |-inch wrought-iron tubes, closed at each end by 
screwed iron caps. These tubes were then packed in a large wrought- 
iron tube, the ends of which were covered by wrought-iron plates. This 
was placed in a closed gas-muffle, and a record of the temperature was 
taken by means of two thermo-couples attached to an autographic 
recorder.” After attaining the temperature desired, the contents of the 


ElongaUon per cent on, Z inches. 
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Tenacity and Elongation of Steel after Heat Treatment, 

Carbon, per cent. . 0-130 0-180 0-254 | 0-468 I 0*722 | 0-8T1 0*947 1*306 I 


Bars as reaeived from the rolU. 


Maximum stress 

. 30*22 ■ 

31' 

•52 ; 

33-25 

36*96 

49*00 I 58*02 1 53’74 66*11 

Elongation 

. 20*0() 

12' 

•50 : 

1.2*70 

6-25*1 

11-72 i 5-47 I 7-03 7-03 


Bars annealed at 720® 0, for hdlfandiour. 


Maximum stress 
Elongation . . 

20*16 

44*50 

26*52 

36-00 

28-80 

32-50 

32*82 1 39*96 
29*00 I 23’00 

43*98 

2{)*00 

30*30 

22*00 

50-58 

7-00 

Bars annealed at 110^^ 0 , for half mi-hou 

:n . 



Maximum stress 


26*91 

28*11 

31*38 1 42-38 

! 47*69 

49-62 

46-G2 

Elongation 


39*50 

33*50 

27*00 j 14*00 

■ n-00 

7-60 

6-50 


Maximum stress 
Elongation 


Maximum stress 
Elongation 


Bars soaked at 620” 0, for tivdvc hours, 

. 19-75 i 26-81 1 28-61 I 32-01 I 40-63 | 45-25 ! 45-41 46-96 
. 48-50 32-50 31-00 33-(X) I 29-50 19-50 : 18-50 11-50 


Bars soaked at 900” C. for twelve hours, 

... I 26-91 I 29-55 | 29*91 1 43*21 I 49*32 j 47*76 [ 44*41 
37*00 ! 29-00 30-00 12-50 I COO 11*90 10*00 


Bars quenched at 900” Q, in Water at 20” C, 

Maximum stress . 32*34 40-92 f 70*32 55*44 61-98 26*04 21*60 

Elongation . . 28*20 6*50 3-80 1*00 1*00 2*00 nil. 


Bars quenched at 1200® Q, in Water at 20” C. 

Maximum stress . ' 45-29 ' 72-78 | 77-04 ■ 31-74 | 13-44 5-40 4;20 3;62 

Elongation . . 9*00 3*50 ; 3*00 | nil. | nil. nil. nil. nil. 


Bars quenched at 870° 0. in Oil at 80® Cl, and subsequently reheated to 350” C, 

Maximum stress , 24*50 36-12 41*13 54*66 78*59 90*68 102*52 90*57 

Elongation . - 39*50 23*50 24*60 25-00 23*50 10*50 7*00 5*60 

Bars quenched at 900° 0. in Oil at 80® 0., and subsequently reheated to 600® Q. 

Maximum stress . | 24*55 30*13 1 31*24 35*71 50*44 52*68 49*10 ] 51*32 

Elongation . . 1 40*70 30*00 ! 26*20 27*20 17*50 15*50 17*00 j 13*00 





^ Abnormal result. 
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iiiiiffle were kept at that temperature for the time required (lialf-an-hoiir 
ill these tests), the gas was then turned off, and the whole allowed to 
cool slowly. 

It wili be observed that the general results of annealing are, reduction 
of strength and increase of elongation of the steel when tested. 

Soaking , — The difference between annealmg and soaJdng is, that in 
the latter operation the bars are heated for a much longer time. 

Hardening,---’-^ By heating steels to the hardening temperatures, some 
or all of the iron carbide is dissolved in the iron, and the latter is re- 
strained from reverting to its soft condition by sudden cooling. Within 
certain limits, the more rapidly the heat is abstracted from the bar the 
more effective will be the hardening.” 

Referring to Fig. 254, and comparing the D, d lines with the A, a 
lines, the effect of quenching the steels at 800*^ C. in winter is to increase 
the tenacity of all the steels considerably, but at the same time the 
elongation is diminished, except in the case of the 0*13 and 0*18 carbon, 
steels. 

Tempering . — Steel winch has been hardened by quenching in w^ater 
or oil may be tempered^ that is, its hardness may be reduced to any 
required extent, by subsequent annealing at a temperature depending on 
the degree of hardness required. 

Oil hardening . — ‘‘When steel is quenched in oil at 80° C., the effect 
is to increase the tensile strength, but to a somewiiat less extent than by 
quenching in wuter at 20° C., and also at the same time to increase the 
elastic limit and rather diminish the ductility.” 

“The most suitable temperature for quenching steel, in order to 
obtain the best combined results as regards tensile strength, elastic limit, 
and elongation, is about 900° C., and the most suitable temperature for 
reheating, when elongation, and consequently resistance to shock, is not 
of paramount importance, is about 350° C. If, however, the steel be 
required to withstand violent percussive action, as in a gun tube, then 
reheating at a higher temperature, say 600° C., will be found to be 
necessary, as such steel, when thermally treated in this w^ay, although 
possessing a relatively high tensile strength and elastic limit, nevertheless 
has also a high percentage of elongation.” 

The student is recommended to study carefully the results given in 
the table on p. 181 and in Fig. 254, and to plot the results as directed in 
Exercise 12, p. 190. 

172, Tests of Copper-ffinc Alloys (Brasses). — The curves in Fig. 255 
show the tenacity and extensibility of alloys containing different pro- 
portions of copper and zinc. These curves have been reproduced, with 
modifications as to scales, from the fourth report to the alloys research 
committee of the Institution of Mechanical Engineers by Professor W. C. 
Roberts- Austen.* 


Proceedings of the Institution of Mechanical Engineers,, 1897 . 
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Thef2iUlmesT^,T2,andT^sJiowfenadtie^ 

Tke dotted lines l&i and 

The Imes amd i^efer to tests by Charpy, the test pieces heiny ruwjdeieiy 
annealed. 

The lines Tg and Eo lo tests by Thurston on cast brasses. 

The line T -prefers to tests by the alloys research committee on worked rods. 

Fig. 255. 

173. Tests of Copper-Tin Alloys.— -Tlie curves in Elg. 256 sliow the 
tenacity and extensibility of alloys containing different proportions of 



copper and tin. These curves represent the results of tests made by 
Professor Thurston . 

* Proceedings of the Institution of Mechanical Engineers, 1895, Idate 43. 

, ■ ■ ■ . ... . ■ '■■■ . ■ #■ ■■ ■■ ■■ ■ ■ : ' 
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174. Tests of Lead- Tin Alloys. — The results of tests on the tenacity 
and extensibility of alloys containing different proportions of lead and tin 
are shown plotted in Fig. 257.* 



176. Tests of Alloys of Alummimn and Copper. — The eighth report 
to the alloys research coinniittee of the Institution of Mechanical Engineers 
by Professor H. G. H. Carpenter and Mr. C. A. Edwards contains a large 
amount of information on the properties of alloys of aluminium and 
copper. Some of the results of the tests made will now be given. For 
further particulars the student is referred to the full report, f 

The results of tensile tests of specimens cast in sand moulds, and of 
specimens cast in thick cast-iron moulds, are given in the following 
table : — 


Alloy. 

Alumin- 

ium. 

Sand Castings. 

Chill Castings. 

Yield Point 
Stress. 

Ultimate 

Stress. 

Elonga- 
tion on 

2 inches. 

Yield-Point 

Stress. 

Ultimate 

Stress. 

Elonga- 
tion in 

2 inches. 

No. 

Per cent. 

Tons per 
sq. inch. 

Tons per 
sq. inch. 

Per cent. 

Tons per 
sq. inch. 

Tons per 
sq. inch. 

Per cent. 

1 

0-10 

3*8 

11*5 

46*0 

4*1 

11*53 

46*0 

2 ■ 

P06 

3-0 

13-4 

52*0 

5*2 

11*8 

63*0 

3 

2*10 

3*4 

13*5 

53*5 

4*6 

13*7 

54-5 

4 

2*99 

3*8 

14*5 

60*0 

6*8 

13-8 

60*0 

5 

4-05 

3*5 

16-7 

83*0 

4*9 

17-1 

82*0 

6 

5-07 

4*3 

18*1 

75*0 

7*1 

18*1 

60*5 

7 

5’76 

4*8 

17*8 

67*0 

6*0 

18*8 

61*0 

8 

6'73 

4*8 

18*65 


...§ 

19*96 

69*0 

9 

7*35 

6*6 

21*3 

71*0 

... § 

' 21*58 

84*0 

10 

8*12 

7*7 

24*91 

68*0 

9-7 

■ 27*47 

02*0 

11 

8*67 

9*8 

28*1 

48*0 


30*8 

55*0 

12 

9*38 

9*7 

30*38 

36*2 

10*5 

33*08’ 

43*5 

13 

9*90 

11*3 * 

31*70 

21*7 

12*4 

86*93 

30*5 

14 

10*78 

14*1 

29*62 

9*0 

16*9 

36*73 

9*0 

15 

11*73 

14*0 

26*43 

5*0 

14*8 

30*63 

6*0 

IG 

13'02 

19*75 

19*75 

1*0 

25*06 

25*06 

nil. 


The stresses a, re given on the original area. 


* ProGeedings of the Imtitution of Mechanical Engineers, 1897, Plate 4. 
t Jhd., 1907. t Could not be measured. § Not taken. 
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were t'urrifid to tlie-.forios -and diraenakois sbow^ in 
Figs. 258 and, 259. ,' ' 


Said (hspngs. 



Chill Castings, 



Fig. 268. 


Fiq, 259. 


Hi,e next table sliows the results of tests on specimens turned out of 
rolled bars inch diameter. Those rolled bars \vere made as follows. 
Billets 3 inches in diameter and about 20 inelies long were cn,st in 
cast-iron inoulds. These billets were first turned in a lathe, and the 
diameter thus reduced to 2|-| inches. They were then luxated to 
about 800° C. (1472° F.) and rolled down, first to 1|- inches diaineter, 
and then to inch diameter. The gauge length of the vspecimtms 
was 2 inches. 




Yield- 

Ultimate 



Weight 

Alloy. 

Aluminium. 

Point 

Elongation 

Eeduction 

per 


Stress. 

Stress. 

0 X 1 2 inches. 

of Area. 

Cubic 







Foot. 

Ko. 

Per cent. 

Tons per 
sq. incli. 

Tons per 
sq. inch. 

Percent. 

Per cent. 

Lbs. 

1 

010 

6-9 

14*50 

65-5 

90*71 

556 

2 

1*06 

6-9 

15-88 

61-0 

88-63 

548 

3 

2-10 

8-6 

17-46 

56-5 

89-65 

537 

. 4 . 

2-99 

11-6 

19*79 

57-2 

86-11 

628 ■ 

5 

4-05 

11-3 

23-80 

67-0 

83*27 

'618 

6 

5*07 

11*4 

26-41 

69-2 

77-80 

510 

7 

5-76 

11*8 

28-40 

74-2 

76-93 

503 

8 

G*73 

10*4 

28-85 ■ 

1 710 

75-02 

499 

9 

7*35 

10*6 

29-68 

72-5 

74-34 

492 

10 

8*12 

13-0 

33-22 

51-5 

60-40 

487 

11 

8-G7 

11*1 

36-67 

38-0 

50-6(i 

482 

12 

9-38 1 

17*7 

38-00 

34-0 

33-60 

477 

13 

9*90 

14-8 

38-10 

28-8 

30-80 

473 

14 

10-78 

ir»-4 

38-62 

14-0 

18-60 

466 

15 

11*73 

12'(5 

33-85 

8-5 

15-37 

460 

IG 

13*02 


37-14 

2-0 

1-87 

451 


Fig. 260 shows stress-strain diagrams taken from longer specimens 
prepared from the j-f-inch rolled bars. The parallel portion was 10 '5 
inches long and 0-564 inch diameter, and the gauge length was 8 inches. 
The numbers on the curves are the descriptive numbers of the alloys. It 
will be observed that the various diagrams are displaced to the right, so 
that the zero points of elongation are at the points showing the percentage 
of aluminium in the respective alloys. 
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I Scale for EbngdioM, (m8mches.) 
The dotted hne shows the j^ld-poMs , 



iO 9 8 


Ahmhmm per cent . 

Fig. 260. 


The results of torsion tests on a number of these alloys are shown 
plotted in Fig. 261. 


15 

/i3 


/ 

/ 

/ / 


I h 


III/ 


W 



TORSION TESTS. 
STRESS “ STRAIN DIAGRAMS . 

Bars rolled to diameter, 
Diameter of Specimens 0’6Z4 
Length « 



^ W of Allo a, \ 2 3 5 8 9 

0*tQ f-06 2*10 4-05 I 673~' 7-35 

f I Angle of Twist in Deareesi I I 

J 500 10.00 15)0 20,00 2500 30.00 3500 40.00 4500 5000 

w I — I '-T — i — 1 — i S- 1 1 — ^ 

0 1 2 3 4 5 6 7 8 9 10 II 12 13 14 

Angle of Ibist in Turns, 

Fig. 261. 

176. Tables of Strength and Elasticity of Materials.— The tables 
which follow give approximate average values oi the ultimate strength 
and modulus of elasticity of various materials. 

UUimate Crushing Strength in Tons per Square Mck/r'': 


Cast-iron 

. 45 

Granite .... 

6 

Brass, cast . 

. 5 

Brick, London stock 

1 

Timber , . . , 

. 3 

„ Staffordshire bine 

3 

Sandstone 

. 3 

Concrete .... 

. 0*5 
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UHimaie Tensile Strength in Tons jm Square Inch. 


Cast-iron . , . 

. 8 

Alnminium, cast , 

■' 5 

Wroughtdron 

. 23 

„ rolled . . 

7'' ' '8 

Mild steel . . . 

. 28 

Delta metal, cast 

. 20 

Steel castings 

. 30 

„ rolled . 

■. 30 

Steel wire . . . . ' . ' 

. 80 

Manganese bronze, cast 

. 25 

Copper, cast . 

. 10 

„ „ rolled . 

. 30 

„ rolled or forged 

. 14 

Muntz metal 

22 

„ wire, annealed 

. 18 

Naval brass , , » 

. 24 

Brass, cast . . . ' . 

. 11 

Phosphor bronze, cast , * 

. 1.6 

,, rolled .... 

. 20 

Leather 

. ■ 2 

Gun-metal or bronze . 

. 14 

Timber. . . 

. 6 

Ultimate Shearing Strength 



in Tons per Square Ineli, 



Cast-iron 


. 12 

Gun- metal. . . 

. 15" 

Wronght-iron, 

across fibre . 

. 19 

Yellow pine, across fibre . 

... 2 

Mild steel 

along fibre . 

. 10 

„ „ along fibre . 

. i- 


. 22 

Oak, across fibre 

. 2| 

Brass . 


. 10 

,, along fibre 

• ,, i 


Modulus of Elasticity in Tons per Square Inch, 



Direct. 

(E.) 

Transverse. 

(C.) 

Cast-iron . . . . . ... . 

6,700 

2,600 

Wrought-iron . ... . . . 

13,000 

5,200 

Steel . . . . . , , . . 

13,400 

5, BOO 

Copper, cast . , . . . . , . 

5,500 

2,100 

„ rolled . . . . . . . 

6,700 

2,500 

Brass 

5,000 

2,200 

Gun-metal ........ 

r>,(;oo 

■2,200 

Phosphor bronze ....... i 

6,100 

2,300 

Timber , . . . ■ . . . . . 1 

700 

270 


Exercises XL 

1. In a tensile te.st of a wrought-iron bar, the following observations were 
extension in inches in a length of 8 inches, 


ade: W = load in tons, x- 
= smallest diameter of bar 
in inches. 9*24 was the load 
at the yield point, 13'() was 
the maximum load, and 12*78 
was the breaking load. The 
second value of x (0*175) was 
at the end of the ‘‘yield.” 

Plot X and the nominal stress (load original area), also x and the actual stress 
(load -r actual area of least section). Scales.-^Stresses, 1 inch to 6 tons per square 
inch ; x, 2| times full size. 


W 

0 

9-24 

11-94 

13*21 

13-60 

12-78 

X 

0 

0-175 

0-56 

0-975 

1-56 

2-45 

tl 

■■ ■ 

0-881 

■■ 

0-872 

0-854 

0-833 

0-809 

0-628 
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2. In a tensile test of a mild steel bar, the following observations were made : 
W=load in tons, a; - extension in a length of 8 inches in inches, - smallest 
dia;m,eter of bar in 
inches. 10 ‘SI; was 
the load at. the ^deld 
poi nt ,15* 64 was the 
maximum load, and 
12*97 was the break- 
ing load. The second 

value of * (0*24) was at the end of the ‘‘ yield.” Plot x and the nominal stress, 
also X and the actual stress. Scales. — Stresses, 1 inch to 5 tons per square 
inch ; x, 2| times full size. 

3. In a tensile test of a mild steel bar, the following observations were 
made: Diameter of bar, unloaded, 0*748 inch, W = load in tons, £c = extension, in 
inches, on a length of 8 inches. Load at elastic limit, 6 tons. Maximum load, 
12*54 tons. 


W', 

1 

2 

3 

4 , 

5 

6 

6*81 “ yield point. 

X 

0*0014 

0*0027 

0*0040 

0*0055 

0*0068 

0*0082 

0*18 at end of “yield.” 

W 

7*5 ■ 

9*0 

10*5 

12*0 

12*54 

12*25 

10*25 Breaking load. 

X 

0*19 

0*27 

0*55 

1*05 

1*75 

2*10 

2*42 Total extension. 


(it) Plot W and a; up .to W=6 and a; =0*0082. Scales.— W, 1 inch to 1 ton ; 
a;, 1000 times full size. 

{1) Draw the straight line which most nearly contains the points in (cs), and 
calculate from it the modulus of elasticity in lbs. per square inch. 

(c) Calculate the load, in tons, necessary to elongate the bar 0*006 inch. 

(flj) How many ft.-lbs. of work have been done in stretching the bar 0*0082 
inch? 

(e) Plot W and x from no load up to the breaking point. Scales. — W, 1 inch 
to 2 tons ; ac, 2 1 times full size. 

(/) Determine the total work done, in ft.-lbs,, in breaking the bar. 

(5^) Plot X and the nominal stress, also x and the actual stress. Scales, — 
Stresses, 1 inch to 5 tons per square inch ; £c, 2| times full size. Assume volume 
of bar constant in finding cross section up to maximum load. Assume also that 
the contracted section at fracture is 0*43 of the original section. 

4. A cylindrical piece of mild steel was tested in compression. The load W, 
in tons, acted on the ends of the piece. The mean diameters of the piece at the 
top, middle, and bottom of its length were (/j, and <^3 inches respectively, and 
its length was I inches. Values of these dimensions for various values of W are 
given in the following table : — 


W 

0 

5 

10 

15 

20 

25 

30 

35 

40 

d. 

0*719 

0*720 

0*757 

0*813 

0-884 

0-965 

1*054 

1*13 

1*20 

d. 

0*719 

0*723 

0*763 

0*832 

0*922 

1*045 

1*144 

1*21 

1-60 


0*720 

0*721 

0*760 

0*815 

0*886 i 

1*000 

1*085 

1*14 

! 1-22 

1 

i 1*624 

1*589 

1*452 

1*236 

■■ 1*025 

0*804 

0*690 

0*61 

0-54 


Under the greatest load the piece was free from cracks. 

Calculate the nominal and actual compressive stresses on the smallest sections, 
and plot the results in the rnanner shown in Fig. 243, p. 171. Scales. — Linear, 
twice full size. Stresses, 1 inch to 20 tons per square inch, 

5. A test piece of steel boiler plate of rectangular section 1| inches wide and 
f inch thick, when tested for elongation, gave, after fracture, the following 
results: — 


w 

0 

10*64 

13*<S1 

15-07 

15*64 ■ 

15*60 

12*97 

X 

0 

0-24 

0*60 

1-02 

1*57 

2*12 

2*79 

d 

0*906 

0-891 

0*871 

0-851 

, 0*825 

0*799 

0*588 
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Gauge length (Z), inches 

; 4 

6 

8- ' .. . 

10 

■\ 12 . 

14 

Elongation (r), per cent. 

37*8 

31*8 

'28*5 I 

26*7 

25*5 

24-r) 


Plot on squared paper e and where a is the area of the cross section of 

the har in square inches. Draw the straight line which most nearly contains all 
the points, and find the values of the constants c and 6 in the equation to the 

line, which is e = Apply the equation to find the probable elongation 

per cent, in S inches of a test piece of the same material 1 inch wide and I- inch 
.thick. 

6. A bar of mild steel 10 inches long and IJ inches in diameter has a groove 
turned on it at the centre of its length, the groove being J incli wide and ^ inch, 
deep. Another bar of the same material has the same length and a uniform 
diameter of 1 inch. Goinpare the resilience of the second bar with that of the 
first for the same maximum stress, the bars being loaded in tension. 

7. The averages of the results of numerous tests of the crushing strength of 
hard steel balls are given in the following table ; — 


d . 

. inches 

1 

¥ 

■1% 

i 

fV 

1 

1 

1 

w . 

. . tons 

0*77 

: 1*60 

2*88 

4*07 

5*82 

9*50 ; 

13-0-t 

- 


where d is the diameter of the ball, and W the crushing load. The balls were 
tested between two hard steel plates. Calculate for each size of ball the stress 

fin the formula W=~c2y. Plot / and d, also W and d. Scales. — For d, eight 

times full size ; for /, 1 inch to 10 tons per square inch ; for W, 1 inch to 2 tons. 
Show that an expression of the f orm /= «~ Sd gives approximately the relation 
between / and d in the above results, where a and b are constants, and find 
the values of these constants. Hence the relation between W and d is 

■W=p>-Srf). 

8. The following table gives the results of crushing tests on cast-iron rollers 
tested between steel plates : — 


d . 

. inches 

* 2 

i 

. 1 ' ■ 

s 

1 

n 

■U- 

1 . 

. inches 

i 

1 

H 

u 

li 


11- 

w 

. . tons 

4*32 

6*90 

9*95 

12-70 

17*11 ^ 

21*20 

27*00 


d = diameter of roller, Z = length of roller, W= crushing load.* Plot W and dx^, 
and find the most approximate value of c in the expression W~cdZ for the above 
results. Scales.— For dxl, 1 inch to J square inch ; for W, 1 inch to 5 tons. 

9. A cylindrical piece of cast-iron 0*727 inch in diameter and 2 inches long 
was tested in compression, the load being axial. The piece gave way by 
shearing in a plane inclined at 37“ to the axis when the crushing load was 
22*91 tons. Neglecting the alteration in the diameter of the piece, calculate the 
intensity of the" shear stress in the plane of fracture. What is the value in this 
case of the coefiicient /x used in Art. 106, p. 175? 

10. Same as Exercise 9, except that the angle was 33® instead of 37®, and the 
crushing load w^as 19*25 tons instead of 22*91 tons. 

11. The load on a certain steel tie-bar in a bridge truss varies from 14 tons to 
21 tons (both tensions). If the tenacity of the material^is 28 tons per square 
inch, and the coefficient n in the formula given on p* 178 is 1*56, what must b© 
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fell e area of til e cross section of the bar if the maximum stress allowed on it is 
one-fourth of the maximum stress due to the above fluctuating load ? 

12. Plot on squared paper in the manner shown in Fig. 254, p. 180, the results 
in the table on p. 181 and in Fig. 254, grouping the results on separate diagrams 
as follows: — (I) Annealed bars; (2) soaked bars; (3) bars quenched in water; 
(4) bars quenched in oil. Show also on each diagram the results of the tests on 
the bars as received from the rolls. Scales. — Carbon, 1 inch to 0'2 per cent.; 
stress, 1 inch to 10 tons per square inch; elongation, 1 inch to 10 per cent. 
Examine all the results carefully, and discuss the effects of the different kinds of 
heat treatment on the different steels. 


CHAPTEE XII 

STRESS DIAGRAMS 


177. Stress Diagrams for Framed Structures.— It will bo ussunitid 
that the framed structures considered are made up of bars wliidi are 
connected by frictionless ]hn joints at their ends. It will also bo assumed 
that the loads on the structure are concentrated at the joints,. If a bar 
carries a load unifoiauly distributed over its length this load is divided 
into two equal parts, and one part is placed at eacli end of the bar. If 
bar carries a load concentrated at an intermediate point, this load is 

I divided into two parts, which are to one another as the distances of tlie 

load from the ends of the bar ; these parts are then placed one at each 
end of the bar, tlie greater part being at that end of the bar winch is 
nearest to the original load. 

I II! studying the equilibrium of a structure, two kinds of forces 
have to be considered, (1) the external forces, which for the whole 
structure must balance one another, and (2) the internal forces. As 
a consequence of the two assumptions mentioned at the beginning 
of this Article, the bars for.ming the structure are subjected either 
to direct compression or to direct tension under the action of the 
external forces. It follows, therefore, tliat the lines of action of 
the internal forces are the lines which represent the bars on the 
diagram of the structure ( called the frame diagi'am). At any joint, 
therefore, the forces acting are the internal forces acting along the 
bars meeting at that joint, and the external forces, if there are any, 
acting at that joint. 

If a sufficient number of the forces acting at any joint are known, the 
polygon of forces for that joint can be drawn and the unknown forces 
determined. 

The general method of drawing the complete stress diagram for 
a framed structure will be understood by reference to the examjde 
worked out in Fig, 262. A simple roof truss is shown carrying 
a load AB at its apex. The other external forces are the reactions 
BC and GA at the supports. The internal forces are the forces 
acting along the bars AD, BD, and CD. The lines of action of all 
the forces are known, but AB is the only force whose magnitude is 
known as yet. 

At each joint there are three forces acting, and the polygon of forces 
for each joint is therefore a triangle. The triangle of forces for the joint 
2 or for the joint 3 cannot yet be drawn, because the magnitudes of all 
the forces at these joints are as yet unknown, but the triangle of forces 
for the joint 1 may be drawn, and this is shown at (m). This triangle 
determines the magnitudes bd and da of the internal forces in the bars 
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BI) and DA respectively. The sense of these forces is also deter- 
iiiined, and it will be observed that the internal forces in the bars 
BD and DA both act towards the joint 1, therefore these bars are 
ill compression. In drawing the triangle {rn) the forces have been 
taken in the order in Avhich they occur in going round the joint 1 
in the Avatch-hand direction, beginning with the knoAAUi force AB. 
Beginning AAith BA, and going round the joint in the opposite direc- 



tion, the triangle (s\ which is similar to (m) but differently situated, 
is obtained. 

Passing next to the joint 2, the three forces acting there are known 
in direction, and the magnitude of one of them, BD, has been determined 
by the drawing of the triangle (m) or the triangle (s). Beginning Avith 
DB, and taking the forces in the order in which they oeeur in going 
round the joint in the watch-hand direction, the triangle of forces { 71 ) 
is drawn. If the forces be taken in the order in Avldch they occur 
in going round the joint in the opposite direction, bcgiiiniug Avitli 
BD, the triangle (u) is obtained. Proceeding m^xt to the joint 3, 
the triangle (o) is obtained when the forces are taken in the Avatch- 
hand order, and the triangle (v) is obtained Avhen the forces are taken in 
tlie opposite order. 

The construction of the three triangles (m\ (n), and or the three 
triangles (s), (u), and (v), determines the magnitude and sense of eacli of 
the three internal forces, and also the magnitudes and sense of the 
external forces BC and OA. 
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It is obvious that tlie triaugles (M) and (o) inay be applied to the 
triangle (m) so as to form the figure (r), and this figure gives all the 
results which were found from the separate triangles (m), (n), and (o), 
and this figure (r) is the complete stress diagram for the given framed 
structure. The figure ('/’) may of course be drawn at om^e witliout 
drawing the triangles (?n), (^n)^ md (o). It should, however, be noticed that 
in order that the force polygons for the difierein; joints may Ixi cfombined 
into one diagrain, those polygons must be drawn by taking t lie for(‘es in the 
order ill which they occur in going round each joint in the mme dmriion. 
(r) is the form of the stress diagram when the forces are talcen in the 
order in which they occur when going round each joint in the watch- 
hand direction, and («r) is the form of the diagram when the order is 
reversed. 

178. Example,— A roof truss carrying a load at each joint is shown 
in Fig. 263. The loads are in pounds. The total load is 10,600 Ihs., 
and since the loads are placed symmetrically about the centre of the truss, 
it is obvious that the reaction at each support is 5000 lbs. In cases 
where the loading is not symmetrical, the reactions at the supports may 
be determined by means of a funicular polygon. 



The line of loads ahcdefylilca is first drawn. Starting with the joint 
AELKA at the left-liand su]!)port, the polygon of forces ahlha is drawn. 
Proceeding next to the joint BCMLB, the polygon of forces hcmlh is 
drawn. The polygon of forces Imnhkl for the joint LMNHKL may now 
be drawn, and for practical purposes no more of the stress diagram need 

0 
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be drawn, since the truss is symmetrical, and symmetrically loaded. The 
complete stress diagram for the whole truss is, however, shown in Fig. 
263. The results are tabulated under the heading “'dead load” in the 
table on p. 196. 

179. Wind Pressure. — The force exerted by the wind on a plane 
surface at right angles to the direction of the wind may amount to about 
50 lbs, per square foot of surface. When the surface is inciined at an 
angle B to the direction of the wind, the normal pressure on the surface 
is usually determined by Hutton’s formula, which is 

|-(sin 

or log ^ = (1*84 cos d- 1) log sin 0^ 

where p is the normal pressure, and P is the pressure on a plane at right 
angles to the direction of the wind. Values of p-rP for various values 
of B are given in the following table 


e 

10° 

15° 

20° 

25° 

30° 

35° 


0-211 

0-350 

0*457 

0-563 

0-663 

0*754 

e 

o 

O 

45° 

50° 

60° 

70° 

o 

O 

OD 

p/p 

0-834 

0-901 

0 952 

1-012 

1-023 

1*010 


When (?=90“,p = P. 


180. Stress Diagrams for Wind Pressure. — It is usual to assume 
that the direction of the wind is horizontal, and that its maximum 
pressure on a plane at right angles to its direction is 50 lbs. per 
square foot. The inclination of a roof being known, the normal pres- 
sure of the wind on it may be determined by the formula given in 
the preceding Article. It is assumed that the wind acts on one side 
of the structure only at one time. The total load due to the wind 
pressure is divided up into parts, which are placed at the joints, as 
explained in Art. 177. 

Figs. 264 and 265 show the stress diagrams for the wind pressure on 
the roof truss whose dimensions are given in Fig. 263. The truss is 
assumed to be fixed rigidly at the right-hand end and simply supported 
at the other end, so that it may expand and contract freely with changes 
of temperature. The reaction at the left-hand end must therefore be 
vertical, and the line of the reaction at the right-hand end must therefore 
pass through the point where the resultant of the wind pressure cuts the 
line of the reaction at the left-hand end. 

The directions of the reactions having been fixed, the load polygon 
ahcde can be drawn, and upon this the stress diagram, is built, as in Fig. 
263, which shows the stress diagram for the same truss under the dead 
load. 

The stresses in the various bars of the truss due to the dead load and 
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No. of 
Bar 

(Fis:. 266). 

Dead 

Load. 

W 

(Fi^. 268) 

Wind on 
Left. 

P 

(Fig. 264) 

Wind on 
Right. 

Q 

(Fig. 265) 

Maximum Stress. 

■ ■ 1 

137.15 

9180 

■ 

6900 

W+'P 

22895 

2 

13820 

9180 

6900 

W + P 

22000 

it' 

12820 

4980 

11100 

W + Q 

23920 

4 

1371.5 

4980 

11100 

W + Q 

24815 , 

.5 

12450 

1253 

12528 

W-fQ 

24978 

6 

6438 ^ 

1006 

5031 

W + Q 

11469 

7 

12450 

7517 

6^ . 

W+P 

19967 

8 

1789 

3600 

0 

W + P ' 

5389 

9 

6906 

6577 

1566 

' W+'P 

13483 

10 ■ 

6906 

313 

7830 

W + Q 

14736 

11 

1789 

0 

3600 

W + Q 

5389 



Fia. 267. 


181. Tiie Method of Sections. — Conceive that a framed structure is 
divided into two parts by cutting three bars A, B, and C. IS^ext suppose 
that one of these parts is removed, and 
that external forces P, Q, and S are 
applied to the bars A, B, and C respec- 
tively, so as to balance the internal 
forces in these bars, then the part of the 
structure which remains (Fig. 267) will 
evidently be in equilibrium. 

If moments of all the external forces 
acting on the part of the structure under 
consideration be taken about the point 
O, where the bars A and B intersect, 
then the moment of S will balance the resultant moment of all the 
reinaining external forces; and since the moments of P and Q are 
zero, and the other forces are known, their resultant moment can be 
determined, iis in Art. 60, p. 43, and therefore the moment of S is 
found. Again, since the perpendicular distance of S from 0, is known, 
therefore B can be found. If in constructing the resultant moment of 
the known external forces the pole distance be made equal to y, then the 
line which (measured with the force scale), multiplied by the pole dis- 
tance, gives the resultant moment, will, when measured with the force 
scale, give the magnitude of S. 

.Having found S, the force P may be found in like manner by taking 
motnents about another point in the bar B (say at tlie mtersection of B 
and C). Lastly, the force Q may bo determined by taking moments 
aljoiU a point outside the bar B. 

The forces P and Q may, however, he determined l)y the polygon of 
external forces after S has been found. 

Another method of finding B is by means of the polygon of forces 
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angular poini, ni C), as 


and ;j. fninniiiar pnlyguii, the latteiv liaving (yrtn 
nxplaiiKMi in iattnr part of Art 57, p. 38. 

182 . The Tiiree-Hinged Arck-^ll a, roof or bridgo irmn 

aro s(K‘,iuvil in [oundatiuiis hy Miiged joiiitn, and there is another liiiiged 
jrdnt a,t an interinediate 
point, say, at the middle 
of the trass, sueh a ti'iiss 
is known as a t}in'e~lun<jvi1 
arrh, a.ml it is said to 
(‘oinstruetMl on the fhmy 
Uufjed Tile de- 

termination of th(‘ stresses 
in the vaaions hai’s of sueh 
a truss may 1 h‘. profa^aied 
with as in. an ordinary 
truss as soon as tlie. n?- 
aetiims ad the hinges are 
determined. 

One method of find- 
ing the reactions at the 
Iiinges is as follows. 

Fig. 268 s'h.(.)ws a truss 
hinged at A, 'B, and (h 



Flo. 268. 


The resultant load on the part AB is tlu^ force 
P, and the resiiilant litad on the part BC is the force Q. Finst iieg]e< t the 
load aciing on the part BC. The part BCis then under the attion of two 
forces only, viz. tlie reactions at B and C, and these forces must balance 
one another, ami will tlierefore act in opposite directions along the straight 
line BC. The truss as a whole is now under the action of tliree forces, 
viz., the force P, tlie reaction T^ at G, whicli acts along CB, and tlie 
reaction at A. Since these three forces are in equilibrium, and since 
the lines of action of two of them, T, and P, meet at therefore the line 
of action of the third one, must be Am, By means of the triangle of 
forces the magnitudes of S, and T| can be determined. 

N ext neglect tlie load on the part AB, and consider the load Q on the part 
BC. Tin's load Q will cause reactions So and Th at A and B res|)eetive]y, 
and tliese reactions may be found in the same way as Sj ami Tj were 
found. 

When both loads P and Q act, it is evident tliat tlie reaction at A will 
be the resultant of Bj and S.,, and the reaction at B will lie the resultant 
of T^ and T., . “ 

Tim reaction of tlie part AB on the part CB at B will be the force 
whicli wall balance the force Q and the reaction at C, and the reaidion of 
the ]>art C.B on the jiart AB at B will be the force wdiich will balance tlitj 
force P and the reaction at A. These twm reactions wdll, of course, he 
equal ami op|)ositc. 

When the truss is symmetrical aliout a vertical centre line, and is 
symmetrical ly loaded, the reactions at B will be horizontal, and the line 
of aeti(,m of the reaction at A will be the line joining A with the point of 
intersection of the line of action of the resultant load on the half truss 
AB with the horizontal line through B. The direction of the reaction at 
C is found in like manner. 
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E D 

Ex.6, 


K K K K 

Ex.7, 


Fig. 269. 



cate on the frame diagram the members which are in compression by lining them 
in with thick lines. In addition to determining the results graphically, they 
should also be found by calculation. 

1. Span = 2i feet. The loads are as follows ; AB = EF= 250 lbs., 
BC = CD=DE = 500 lbs. 

2. Span = 80 feet. The dead loads are as follows: AB = GH = 400 lbs., 
BC=CD=DE = EF = FG=800 lbs. The wind pressure is to be taken at 6000 lbs., 
acting at right angles to, and distributed over, the sloping surface as follows: 
2000 lbs. at each of the intermediate joints, and 1000 lbs. at the top and bottom 
joints. The reactions at the supports due to the wind pressure are to be assumed 
to be parallel. Tabulate the stresses due to (1) dead load, (2) wind on left, 
(3) wind on right, and state also the maximum stress in each bar. 

3. Bpan=48feet. The loads are as follows : AB=GH= 500 lbs., each of the 
other loads = 1000 lbs. 

4. A wall crane. The bar BO is horizontal, and 10 feet long. The bar BD 
bisects the angle ABO, and is 3 feet 9 inches long. The distance AB is 8 
feet. The chain passes over a pulley at C, as shown, and supports a weight W of 
1000 lbs. 

6. Pent roof truss projecting 18 feet from the wall. Each load shown is 1000 lbs. 

^ 6. Warren girder of 40 feet span. Case (a). There is a load of 10 tons at the 

joint EJKLD. Case (6). There is a load of 8 tons at the joint EJKLD, and a 
load of 6 tons at the joint CNOPB. Case (c). There is a load of 6 tons at each 
of the joints in the bottom boom. 

7. Span, 48 feet. Load AB=load GH=3 tons. Each of the other loads 
shown =6 tons, 

8. Curb roof truss of 48 feet span. The loads AB and JK are each 500 lbs., 
and each of the other loads shown is 1000 lbs. Case {a). Take the truss as 
shown. Case (b). Suppose the bar LS to be removed, and that the truss is 
converfced into a three-hinged arch, as explained in Art. 182. Determine the 
reactions at the hinges, and the stresses in the various members. 

9. A jointed frame, shown in Fig. 270, is subjected to six forces, acting one 
at each joint. The directions of the forces bisect the angles marked, and the 
magnitudes of three of them are given in the sketch. Find, graphically or other- 
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wise, tliD mjignifctides of the unknown forces X, Yj-Z, aiid deduce tlie force in, 
the joeinlKG* AB. [ILL;] 



dOYJ 

2 t 0 as. -»/4ton8.» A V 

" toflS 

^ fif: iCf 


!^'20ft:-4“-20ftrth**20^ 
^Etons. ^2 tons. 


Fr(n 270. 


Fib. 271. 


10. In tlic! t.rijss shown {FiL^ 27] ), AB is a beam member, ^die links A'K, EG, 
GF, and FBart* eqn.'il, and tbe links EC and FD c^onnect the joints E and F to 
tliti ]»oinis 0 and 1) of th(^ beam tnoniber. The reaction at B is vert ical. Draw 
to scale, diagrams of boiidiiig moment and shear force for the bf^ain member 

a:b. 

of the frame given f 

in Fig. 272 is 57 / X. 

feet, the depth,, 

LM is 7 feet, and ' ^ |P p m 

the distance NO is 

1-8 feet. There JJiu. 

are loads of 2 tons at P, 4 tons at O, and 2 tons at M. Bind tlie stresses in the 
members. [U.L.] 

12. A trass is as shown in Big. 273. , . . 

Each top joint carries a load W, and 1^ M 

the top boom is divided into equal -^7 v T v f 

segments. The length of the horizon- \ / 

tal tie-rod is half the span. Deter- X^^ X^^ » 

mine the ratio of depth to span so 273 

that the tension in all the tie-rods 

shall be the same, and verify your result by drawing a force diagram. fU.L.] 

13. The sketch (Bh'g. 274) shows the frame of a tandem bicycle. Calculate 


B’ind tlie stresses in the 
[U.L.] 

W jW jW iw 


Bid. 273. 


[U.L.] 

Calculate 


120 lbs. 


30 lbs. 

1 It 


30 lbs. \ 


Fig. 274. 

and draw bending moment and shear diagrams for this frame, when each of the 
two riders weighs 150 lbs., 30 lbs. of the weight of each rider being assumed to 
be borne at the driving axle centres. Regarding the frame as a plane structure, 
draw a complete force diagram for it. [B.E.] 
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14. A Bollmmi truss is shown in Fig, 275. The vertical struts divide the 
spa , 11 into six equal parts. The truss carries a uniformly distributed load of 
1 ton per foot run, and 
a single load of 10 tons 
at 20 feet from tlie left- 
jiand siqiport. Find the 
forces, in tons, in the 
various members, Note 
that the sloping mem- 
bers have joints at their 
ends only. The top 
member is really a 
beam, but in working this problem the beam may be assumed to have pin joints 
at the junctions with the vertical struts. 

16. Show that for a Bollman truss, if n = number of equal panels in the truss, 
d -depth of the truss, Z= span, and ?(?= intensity of the uniformly distributed 

load, then the horizontal stress in the top member is 1). [If-L] 

16. A Finic truss is shown in Fig, 276. The vertical struts divide the span into 
eight equal parts. There is a load of 8 tons at the top of each vertical strut. Find 


K L 
Fig. 275. 



the forces, in tons, in the various members. Note that the sloping members have 
joints at their ends only. The top member is really a beam, but in working this 
problem the beam may be assumed to have pin joints at the junctions with the 
vertical struts. 


CHAPTER XIII 

DESIGN OF STRUCTURES— ROOFS 


183. Roofs and Roof Trusses, ^ — The function of n roof or upper 

covering to a Imilding is to protect the interior from vfnd and ^vea,t]l(‘r. 
It consists of a leather-] )roof (X)vering siipported oii a siii tables framework. 
Tills covering may he made either tiat, sloping, or curvt^d, the pitch or 
slope de|)ending largely n])on the nature of the materiaJ of which, it is 
composed. The framework consists of (1) the roof or 

which, span from support to support and carry the roof struclnre ; (2) 
the p?irlrns, longitudinal 
beams which j*iin from 
truss to truss along the 
roof; (3) tlie raffvrs^ st/s7/. 
bars, etc., \^'llicll rest 
upon the purlins, and to 
which the covering pro- 
per is fixed ; (4) tlie wind 
tdeSf which prevent longi- 
tudinal distortion of the 
roof by the wind. 

In Fig. '277, which 
shows, in oblique projec- 
tion, the framing of a 
roof, TT . . . are the 
main trusses or princi- 
pals, PP ... the pur- 
lins,. WW the wind ties, and C the roof covering. RE is called the 
ritbje of the roof, and the lower longitudinal edges are called the cares. 

184. Iron Roof Trusses. — Roof trusses may be made of wood, but 
iron or steel princi|>als are siijierior in nearly every respect for spans of 
any considerable size. Figs. 278-290 represent the more common types 
of iron or steel roof trusses. They are all composed of the following 
members or parts: (1) the prindpal rafters, wdiich are the meinhers, 
eitlier straight or curved, running from the ridge to tlie abutments or 
supports, and carrying the purlins ; (2) the tie rod, whicli may be straight 
or cambered, whose function it is to tie the two feet of the principal 
rafters together, and thus relieve the abutments of the horizontal thiiist, 
which would otlierwise come upon them ; (3) secondarii bracing, which 
divides the princi|)al rafter into jiaiiels, and thus supports it both as a 
strut and as a beam. The u]>per ends of these secondary members 
should come directly under the purlins, and thus relieve the princijial 
rafter of transverse bending actions. The axes of any three adjacent 
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nioiiiLers of a truss should either meet at a point or form a triangle. 
All members of the truss should either be simple ties or struts. Struts 
should be. as short as possible, and as many members as possible should 
be ill tension. 

Idle feet of the principal rafters rest in shoes^ which rest in turn upon 
wall plates, bolted to the walls or other abutments. 

185. Forms of Eoof Trusses. — Figs. 278-283, represent six of the 
commoner forms of ^‘King-rod'' and Queen-rod ''trusses. The member 
depending from the apex at the junction of the principal rafters is called 
the king-rod, while the other ver- 
tical suspension rods are called 
queen- rods. 

■ 278 shows the simplest 279 _ 

form 01 iron roof truss. The prin- 
cipal rafters are only supported at their ends, and a single king-rod with the 
tie rod complete the framing. This design may be nsed for spans up to 
15 feet. Ill Fig. 279 each principal rafter is divided into two equal 
panels by a secondary brace (a strut), and the span may be increased to 
about 25 feet. 

The design shown in Fig. 280 may be used for spans up to 30 feet. 

By dividing each principal rafter into three equal panels, and adding 



two queen-rods in addition to the king-rod, as shown in Fig. 281, the 
span may be from 35 feet to 45 feet. 

The design shown in Fig. 282 is sometimes called an English irm$. 
The principal rafters 
are each divided into 
four equal panels. This 
truss may be used for 
spans up to 60 feet. 

The saw - tooth or 
workshop truss is shown 
in Fig. 283. This form 
of truss is extensively used for the roofs of weaving sheds and the like. 
The slopes of the rafters are unequal, the covering on tlie lesser slope 
being slates or tiles, while that on the 
greater slope is glass to light the in- 
terior. The truss shown may be used 
for spans of from 20 feet to 35 feet. 

King and queen-rod roof trusses, 
having vertical members, are very 
suitable for hipped roofs. They 

have the disadvantage that the long braces are struts and the short 
ones ties. This is sometimes obviated by sloping the diagonals in the 
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I' 

I 


otJier. direction, as. sliowB. in Fig. 284. 'The -verticals, e^rcept the cento 
one, tlieix become struts,. and the diagonals ties. 


, Fir, 284. ■ Fig. 285. 

Figs. 285-28.8 show the more frequent types of t rimed rafter roo..fs. 
The princ'ipal rafters are .supported by trusses, consisting of struts and 





Fig. 286. 


Fig. 287. 


ties. The upper ends of tlie struts divide the rafters into panels, and 
the lower ends are supported by the tie rotls. The trusvses supporting 
the two opposite raf- 
ters are held together 
by the main tie rod. 

This type of truss has 
the ad van tage that 
the struts, which are 
usually perpendicular 
to the rafters, are 
short. For a given span and a given system of loads, this type of truss 
probably makes a lighter roof than any other type of principal 
The design shown in Fig. 285 is 
used for small spans up to, say, 20 or 
30 feet. The design shown in Fig. 

286 may be used for spans up to 40 
feet, and that in Fig. 287 up to 
.45 feet. The truss sho'wn in Fi.g. 288 
is known as the Freneli^ Belgian, or Finh truss. It is a very common 
design for trusses of from 40 to 60 feet span. A light suspension rod^ 



shown dotted, is often introduced to give support to the main tie rod. 
Two types of curved roof truss are shown in Figs. 289 atid 290 ; that 






Fig. 289. 
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sliown in Fig. 289 lias curved rafters, and may have a span of from 20 
to 40 feet. The sickle-shaped truss, shown in Fig. 290, is of a type 
suitable for large spans of, say, from 40 to 100 feet. 

For very large spans, arched principals are used. The abutments 
must tlieu bo, made strong enough to carry the thrust of the arch. The 
span may, liowe^’cr, be divided, and combinations of simple roof trusses 
used. 

186. Boof Coverings. — Zmc^ in sheets, about inch thick, laid upon 
boarding with wooden rolls, forms a light covering. The joints must be 
arranged to allow free expansion and contraction of the metal with 
changes of temperature, while still remaining water-tight. The sheets 
arc 7 to 8 feet long and about 3 feet wide. 

Correlated iron is much used as a roof covering. For small spans, 
not ex(,*eeding 10 feet, it may be simply arched, and used without any 
main trusses, the free ends being held in at intervals by tie rods, or 
simply screwed to timber wnill plates. On larger spans curved angle or 
tee-irons am introduced as rafters to give support and stiftness. If, how- 
ever, the span exceeds 1 5 feet, a properly designed roof truss should be 
used ; the slieets of corrugated iron are then laid upon purlins. The 
sheets of corrugated iron vary from 6 to 8 feet in length, 2 to 3 feet in 
width, and from 24 to 16 I.S.W.G. thick (0*022 to 0*064 inch). The 
coi'rugations \'ary in width from 3 to 6 inches centre to centre, the depth 
being about one-fourth of the width. 

the span of the sheets depends upon the depth of the corrugations, 
the thickness of the metal, and the weight per square foot to be carried. 

The following formula may be used. L = 12^—, where L = span in feet, 

t = thickness of metal in inches, d — depth of corrugations in inches, and 
w “ weight per square foot to be supported. 

The sheets may be laid directly on the purlins, the corrugations 
following the slope of the roof. The lap of the horizontal joints should 
not be less tlian 6 inches, and these joints should come directly over the 
purlins. Where two sheets join along their sides, at least one complete 
corrugation should overlap, and the two sheets should be fastened to- 
gether by screw bolts or rivets pitched about 9 inches apart. 

If the purlins are of wood, the corrugated iron may be fastened to 
them directly by means of screws or by stirrup bolts, as shown at (?>), 
Fig. 291. If angle iron purlins are employed, the sheets are best fixed 
by means of hook bolts, as shown at (a)^ Fig. 291. These hook bolts are 
commonly about inch in diameter. All bolts and rivets should pass 
through tlie ridges of the corrugations, and should be provided with 
washers to prevent leakage. A fiat bar, or sometimes an angle bar, is 
often introduced at the eaves, running along the length of the roof, and 
held clown by the lowest row of bolts. This prevents the wind froin 
tearing the corrugated iron from the roof should it get beneath the 
sheets. This wind tie is shown at (ft), Fig. 291. 

Large (Duchess, 24 inches x 12 inches, or other sizes) are often 
used for the covering of iron roofs, These may l')e laid upon boarding 
and iiaile<l in the usual way, or light angle iron purlins may be fixed to the 
rafters, and on these the slates are laid and then wired on, as shown at 
(e), Fig. 291. These angle iron purlins may be about IJ in. x 14 in. x ^ in. 
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wlieii tile .flistance between, , tiie rafters does- 'not -exceed 8 feet, or 
2 iiL X 2 in. x in., wlien that d'istance is i.ncreased to 10 feet.' 

'film of great variety are used, for roof coverings. They are sup- 
ported in the same way as slates. Tiles are heavy,. and they requi',re the 
roof to be of high pitch. 

67ns.s‘ is largely used as a roof covering. Many roofs have glass sky- 
lights, while some are entirely covered by glass. The shorter slopt^ of a 
saw-teoth roof and many railway station roofs have glass coverings. Tlie 



glass may be kid in sash l.)ars of wood or tee-iron, with putty. Iron sash 
bars, however, expand and contract more than the glass with, changes of 
temperature, and tlie ]nitty is liable to crack. Hence many systems of 
glazing ■without })utty have been introduced. 

Glass sheets suitalile foi' rooling vary in width from 12 to 20 inches, 
and in thickness from J inch to inch. They are made in lengths up to 
6 feet. Alfout 3 inches <'>f lap should be allowed between two sheets. 
Tee-iron sash bars vary from 1 incli to 2 indies in depth, and from | to 
inch in thickness. 

IB 7. Details of Roof Trasses. — The various parts of roof trusses 
should be made as plain and simple as possible. Forging and welding 
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sIn'Milfl ]x‘ aA'oided, being expensive, and Avelding is not always reliable. 
!ii\'i;i«'d and I )ol ted joints form tlie best connections. Eivets and bolts 
ar<,^ l)est jdaced in direct sliear, but if sucli fastenings liave to be in, 
tension, belts sbonld be used in preference to rivets. Bolts are also gener- 
ally preferred wlien tlie diameter exceeds 1 incb. , Gussets? in many 
cases, form a convenient means of attacliment, particularly where many 
irienibers meet. Care should be taken that at a joint the axes of the 



various members intersect at a point. This is a condition which is too 
often neglected in practice. 

Sections of rafters are shown in the upper part of Fig. 292. A tee 
section is the most common form for small roofs. Double angles and 
built up sections are used for larger spans. A rafter must be of a form 
enabling it to act as a strut, and at the same time affording convenient 
attachment for the secondary members and purlins. 

At the ridge or apex the rafters are united by double gussets, which 
also form the fastening for the braces which are attached there. The 
trusses should be tied together at the apex, either by the purlins placed 






DEBKM OF BTRUOTUEBS 


there, or hy a special ridge ' member. Examples of ridge joints aiicl 
methods of eomiocting the .secondary braces to the rafters are shown in 
Fig. ,2ri. ^ ; 

Fiirtlitn* di‘laii illustrations, mainly relating to struts and shoes, are 
gmiij in J'hg. 29d. Btruts are usually angles or tees, or condhmiti<ins of 
them. A simple and ellieient strut is formed of two flat Iwirs, or two 
bars of uthciy suitable s( nation, held apart by distance pieces suitably 
spa<nMl. Su(‘h a strut must be arranged to carry the total load upon it 
wddle acting as a wdiohs a,nd must also be/ strong enough betweeti tlie dis- 
tance pieces to resist local buckling. The attachment of struts to the rafters 
is usually by means of gussets, but they may also be attached <lire(d>ly. 
Angles, ttjcs, etc., are sometimes joggled at the ends to suit the rafter. 

Bhoes may ho made of east-iron, but built up shoes from rolled 
sections are common. They must hold the end of the raft<‘r firmh% 
allow <;oiivtmicnt attachment for the tie bar, and afford suitable ]>ea,riiig 
for the truss. The axes of the tie Imr and rafter should meet a.l a. poiiit 
on tile line of the vertical rumdion from the wall or support. When the 
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Fig. 295. 

truss rests uiKm a wall a stone templet is provided for the shoe to rest 
upon ; Lewis or rag bolts let in with lead form a suitable iiolding. \¥lien 
the slice is to slide, slotted holes are provided for the bolts. Sliding 
shoes of teri rest npoii sole plates. 

Ties and their connections are shown in Fig. 294. iflat bars pla(.*cd 
with, their w’klths in the plane of the truss form good ties. Round bars 
may look neater, but they are more costly than flat bars as ties, es])ecially 
for large sizes. Angle and tee bars work in well for ties of large section. 
With, ilats, anghis, etc., the joints are usually made by means of gussets 
witli rivets or Ixdts. In the case of round tie bars, forked ends or eyes 
may be forged on them to make }.>in joints. Another practice is to screw 
the ends of r(,>iind tie Ixirs, and the ends are sometimes staved up before 
screw’ing in order to save w’eight. Adjustment may be obtained by 
making a cottered' joint, or by cutting the rod and introducing a turn- 
buckle. With good workmanship such adjustment should be unnecessary. 
At the foot of the king-rod a tie between the trusses is often introduced; 
this prevents lateral movement of the tie rods. 

Fig. 295 shows cross sections and details of fixings for purlins. 
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H<‘vci*a] forms of joints for purlins are sliown in Fig. 296. 



Two methods of introducing longitudinal wind bracing are shown in 
Fig. 297. 



Pig. 297. 


188. Weight of Boof Coverings.—For the purpose of estimating 
approximately the weight to be carried by a roof truss, the particulars 
given in the following table may be used. The weights given are in 
pounds per stpiare foot of covered area. 


Sheet zinc . 

. . li 

Slates, large 

. 10 

Corrugated iron 

. . 34 

„ medium . . . 

. . 7 

Tiles, plain 


„ small . . • 

6| ■ 

Pantiles . . . . 

. 12 

Boarding, 1 inch thick 



189. Pitch and Slope of a Boof.— -The ratio of the rise to the span 
is called the of a roof. If the roof is symmetrical and the slope or 
inclination is denoted by 6 , then tan ^ = rise -half the span. T^^ min- 
imum slo]:>e for a roof depends on the nature of the covering, and is roughly 
5“ for zinc, 1 1'’ for corrugated iron, 22° for large slates, 26° for pantiles 
and medium sized slates, 30° for small slates, and 45° for plain tiles. 

190. Procedure in Designing a Boof. — The method of procedure 
in getting out the designs for a roof may now^ be briefly given. 

Decide upon the type of truss. This will depend upon the various 
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c-fHiclitions whir.h thr roof lia.s to HJitisfj, tlie type of Iniildiiig it ha;-, to 
cover, tlu^ spnii, \N liclhcr the taais are to 1>0 hipped or not, etc. 

Settle the tyj>e of’ roof covering, and arrange for a suitahle support 
for it, sc-eing that tlic projKKsed distance apart of the purlins works in 
with the seeoiidaiy braciiig of the triiss chosen. 

llie pite.h should luvxt he, fixed. This depends largely on tht; type of 
covering to be iistMl. 

Decide wliGher the tie rod is to be cambered or not. This de|»eiuis 
upon the conditions of tlie case, \^hether the roof is to support a, ceiling, 
whether head room is a n6c(*ssity, etc. The advantages of a camber are, 
shorter struts, greater head room, and better appearanrte. Hpeahing 
generally, it is better to give the tie rod a small camber if possible. 

Draw an outline diagraju of the truss. The proportions should please 
the eye. . ^ ^ ^ ■ 

Fix the distance apai-t of the principals. This will depend to some 
extent on the typo of roof cr^vering, |nirlins, etc. Usually it imiy be, 
made from oneulglith to one-fourth of the span. The larger the int(‘rval 
chosen, ilie larger the latio of the least lateral dinumsion of the struts to 
tlieir length, and they will therefore be lighter in j>roportion to their 
strength. Too large a pitcli of principals involves lieavy purlins and 
increases the cost. 

Find the loads upon the truss. These are: (1) The weight of the 
principal. (2) The weight of the covering. (3) The weight of snow' upon 
the roof. (4) The weight of the ceiling, if any, carried by the trusse^^^ 
(1) is often neglectcMl, ixit in large roofs it should be allo^ved for. (2) 
can be a]>proxim!itely estiinated (see table, p. 210). Allowaiiee should 
also be made for the Aveiglit of the purlins, rafters, etc. (3) can be 
taken at about 6 lbs. per s« piare foot of area cov'ered in the British Isles. 
(4) must be estiinated ap|)roximately, the weight being carried fi*om tlie 
lower joints of the roof. For wind pressure, see Arts. 179 and 180, 
p. 194. 

The loads should now be divided up, and the resulting forces at each 
of the joints found. It is well to keep the loads at the joints due to the 
wind }>ressure separa,te from the others. 

Choose next the methods of support tor the ends of the trusses. 
Usually one end is left fi-ee, to allow the principal to expand and contract 
with changes of temperature. The reaction at this end is then assumed 
to be vertical. 

Find the stress(^s in the members, either graphically or analytically, 
or preferably ]>y both, methods. The dead load stresses should ha found, 
the stresses with the wind pressure on one side and then on the other, 
and the three sets of figures should be combined, as showm on p. 1 96. 

The sections of the various members can now be ascertained by the 
ordinary rules. It is safer to assume that all the struts are hinged at the 
ends. Bee also that members m which the stress reverses are ca]>ahle of 
withstanding the reversed load, although it may be smaller than the 
normal h,>ad. Use a low wxjrking stress for these members. Use also 
a low stress for members which are welded. 

Design the joints. Arrange sufficient rivets, bolts, or pins to take 
the stress from the liars on to the gussets. Where a gusset connects one 
or more ties or struts to a rafter, bear in mind that the total shearing 
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force, on rivets connecting the gusset to the rafter is the resultant 
of the forces a,cting along the various members, other than the rafter 
itself, connected to the gusset. 

Design tlic shoe and -svliatever other details of the truss have not 
already been arranged for. 

Fix the size of the purlins, treating them as beams carrying their 
load from rafter to rafter, and arrange for suitable joints in them. 

fSettle any further details of the covering •which may be necessary. 

Arrange for suitable wind ties if it is deemed prudent to fit these. 

Make cnmplete working drawings of the whole roof, seeing that 
all tlic parts go together properly, can be easily made, and are in every 
way suitable for the functions which they have to perforin. 


Exercises XIII. 

In the foUonntig e.iiey'cisfjs the various memihers must he proportioned, according 
to the loads which they have to carry, and ivorhing drawings of the various details 
should be made. 

1. Design for a king-rod roof truss (Fig- 298). Span, 20 feefc. Kise at centre, 
5 feet. Distance between principals, 6 feet. -Assume that the truss has to 
support a total load of 2 tons per “ square ” acting verti- 
cally. (A “square” is 100 square feet of area covered.) 

The following sections are to be used. — Bafters, tee; 

struts, angle ; ties, flat. Material to be mild steel, and 

the joints to be riveted. 

2. Design a roof suitable for covering a shed with 
open ends. The span between the supports is 35 feet, 

and the trusses are to be placed 8 feet apart. The principal rafters have a 
rise of 10 feet, and the tie bar has a camber of 2 feet. The form of truss to 
be used is shown in Fig 299. The covering is to be corrugated iron on angle iron 
purlins. The dead weight upon the roof may be assumed in the first instance 
to be 10 lbs. per square foot. Snow, 6 lbs. per square foot, and horizontal wind 
pressure 50 lbs. per square foot. Lateral wind bracing is to be provided. 
Rolled steel sections and riveted joints are to be used. 



9.4. 
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299. FiU. 300. 

3. A design is required for a trussed roof of the saw-tooth pattern (Fig. 300). 
There are several similar spans. The trusses over the first span are bolted to 
a wall at one side, and all the other supports are columns, as shown. The 
distance apart ot the principals longitudinally is 7 feet G inches. The steep slope 
is to bo covered with glass, the other with slates on boarding. Take the dead 
weight of the roof as 18 lbs., per square foot, the weight of the snow as 6 lbs. 
per square foot, and the horizontal wind pressure as 50 lbs. per square foot. 
Round bars may be used for the ties, angles and tees for the other members. 

4. Design for a slated root The trusses to be of the “French” pattern. 

Htoh, J. ^ Camber of tie rod, Span, 50 feet. Distance apart of principals, 
10 teet. The covering to be Duchess slates laid upon 2 inch boarding supiported 
by angle The roof is estimated to weigh as follows : Slates, 9 lbs. per 

square foot. Boarding, 7 lbs. per square foot. Purlins, 3 lbs, per square foot. 
One truss, 4- ton. Snow, 6 lbs, per square foot, and the normal wind pressure 
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28 lbs. per square foot. One. entl of the truss is to be firiuly bolted down, and 
the other to be capable of sliding. Eolied steel sections only to be used, with 
riveted joints. 

5. Design a qiieeii-rod roof truss with vertical struts of the ftirin and 
dimensions shown in Fig. 301. Distance apart of principals, 10 feet. 'Fake tlie 
total dead weight of the roof as 20 lbs. per 
square foot, horizontal wind pressure as 50 
lbs. per square foot, and snow as 6 lbs. per 
square foot. One end of the truss to be free 
to slide. The struts to he formed of fiats, 
with distance pieces. The ties also to be 
formed of flats. 

6. Design Tor a sickde-shaped roof truss Fill. 301. 

of the forrn shown in Fig. 290, p. 203. The ■ 

span is 100 feet. The total rise is 25 feet, and the bottom chord has a rise of 
10 feet. There are eight equal segments in the top chord, and s<;ven equal 
segments in the bottom chor<l. The trusses are 20 feet apart;. 'Fake the dead 
load as 18 lbs. per square foot. Snow, B ll)s, per square foot, llnrizontal wind 
pressure, 50 lbs. per square foot. One end of the truss is bolted down, and 
the other slides.^ Use rollerl steel sections only, 

7. The principals of a, steel roof for a dock shed arc of the form sketched in 
Fig. 302. The rafter.s are 
equally divided at the joints, 
and a vertical load of I J 
tons acts at each top joint. 

The principals are sup- 
ported on girders 8 inches 
wide. Draw the force dia- 
gram for the roof, and 
tabulate your results, dis- 
tinguishing between ties 
and struts. Design also 
the joints at A and B. 

Choose your own stresses, and draw the details one-quarter full size. ID«D.] 

8. The tie rod of a roof truss is connected to the foot by two clip plates, and 
by a cotter joint with two gibs. The diameter of the tie rod is If inches. 
Design this joint for equal 
strength throughout, The 
type of joint is indicated in 
tile sketch (Fig. 303). Draw, 
full size, plan and elevation, 
and any necessary sections. 

The drawings must be fully Fia. 303. 

dimensioned, and finished 

off neatly in pencil. All calculations must be fully worked out, and must be 
handed in with your drawings. [RR ] 







CHAPTER XI? 

DESIGN OF STRUCTURES--PL4TE GIRDERS 

191. Beams and G-irders. — In Chapter VII. it has been shown that 
the straining actions at any cross section of a beam, due to any system of 
vertical loading upon it, may be resolved into two distinct effects, namely, 
a bending action and a shearing action. It has also been shown that, for 
economy, beams are made with a cross section shaped like the letter I, in 
•which case the top and bottom flanges may, for practical purposes, be 
assumed to resist the bending moment, whilst the web takes the shearing 
force. 

The concentration of the material into a web and flanges may be 
obtained by using a rolled steel joist or channel, and these may be 
combined with plates for stronger sections. Again, separate plates may 
be used for the web and flanges, which are united by angles. Another 
form is obtained by substituting diagonal bracing or lattice work of bars 
for the plate web. 

192. Beams of Eolled Joists or Channels and Plates. — The most 
common form of beam in use for short spans is the rolled steel joist 



Fig. 304. 


shown at (a), Fig. 304. The standard sections for rolled steel joists are 
numerous, and range from 3 inches deep by 1| inches wide, weighing 
4 lbs. per foot of length, to 24 inches deep by 7"| inches wide, weighing 
100 lbs. per foot of length. These joists can generally be obtained from 
stock in lengths of eveiy foot from 10 feet to 40 feet for ordinary sections. 
For convenience in rolling, the flanges are tapered in section, as shown, 
the angle between the inside of the flange and the web being 98°. Should 
the load require it, t-wo or more of these joists may bo placed side by 
side, and tliey may also be strengthened hy having ])lates riveted to their 
flanges, as shown at (h), {d\ and (e), Fig, 304. A l:)oam, formed of two 
cliamiels connected by plates, is shown at (c), Fig. 304. 

193. CoEBections between Eolled Joists. — When two or more joists 
are used side by side, without connecting flange plates, castdroti separators^ 
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or distance pieces, are placard ' between ■ tiiem, as- shown in Fig. 
Separators should be placed at intervals of about 5 feet, and also 
a concentrated load occiU's on the beam. , 

A joint between t\vo lengths of joists is made n 
by means of fish plates, as showm in Fig. 306, “q 
and if there is any bending moment where this ““ 
joint is made, cover straps on the fianges should 
be added, as shown by the dotted lines. 

Angle connections between horizontal joists - 
at right angles to one another are shown in 
Fig. 307. Angle connections between horizontal 
joists and joists used as columns are shown in 
Figs. 308 and 309 . In these various connections, where thr^ load 
beam is transmitted to another, or to a column, through ri\’cts or 


on one 
• bolts, 
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and tliey are therefore of constant depth tliroiiglioufc their length. Hog- 
hacked girders n, curved top hoom, jish-hellied a 

curved bottom boom, as shown in Fig. 310. The effect of curving one 
boom is to increase the depth of the girder towards the centre, where the 
bending moment is greatest. This permits of the cross section of tlie 


lish - meUiedl Girder. 





J ICr. 310. 

booms being kept more nearly constant. Except under special circum- 
stances, it is generally better and cheaper to use a parallel girder than 
one of variable depth, the cross section of the flanges being varied to 
approximately suit the bending moment.. Fish-bellied girders are usually 
adopted for overhead travellers of large span. Hog-backed girders are 
frec|iiently used for large span railway bridges. 

195. Plate G-irders. — When the depth of a girder exceeds a foot, but 
is less than the limiting depth for a rolled joist, it is frequently more 
economical to ])uild it up of plates . . 
and angles rather than use a rolled 

joist, and when the depth exceeds r | 

the limiting de|)th for rolled joists, ® ^ ® ® 

the -built up girder must be used. 

Types of built up plate girders are 
shown in Figs. 311 and 312. For 
smaller spans and lighter loads, one 
web plate and one or two flange 
plates may be sufficient, while for 

larger spans and heavier loads two, I I I I 

or even three, web plates and many L— 

more than one web plate is used, as Fm. 3 il Fig. 312. 

in Fig. 312, the girder is called a 

box girder. The box type is more suitable for large than for small 
girders, and it is better only to employ this type when there is sufficient 
room inside for the girder to be properly painted, and so protected from 
corrosion. Care must also be taken that the girder can be properly riveted 
up, a not altogether unnecessary caution. 

The depth of the girder must never be less than l-20th of the span. 
For economy, the depth should be 1-1 2th to 1-1 0th of the span. The 
breadth varies from l~20th to l-50th of the span, depending on the 
amount of lateral support the girder gets. If there is no lateral su|:)port, 
tlie breadth should not be less than l-20th of tlie s])an, whilst if it is 
well sup])orted laterally, say by closely spaced cross girders, tliis dimen- 
sion might be diminished to 1- 40th or l-50th of the span. 
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196. Booms ©r^ flanges.— The booms, or.iiaiiges, of builfc n|> girdj.^s 
are almost ill variably made fiats’^ or plates.' These are rm lied to 





,Fl0-. 313. 

the web plates liy angles, which of course act with the plates in ri^sisting 
the bending moments. 

The^ boom plates are not ail of the .same length, but are cnrtaiied as 
the bending moment falls off. The usual graphical method for determim 
iiig the length of the flange plates is shown in Fig. 331, p, 227. Chre 
should be taken that 
the angles and plates are 

of convenient lengths. q oqqqqqQOOQ Q> Q 
When there are many 

plates in a boom, the. Fig. 314. 

joints in them should be 

grouped, where possible, under one cover, as shown in Fig. 313. It is, 
however, sometimes convenient to make one flange plate form the cover 
for the joint of another, as shown ifi Fig. 314. 

Joints in the flange angles are made with round haeh covers, and are 
arranged as shown in Fig. 315. 

In the type of grouped joint sliowm in Fig. 313, a single cover is used 
and is placed on the outside, hence the rivets in the joint, although they 
T— ^ ^ ■ r 
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Fig. 315. 


pass through several plates, are only in single shear. An underneath 
flange plate or angle must not be regarded as forming a cover to the joint 
in a }>late above it, for it has its own load to carry, and cannot act as a 
flarigt; plate and also as a cover at the same time. 

* FlaU arc narrow plates, rolled to definite widths, usually not exceeding 
12 inches. 
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Various iiieans are adopted to place tlie rivets , in a flange joint in 
double sliear. Tlia rivets which do not pass tlirough the flange angles 
may be placed in double shear by the addition of covers underneath the . 
flange plates, as shown in Fig. 316. The addition of round back covers 
to the angles, as shown in Fig. 317, will place the remainder of the 
rivets in double shear, but these angle covers cannot act as just stated 


Cover.- 



- V 

Cover/ 

\ 

Bound Bach 
Cover. 


Packinff. 


Fig. aiG. 


Fig. 317. 


Fig. 318. 


Fig. 319. 


and also act as covers to a joint in the flange angles at the same time. 
The underneath cover may extend right across the flange, as shown in 
Fig, 318, which is a section of the flange in the neighbourhood of the 
joint. This, however, prevents the flange angles being placed directly 
on the flange plates, and where the covers, do not occur, packing pieces 
have to be introduced, as shown in Fig. 319. These packing pieces 
cannot, however, be counted as forming part of the flange section, at any 
rate in the neighbourhood of a joint. 

The thickness of each flange plate should not be less than | inch or 
greater than | inch. Four | inch plates, or three J inch plates, make a 
much better flange than two | inch plates, supposing the required flange 
thickness to be 1-| inches. 

197. Web Plates.— The web in small plate girders consists of a 
single plate suitably stiffened to resist the shearing forces. Except for 
very small and unim- ^ ^ ^ ^ ^ 
portant girders, it is 
not desirable to make 
the web plate less than 
I inch thick. On the 
other hand, the thick- 
ness of a single web 
plate should in general 
not exceed I inch. 

When more than 
one plate is required 
to form the web, the 
different plates are 
united by butt joints 
with double cover 
straps, as in Fig. 320, 
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Fig. 320. 


Fig. 321.. 


which shows a vertical joint in a web. Sometimes stiffeners are utilised 
to do duty as covers, as shown in Fig. 321. This figure also shows how a 
change in the thickness of the web plate may be effected. Such changes, 
made with the idea of proportioning the thickness of the web to the shear 
stresses, are only advisable in large and important girders, or when 
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sliows examples of stiffeners applied to single web girders. Wlien tlie 
stiffeners are straight and not set in to meet the web plate, interinediat© 
packing pieces are introduced. Stiffeners _ _ . 

formed of plates and angles are shown on 
the main girders in Figs. 328 and 329, 
p. 223. 

Box girders should have diaphragm 
pffates fitted between the webs at intervals, 
as shown in Fig. 323. This ensures that 
the cross section of the girder remains 
rectangular, and that all the parts bend 
together. Manholes must be provided so 
that the space enclosed may be got at. 

The distance app,rt of the stiffeners is 
determined by the she^rring force upon the 
web. It^ is necessary, ■ however, to place ■■ ■ 
a stiffener wherever a local load occurs 
upon the girder. 

No satisfactory theory for the spacing 

of the web stiffcTiers has yet been formu- ~77 "7T 1^ 

lated, and the rules which will be given i t "- 

presently' are almost entirely empirical. In M jp^ I * * * I ^ 
Chapter IX. it was shown that a shear J g [ J Yij 

stress in one direction must be accompanied ^ 

by another of the same intensity, but in a ^ 2 ^ 

direction at right angles to that of the first. 

Also, it was show 2 i that these two shear stresses are equivalent to tensile and 
compressive stresses of the same intensity as the shear stresses and at right 
angles to one another, hut in directions making angles of 45® with the 
directions of the shear stresses. A square panel of the web plate is therefore 
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many of a type are recjuired. It is oftcir.more- oconomical to have the 
same web tliickiiess t]ir<>ugli(nit, c^spec^^h^^^^^ in small s|)ans, wheia*. t.la^ wt^h 
plate can be obtained in one piece, than to use plates of different 1.1ii<rkiu‘.ss 
and special joints. 

198. Web Stiffeners.— “To prevent btickling and, twisting it is necias- 
sary to give web plates lateral support. This is done by riveting to 
them at intervals angle- or tee-section bars placed, vertically. Fig. 322 
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in an ii| )i‘essioo along one diagonal, and in tensi( »n along tlie otliei-. Sin ce tliB 
tliin plate, is much less able to withstand the cruiripling tendency of the 
compj'ession than the direct tension, it is usnal to consider the ^^’eb as if 
coni]>osed of a niiniber of parallel strips inclined at 45"^, terminated either 
by the stitfeners or by the fange angles, and acting as struts. This con- 
sideration establishes a relation between the thickness of the web and its 
unsupported length. The shear force at any one section is assumed to be 
uniformly distributed over the depth of the web, -which is very nearly 
correct (see Fig. 203, p. 150). This determines the shearing stress 
and the diagonal compressive stress, which is equal to it, and hence the 
load upon the strut. The foregoing reasoning leads to the construction 
of fcrmulGe such as are given belo^v. It wail be observed that these 
formuhe are of the form of the Eankine-Gordoii forniula for struts. 

S “ safe shearing force in tons per inch of depth at any section, 
found by dividing the total shearing force, in tons, at the 
section, by the over-all depth of the web plate there in 
inches. 

t — thickness of web plate in indies 

d — horizontal distance bet-ween centre lines of stiffeners, or vertical 
distance between centre lines of rivets in the boom angles, in 
inches, whichever is least. 

. , 3 

Another rule, due to Mr. Theodore Cooper, reduces to the following, 

5 - 36 ^ 

■ - 

3000!!2 

In any case, S must not exceed it 

Preferably proceed graphically, as shown in Fig. 330, p. 226. Draw 
the shear per inch of depth diagram found as above. Plot on this lines 
parallel to the datum line representing the possible shear per inch of 
depth of I inch, xV 4 inch, etc., plates, corresponding to the pro- 
posed spacing of the stiffeners, as found by one of the formulm given 
above. An examination of such a diagram will show, either the limits 
between which a given thickness of web plate may be used with a given 
spacing of the stiffeners, or the limits between which a given spacing of 
the stiffeners may he used for a given thickness of web plate. This 
matter is further considered in connection with the worked example, 
Art. 204, p. 223.... . ' 

199. Riveting of Plate Girders. — For ordinary everyday work 
punched holes, greater in diameter than the rivets, are usually 

speciiied. In first-class wmrk the holes are punched Jy inch to J- inch 
smaller than the rivets, and reamered to size after the work is bolted 
together. The holts are then removed, and the burrs formed by the 
reamer taken off, after which the work is riveted up. 

The riveting in the joints of the plates in the booms must be designed 
to carry the tension or compression which exists in the plates they unite. 
The riveting through the angles connecting the boom plates to the web 
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plate is deteiiiiined by the sli(3ari!ig forces tendiog to slide the hum owr 
the web. Where the shpiring force is small, the pitcli may be large, hut 
near the ends of the girder, or where the shearing fon'e is large, <‘lnse!' 
riveting must be adopted. It is sometimes (*ven ni*ee.ssary to adept zig- 
zag riveting, or larger rivets at places where the shearing hare hec'omivs 
very great It is rmt ecmoniical, to make many ehiinges; two 

diSereiit ciiameters or two different pitches may be regarffod as the limit. 

The riveting in the vertical joints of the weh itself must ]»e made 
capable of withstanding not only the shearing forces in tlie web, l»nt also 
the stress in the web plate, due to the bending moment, for aithongdi the 
boom may be considered as carrying the bending moment, there is also 
a bending stress in the web. In fact, the stress in the outer iibres of 
the web is the same as that in the boom. 


lioughly, the size of the rivets may he as follows. For jdates under 
d indi thick, -g- incli rivets. For plates from -| inch to I im‘h thii'k, 
J inch rivets. For plates from inch to inch thick, inch, rivets. 
In each case the hole is inch larger tlian the rivet. These are a Ik ait 
the usual proportions for punched work, and will serve as a giii<ie. 
When many plates are to be united, larger rivets should be used. 

The pitch of the rivets should not be less than three diameters, or 
greater than sixteen timejs the thickness of the thinnest outside ].)]ato. 
Unless it is absolutely impossible, simple pitches 3, 3-|, 4, 41, 5, or 
6 inches should be adopted. It is not advisable to go above 6 inches if 
the work is exposed to tlie weather. 

The longitudinal pitch is easiest determined gi*aphically. Since the 
shear stress in the web is uniformly distributed, or practically so, over 
its depth, and the shear in two directions at right angles to one another 
is the same, the shearing force per inch-run, which the longitudinal rows 
of rivets must carry, is equal at any point to the shearing force per inch 
of depth there. The shear per inch of deptli diagram, already referred 
to (Fig. 330, p. 226), can therefore be used to determine the pitch of the 
longitudinal riveting. Let I? be the safe load on a single rivet, and p 
the pitch of the row, then V/p is the shear per inch of depth or length it 
will safely carry. Set tins up on tlie diagram as a line parallel to the 
base line for a number of different pitches. The points of intersection of 
these horizontal lines with the shear per inch of deptli diagram deter- 
mine the points to which each pitch must extend. Tins question is 
furt}i€3r considered in connection with the worked example, Articile 204, 
p. 223. 

200. Ends of Girders — Bearings for Girders. — The ends of girders 
are specially formed to carry the reactions. Special web stiffening is 
provided to spread the load over the depth of the web plate. .Examples 
are shown in Figs. 324 and 325. When the end of a girder is carried 
on a wall, a stone templet is built into the wall to give a strong support 
for the girder. Between the stone templet and the girder a hair felt or 
sheet lead packing is placed, in order that the pressure between th(^ girder 
and the stone may he properly distributed. It is better io limit the 
length of the bearing surface by riveting a piece of plate, called a holster 
plate, t(.) tlie under side of the bottom ffange, as shown in Figs. 324 
and 325. 

The safe bearing pressure between the girder and its supports will 
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depend on the nature of the material on which the girder rests, and is 
usually limited in the case of stone to from 12 to 20 tons per. square 
foot. The safe bearing pressure, between the stone and brickwork set in 


'mmmmm m . - 

SecUon on line A A 


Fig. 324. 


Fig. 325. 


cement may be taken at from 6 to 10 tons per square foot, and between 
stone and brickwork in mortar at from 4 to 5 tons per square foot. 

One end, and sometimes both ends, of a girder are left free to slide, 
so that a certain amount of expansion or contraction can take place with 
changes of temperature. 

For large spans, say, of 50 feet and upwards, cast-iron bed plates are 
provided, on which the ends slide. These bed plates are usually sunk 
into the stone templet a small distance, as shown in Fig. 326. These 


Fig. 326. 


bed plates arc bolted down to the stone tenipleo. At (a), in Fig, 326, the 
holding down bolts for the bed plate are shown passing througli the 
bolster plate, the bolt holes in the bolster plate being elongated to permit 
of the girder sliding a small amount. 

For spans of over 80 feet, bearings similar to tliose shown in Figs. 
368 and 369 would be used. 

201. Connection of Cross G-irders to Main Girders. — Figs. 327, 
328, and 329 show methods of attachment of cross girders to main 



Fia. 327. 


Fjo. 328. 


Fkj. 329. 


gives some support to tlie cross girder, tlio end of the latter is securely 
riveted to the wel.) of the hnaner. 

202. WeigM of Plate Girders.— An estimate of tlio probable weight 
of a plate girder may ha made by means of Unwin’s formula. 

W-= total external distriljii’ted weight in tons (exclusive of girder). 
'?6' = weiglit of girder itself in tons. 

/ = actual span in feet. 

/~ stress in Ixjoms in tons per square inch. 
r = ratio of s{>an to deptli. 

c =s coetiicient vjiiyiiig from 1400 to IbOO for small plate girders, 
and varying from 1500 to 1800 for large plate girders. 

Wlr ■ 

Wl 

As a cheek, the following rougli rule is given, ‘ 


203. Camber and Deflection. - Cirders are usually given a slight 
camber wbile being bnilt, so that they just bee-ome straight when in place 
and loaded. A common allowance for camber is | inch to I inch per 
10 feet of span. In calculating the deflection, take E, the modulus of 
elasticity, equal to 9000 tons per square inch, for riveted structures. 

204. Plate Girder — Worked Example. — The method of procedure 
in designing a plate girder will be shown by working out a practical 
example. 

It is required to design a plate girder such as miglit be used to carry 
a heavy floor, the (dear span being 36 feet. It is to carry twelve loads of 
6 tons each, spm^ed 3 feet centre to centre. An inexpensive design is 
required, and it is not desirable to take up much liead room. 

Type , — Paralhjl flanges. Single web plate. Punched holes. Materml, 
mild steel. This will make tin; cheapest design. 

Aetual Span , — The clear span is 36 feet. Each end reaction will he 
about 40 tons. Two square feet of bearing area at least will be required 
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at eacli end, supposing the girder to rest on stone templets. Wail plates 
1 foot 6 inches square would give a bearing area of 2|: square feet at 
each end, and the actual simn or the distance between the reactions would 
then be a, bout 37 feet 6 inches. 

Depth md Widths— Th& minimum depth would be of 37 feet 6 
inches, say 22 inches. It would be desirable for economy to go to of 
37 feet 6 inches, say 37 inches. Since head room is valuable, a com- 
promise of about 30 inches mil be tried, say 24 inches between the centre 
lines of rivets in the flange angles. The girder is, it may l-ie supposed, 
fairly ’well supported laterally by the cross girders which bring on the 
loads, and a width of to of the span may be taken, say a flange 
width of not less than 12 inches. 

ll%y/?i.—~IJsing IJnwiirs formula (p. 223). W = 72 tons. 7 ==37|-ft 
r = 37y2|-“ 15. c = 1500. /- 7 tons per square inch. 


72 X 37| X 15 
1500x 7-37|x 15' 


-4*07 tons. 


As a round figure, the weight of the girder will be taken as 4 tons. 

End Bearings and Exact Span,- — The total W63ight is 72 -f- 4 = 76 tons. 
Each end reaction will be 38 tons. If ’w^all plates 18 inches by 18 inches 
be used, the bearing pressure on each stone templet will be practically 17 
tons per square foot. A hard stone will safely carry this. The actual 
span may therefore be taken as 36 + l'|- = 37-| feet. 

Bendmg Moment and Sheaidng Force Diagrams, — These can now be 
drawn, and are shown in Fig. 331, p. 227. 

The maximum bending moment is at the centre, and is 4440 inch-tons, 
and the maximum shearing force is at the ends, and is 38 tons. 

ThieJmess and. Stiffening of Web. — The depth of the girder between 
the centre lines of the flange angles is 24 inches. The depth of the web 
plate may therefore be taken at about 28 inches, and this is constant 
throughout the span. The shear per inch of depth diagram is at once set 
out (Fig. 330, p. 226). Its value at the extreme end is 38/28 = 1 *36 tons. 
As the loads brought on by the cross girders are at intervals of 3 feet, this 
decides that stiffeners must be placed at 3 feet intervals under the loads, 
and it remains to be seen whether further stiffeners will be required. 
Considering the panels between the stiffeners under the loads, the 
dimension d. in the formulse on p. 220 is 24 inches, the vertical distance 
between the centre lines of the rows of rivets in the boom angles and the 
web. Putting rZ=24 inches in the first instance, and giving /, the web 
thickness, the values -| inch, inch, and | inch, S from the formula 
given is 0*73, POT, and 1*47 tons respectively, and these are plotted on 
the shear per inch of depth diagram (Fig. 330). It is now evident that 
except at the extreme ends a inch plate is of ample strength. Near 
the centre a -| inch plate would suffice. A change of thickness however, 
entailing, as it would, two web joints, would probably cost more than the 
metal saved, unless of course many similar girders are required. If a 
inch plate is to 1x3 adopted, extra stiffening must be used near tlie ends. 
The most convenient way to carry this out is to put intermediate stifteners 
betwefm those under the loads, reducing d to 18 inches. A | inch plate 
would then stand 1*1 tons per inch of depth, and a inch plate 1*54 
tons. A inch plate ’will therefore serve, a f inch plate being too weak. 
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Extra Bti.ff(3niiig to make a fiMcli plate- suitable is uot advisable for tliree 
reaso!is~~-tIie iieeessary stitleiiers would be awkward to get iu, tlitJ stress 
per sqnart^ iiieh would approaels very near to tlie limit, and, wliat is evmi 
more important, tlie web riveting in the | inch plate wwld bo vmy didimilt 
to desigm On the other handj it need hardly be pointed out that tlie extra 
stiffeners required by the -jt bich plate will he. nmch cheaper than if a ? 
inch plate wm-e used with no extra stitiening. A bicli web plate wifi 
therefore be used, stiffened as shown. 

LotiiiitudinallMvefdng in Wef) and Flanges,— Imelx rivets in inch 
holes will be adopted. The value of a rivet in single sliear at 5 ttms poi* 
square inch sliearing stress is 2*59 tons. A rivet in double shear blearing 
in a inch, plate will carry 3*55 tons, the bearing stress being limited to 
10 tons per square inch. Dealing hrst with tlie single row in double 
shear tiirough the web |.)late, a 3 inch pitch represents a shear p(U' incli of 
depth (or length) of 1*]8 tons, a 4 iiich pitch 0*89 tons, and a 0 inch pitcli 
0*59 tons. A 5 imh pitch will not work in between tlu^ stiffeners, and 
mjcd not 1)0 further considered. The above values ai'c, set up in the 
diiigram as thin full lines. It is now seen that a 3 inch pitch must 
extend from the end of thci girder to A, a 4 inch pitch from A to b, and 
a 6 inch piteli frojn 11 to the centre. 8ince too many changes are not 
desirable, a 3 inch pitch will be adopted extending to B, and a 0 iucli 
pitch from B to tlie c(.‘ntre. Over the last two pjaneis, ncxii- the tiud, a 3 
inch pitch with the sanu*, size of rivets is inadequate. close.r pitch 
means zig-zagging the nhuts and a deeper flange angle, and thickening 
the web plate is not desirable, as has already been seen. The third 
alternative is to use larger rivets. There are only a few largcu* rivets 
recpiired, and probably the cheapest way out of the diflicmlty will 
1)6 to punch all the holes alike and then reamer the few lioles at 
the ends out to | inch diameter. The load upon one of these | inch 
rivets at 3 inches pitcli is 3x1*36 == 4*1 tons. Its bearing area is 
0*383 square inch, and the bearing stress will therefore be 10 ‘7 tons per 
square inch, but since in these reamered holes the rivets will be in 
much better condition than in the ordinary punched holes, tliis may be 
allowed. 

The riveting in the flanges joining the flange plates and angles is 
deternu!u,‘d in exactly the same maimer as for the web, except that there 
are two rows of rivets in single shear, instead of one row in double sliear. 
The possible pitches are shown on the same diagram as dotted lines. It 
must be remembered when choosing the pitch that the rivets should 
zig-zag with those in the web. 3 inch and 6 inch pitches only are 
admissible. The 3 inch pitch will extend from the end to C, and the 6 
ii.ich from C to the centre. This wull necessitate one odd 4J inch pitch, 
shown in the ])lan of the girder. No larger rivets are necessary, the 
3 inch pitch giving ample strength. 

Boom Sedion. — The distance between the centres of gravity of the 
flanges may be taken roughly as that over the backs of the angles. 
If angles 4 inches x 4 inches x | inch be used, punched 2| inches from 
the back, this will be 24 + 4| = 28 1 inches. Using this figure, draw the 
diagram (Fig, 331), showing the force in the boom everywhere (got by 
dividing the ordinates of the bending moment diagram by 28 1 inches). 
The force in a boom at the centre is roughly 160 tons. The stress being 

l-l 
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limited to 7 tons per square inch, the best section, found after a number 
of trials, is as follows:— 

Two angles 4 inches x 4 inches x J inch, less one If inch 

rivet hole in each . . . . . . . = 46 tons 

Three Hats 1 2 inches x | inch, less two | | inch rivet holes 

in each . . . . . . . . . = 82 tons 

One Hat 12 inches inch, less two |-| inch rivet holes = 32 tons 

Total . .160 tons 

Setting those off upon the diagram, the necessary length of each plate 
is at once apparent. The yV inch plate placed outside must be 18 feet 
G inches long, the next two f inch plates 24 feet and 29 feet long, while 
tlie inside plate and the angles will be carried the full length of the 
girder. It will be observed that an extra rivet pitch or two have been 
allowed in the various lengths. 

In this design the top boom will be made of exactly the same 
pattern, length of plates, etc., as the bottom boom; that is to say, the 
rivet holes wdll be subtracted from the area of the section both for 
compression and tension. If it is thought desirable to take the area of 
the compression boom as the gross area, not subtracting the rivet holes, 
another diagram of the same type for the compression boom will be 
necessary. It is doubtful in ' the present case if such alteration would 
save money. 

Set out the Girder , — Start with two horizontal centre lines 24 inches 
apart. Erect the centre lines of the stiffeners. Next put in the rivets, 
those in the flanges being staggered with regard to those in the web, 
due regard being paid to local conditions, taking on of cross girders, etc., 
remembering that a simple uniform pitch is to be aimed at. Next, on 
this skeleton outline, put in the outlines of the plates and angles. 

Joints, — The longest boom plate in the design has a length of 
38 feet 5]; inches. It will be advisable to make a joint in this, although 
it might possibly be obtained in one piece. This joint will be placed so 
that the outer f inch plate produced will form a cover. The cover 
being single, the rivets are in single shear, each worth 2*59 tons, and 
since the cut plate was worth 27-| tons, 12 rivets will be required through 
each half of the cover, as shown. 

If the joint occurs in the bottom boom to the left of the centre of the 
girder, it may be placed to the right in the top flange. 

The web plate will also be made in two pieces, and the joint placed at 
the centre, where the shear is least. If the joint be designed to carry the 
shearing force only, the shear per inch of dep)th diagram wdiich determined 
the longitudinal riveting will determine that in the transverse seam also. 
It will be seen that a 6 inch pitch would be more than sufficient at the 
joint under consideration. Actually a single riveted butt joint with double 
cover straps and rivets of 4 inches pitch will be used as shown. 

Stiffening at Ends . — The reaction at each end is 38 tons. A bolster 
plate 1 foot square will be riveted to the bottom of the girder at each end 
to limit the span, and between this and the wall plate sheet lead is pla<:;cd. 
The reaction must be distributed over the depth of tlie web plate tlnmigli 
the vertical stiffening at the end. There are 8 rivets in the end 
angles, and 7 in the first stiffener. The load on each of these rivets is 


DESIGN OP, STIiUOTUEES 


220 


3,S in 2'r)2t ions; t hoy are in doiible shear, and, as has ]>een sliown, 
earli is worth *> 00 ions. Ihii the toad is not equally di\ ided over the 
rivets, and thi‘reforc a nuirgin is desirable. If the a.i‘e‘a of tlie eross 
sectifHi of the stitlening be worked out, it will be tmind that tijo direet 
stress is sniall. Taking only the end plate 12 inches xf inch, and the 
two end angles d inches x d inches x | inch into account, it is 3*2 tons 
per s(|uare inch. 

Eaidi stitTener under a load must distribute a load of 6 tons over 
the depth of the web. Througli each passes 7 rivets, and if a section 
4 i inches x 3 inches x J inch l)e used, the direct stress will be less than 
1 ton per sepia, re inch. 

Moment 0 / Inertia a?ift Moment of Resisianee of Cross Sedmk — 
Subtracting the riviit holes from both flanges and allowing for the midille 
1 foot 8 iiu'hes of tlic wad> only at 33 per cent, efficiency, that is, the worth 
of the riv(d,(ul joint (tlie joint is weakest in compression bed-ween the 
rivets and ])Iatcs), the monamt of inertia of the central cross section is 
found to be 0740 (inclies)^ Since the distance of the extreme illires 
from the neutral axis is 15*81 inches, the modulus of the se(*tion is 
9740 15*81 — GIG (inches)'^ Hence the maximum stress at the central 

cross section is 4440-^ GIG == 7*2 tons per square inch, which exceeds the 
limit. Idle explanation of this is, that in so deep a flange the va,riation of 
stress betw’een tlie outer and inner fibres is considerable, a ]>oint often 
overlooked when the approximate method is applied, and this show’s the 
necessity of cahuilating the moment of resishiiice everywhere. It will be 
found necessary to increase the thickness of the outer plate from inch 
to I inch. The nioment of inertia of the central cross section will then 
become 10,060 (inches)*^, and the moment of resistance will increase 
to 634 (inches) which will reduce the maximum stress to 7 tons 
per square inch. 

The moment of resistance diagram is plotted on the base line of the 
bending moment diagram (Fig. 331), and it will be seen that the former 
lies entirely outside the latter. 

The moment of inertia diagram is also plotted on the base line of the 
bending moment diagram (Pig. 331). 

Dejledion and Camber , — Assuming that M vl is constant through- 

4440 

out the girder (a rough approximation) and equal to |'Q(jgQ» 


, 4 , . Ml/f 4440x4502 ^ 

deflectioa - - g ^ ^ - 1 J inches. 


This deflection is 'gl-g* 


of the span, which may be considered as reasonable. 

If § inch of camber be allow*ed per 10 feet of span the total camber 
required is inches, agreeing fairly w^ell with the estimated deflection. 

Adual WeifjM of Girder , — The weight of the girder as designed 
is 4 tons 0 cwt. 2 qrs. 13 lbs., showing that the estimated weight is 
sufficiently accurate. 


Exercises XIV. 

1. A steel plate web girder with parallel booms, 100 feet long, is to support 
a dead load of ton, and a rolling load of 1 1 tons per foot-run. Select a suitable 
depth, and assuming suitable working stresses, design the centre^ section and the 
longitudinal section of the booms, taking 30 feet as the maximum length of 
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plate. Design also the cover plate for one of the boom joints, and show the 
general arrangement of stiffeners. Scale for section, 1 inch to 1 foot. Horizontal 
scale for booms, 1 inch to 5 feet. [U.L.] 

2. A built -np steel plate girder has the following cross sectional dimensions : 

— The flanges consist of three plates, each I inch thick and 16 inches wide ; 
the web consists of one plate, 45 inches deep and | inch thick ; the web and 
the flanges are connected together by angles 4 inches by 4 inches by J inch. If 
the external shear force at a particular vertical section of this girder is 112 tons, 
determine (a) The intensity of the shear stress in the horizontal plane of the 
section in which the web plate meets the flange plates. (6) The proper pitch to 
adopt for the l| inch rivets used to connect together the web and the flanges, if 
the intensity of the shear stress in them is not to exceed 4 tons per square 
inch. [U.L.] 

3. Draw the M/I diagram for the plate girder in the worked example (Art. 204). 
Find graphically from this the actual deflection curve of the girder. Measure 
the maximum deflection. Show by how much the deflection curve differs from 
an arc of a circle. 

4. Plot the shear distribution curve for an end cross section of the plate 
girder in the worked example (Art. 204). What is the ratio of the mean to 
maximum shear stress? Compare each with the shear per inch of depth 
assumed. 

6. Design the grouped joint for three I inch steel plates 16 inches wide/ 
Diameter of rivets, | inch. Holes punched and reamered. A single outside 
cover to be employed. The holes in the flanges to be staggered. Calculate 
the various efficiencies of the joint. What saving of metal is there over three 
separate joints ? 

6. A rolled steel joist is continuous over three spans. One extreme end is 
built firmly into an abutment, while the other may be taken as freely supported. 
The load carried is 1 ton per foot-run. The two outer spans are each 10 feet, 
and the centre span is 12 feet. What are the loads on the piers? Draw the 
bending moment and shearing force diagrams. Design the beam. 

7. Design a plate web girder of the feh-bellied type suitable for an overhead 
traveller of 50 feet span. There are two such girders upon which the traversing 
carriage runs. The maximum weight to be lifted is 40 tons, and the weight of 
the traverser may be taken as 4 tons. 

8. A three-girder bridge, to carry a double line of rails, has a clear span of 

36 feer, and the girders have a length of bearing at each end of 2 feet 6 inches. 
The girders are to be of the plate web type. The flooring is to be trough form, 
weighing about 7 owt. per foot-run of the whole width of the bridge. The 
permanent way, including rails, sleepers, etc., may be taken as equal to 160 
pounds per foot-run for each line of rails. Estimate in any way you please the 
approximate weight of the main girders, and determine the maximum bending 
moments and shear on each of the side girders and on the central girder for the 
above dead loads, and for a live load of 40 cwt. per foot-run per single line of 
rails. Choose your own working stresses, and design a suitable cross section 
for the centres and ends of the central girder and for one of the side girders. 
Determine the necessary pitch of rivets in both cases. [U.L.] 

9. Design for a double track railway bridge. Span between bearings, 60 
feet. There are to be two main girders, spaced 26 feet apart, centre to centre. 
The deck of the bridge is carried by cross girders placed at about 7 feet to 8 
feet pitch, and consists of trough flooring running longitudinally. The sleepers 
are laid transversely. The dead weight of the floor may be taken as 1-| cwt. 
per square foot, and the equivalent uniform live load at 2 tons per foot- run for 
each line of way. The maximum load on one axle may be assumed as 20 tons. 


CHAFrER XV 

DESIGN OF STRUCTURES— BRACED GIRDERS 


205. Open Weh or Braced Girders. — Open web gli-dera include all tlioso 

in ■which the weh k constrrioted of separate bars or members iiisteid of 
a coiitiiiiious plate. In siieJi girders the tensile and compressive stresses 
to which the shear has hc'cn shown to -be 'equivalent are carried by tics 
and struts specially designed to take 'them. 

Open web ginlers arc^ lighter than.' corresporidiiig plate web girclcus. 
The. metal in ttie open web is better disposed^ and' the girder presenlK less 
surface to the fore<.M.)f the wind. 

A1k.>V(; 60 to 80 feel span open web girders are preferabUs in most 
cas(.>s to plate web girders, and in very large spans they are a necessity. 
Very light girders also are often made of the open web type. 

Open web girders art‘, however, more costly per ton than plate web 
girders, a,ud the latter are therefore. less expensive for small spans carry- 
ing heavy loads. : 

It is snmt‘tiinos {*onvenicnt to construct the web of a girder |>artly as 
a })late web and partly as an open w^eb. If the shear is very hyge, say, 
at the ends, the bracing and connections are sometimes very ditlicult to 
design. In such cases it may be more convenient to use a plate web. 
Near the (amti'c, however, or where the shear is sinall, it may be more 
economical to carry it by means of ties and struts. Such a girder is 
termed a semi-plate vvb girder. This form is, however, not mucli used, 
except in special cases. 

206. Types of Open Web O-irders.— The web bracing takes many 
diverse forms, from, which the various types mainly take their names. 
Examples are shown in I'^igs. 332 to 347. 

In the type known as the Warren girder (Figs. 33‘J to 335), tlie web 
braces form the sides of isosceles triangles, whose ])aHes are parts of the 
booms. The web members are inclined at 60“ to the booms in l^hgs. 332 



FiC!-. 332- , Fig. 333. . FIG..334. FK4..335. 


and 333, and at 45*" in Figs. 334 and 335. Vertical members shown 
dotted in Figs. 334 and 335 are introduced to add further support to 
the roadway. In Figs. 332 and 334 the floor or deck of the bridge is 
at the ])ottom, and the traffic would pass between the main girders. In 
Figs. 333 and 335 the deck is on the top. ^ ^ 

A Fratt or WMppM- Murphy truss is shown in Fig. 336. This is 
sometimes called an N truss. The web' bracing is composed of vertical 

m 
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a,ii(i clkgoiial members alternately. Tlie diagonals are usually, tliougli 
not necessarily, f)laced at 45”. The shorter vertical members are struts, 
and the longer diagonals ties. The truss is shown inverted in Fig. 337 
to get the deck on the top. 

A modification of the Pratt truss, with the diagonals sloping the 
other way, and known as the Hoioe truss, is used in America. It is 
usually constructed mainly of timber. The verticals, which are now 
ties, are wrought-iron or steel bolts, and the diagonals, which are now 
struts, are of wood. 

For long and heavy spans, duplicate systems of web bracing are used. 



Fig. 336. Fig. 337. Fig. 338. Fig. 339. 


If two Warren girders of the form shown in Fig., 334 be taken, and one 
is inverted and superposed on the other, a Lattice girder (Fig. 338) is 
formed. If two N trusses of the form shown in Fig. 336 be similarly 
treated, the lattice girder shown in Fig. 339 is obtained, which is the 
girder of Fig. 338 with the verticals of Fig. 334 left in. The function 
of these verticals is to equalise the load between the two systems. In 
the type shown in Fig. 338, two diagonals in the same bay do not carry 
the same stress; in the type shown in Fig. 339, they should. In actual 
bridges it is doubtful if these verticals really act as they are supposed 
to do. 

If two N trusses be superposed, one being moved half a bay along 
relative to the other, a . . . . . „ 

Fig. 342. 






Fig. 340. 


Fig. 341. 


Limille truss (Fig. 

340) is obtained. Fig. 

341 shows the same 
truss with a slightly 
different end post. Fig. 342 shows the Linville truss inverted to get the 
deck on the top. 

In designing girders with duplicate web systems it is usual to separate 
the two systems, and to design each on the assumption that it carries 
one half of the load, though this assumption is not strictly correct. The 
two are then again superposed, and the stresses combined in those mem- 
bers which are made to coincide. 

Sometimes two girders of the type shown in Fig. 338 are comlhned, 
one being moved half a hay along relative to the other. Sucli a combina- 
tion is termed a double lattice girder. 

In small girders the web is often composed of a number of diagonal 
bars lattice braced, as shown in 
Such a web may be 


Fig, 343. 

looked upon as a multiple lattice 
girder. The bracing usually con- 
sists of flat bars, which are made 
wider and thicker toward the points of support. The usual assumption 
when designing such a web is to make the diagonals cut by any vertical 
section of such size that the vertical shear force at the section will be 


Fig. 343. 


DESIGN OF STRIJOTUEES 


233 


equal to the vertical ooiupoiioiit' of the' Bmil of the- Bale loads in all the 
diagonals cut. Vertical stiffeners similar to those used in plate girders 
are usually introdiicied, and for similar reasons. 

So far the types of open web girders, referred to have parallel l)o<mis. 
For very large spans it may be more economical to -curve mie, or even 
both, of the booms. Girders with curved booms are more ex]>ensiv(‘ p(n* 
ton than corresponding ones with stmight booms, and slumhl lu^t lx.; 
employed when parallel booms are suitable. Most of the types of web 
bracing already referred to can be used in girders with curved booms. 

A girder with the top boom of parabolic form and the otlier straight 
(Fig. 344) is termed a bow-sf>7'mg girder^ from its similarity to a lx>w and 
string. Such a girder, carrying only a uniform dead load, w^oiild, tlicoreti- 
cally, require no diagonal bracing in the web. Since all bridges liawi to 
support both non-uniform and rolling loads, in practice diagonal i>sntion 
becomes necessary, as shown in Fig. 344. This form may bo invmdcsd, 
when the “ bow ” becomes a suspension eliain. 

The typt; sometimes called the boa: and chant girder is shown in Fig. 
345. It is the bow and inverted bow or siispcmsion chain girder types 
combined, tlio object being to neutralise the thrust of the arched ]k)w by 




Fica 344. 


FlO. 345. 


the tension in the chain. Practically, it is a girder with two curved 
booms. The web bracing is usually of the type shown. The bridge 
floor is carried by suspension rods, as shown. 

Fig. 346 illustrates a type of truss common in America for large 



Fig. 3i6. 347. 


spans. The web bracing is of the lattice ty]3e. Fig. Mn shows the 
Linville type of truss applied to a large span. 

A typo of girder common in English railway practice is illustrated in 
the worked example, Art. 227, p|). 248-258. 

207. Ooimterhracing. — The function of the ties and struts ■which 
form the bracing of an open web girder being to hike the shear stress, it 
follows that if this shear stress be reversed in direction at any part of the 
girder, the ties iMicoine stmts and the struts become ties at that part. 
Now, it was shown in Art, 107, p. 100, that a travelling load added to 
the dead load will have the eftect of reversing the direction of the shear 
stress over a portion of the girder. In a plate web_ this reversal of 
stress is of little or no consequence, but in an open web it is ob vious that 
provision must be made for it. The .struts will as a rule act well as ties, 
but either the ties must he designed to carry the compressive stress, that 
is, to act as struts, or else special members must be introduced to carry 
the revei’sed stress. These special members, which are diagonal ties 

* ' B’*' 





most convenient form to get a really good eonne( 
bracing and for tlie attachment of the cross girders. 
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sloping tlie other way to the ordinary diagonal ties, are called counter^ 
braces^. The dotted lines in Fig. 344 represent connterbraces. 

In duplicate systems of web bracing a member of the second system 
will carry the reversed stress. In Linville trusses the bracing near the 
centre takes the form showm in Fig. 347. 

208, Booms of Open Web Girders. —The booms or flanges of open 
web girders are usually somewhat similar in form, to those of plate web 
girders, being made up of a number of horizontal plates. They differ, 
howevm‘, in having one or more vertical plates, called stringer or curtain 
plates^ which are connected to the flange plates by angles, and which 
form convenient attachments for the web bracing. The boom, in fact, is 
usually of a T or U section, as shown in Figs. 348 and 349, In the 


Fig. 348. 


Fig. 349. 


Fig. 350. 


compression boom the lower edges of the stringer plates are often stiffened 
by angles, as shown in Fig. 351, to prevent it from buckling. Occasion- 
ally channels are used instead of these plates and angles, as shown in 
Fig. 350. To prevent distortion LJ sections may be fitted with diaphragm 
plates, as shown in Fig. 352. ss — ^ sss s sss^^ 

IS t tins ina' 

353, 354, and 365. Instead "Flange AngUs.'V 
of placing the flange plates . d, .^! * * 

horizontally they are pla<»d J L Jl-I ] l•liL 

vorticallv. Combinations with Annhs^ Bf/inhrtiamFlate. 


Diaphragm Plate. 


Fig. 352. 


vertically. Combinations with ^Stiffening Angles.^ Diaphragm Plate. 
angles and channels are also gg 2 . 

used. In American practice 

these vertical plates become eye-bars in the tension flange, as shown 
in Fig, 375, p. 245. This type possesses the advantage that it is a 


DESIGN OF STRDGTUREB^ 


235 , 

Iiold the rain, as does the LJ form, unless specially drained. The iwo 
halves of this form of boom ■ are usually connected together by light 
secondary bracing, as shown in Figs. 353 and 365. 

Fig. 355 show’s a convenient , form of boom for a .light girder. It 
consists of four angles held apart by short plates at intervals. 

The cross section of the boom is proportioned 
to the stress which it has to carry, exactly as. in a 
plate web girder. The graphical method shown 
in Fig. 331, p. 227, may be used to obtain the 
length of the flange ■ plates, angles, etc. 

If the lateral dimensions of the compression 
boom are small compared with its length, it should be examined as a 
strut hinged at the panel points. Gienerally, this is unnecessary. 

209. Joints in Boom Plates.—The joints in the liorizonlal flaiigu 
plates are formed exactly as in the case of platc' web girders, and similar 
calculations are necessary. Tlie flange angle joints are also siniilaj*, being 
constructed with round back covers. The joints in tlie stringer plates are 
usually butt joints witli double covers, as shown in Fig. 310, sntlicient 
rivet section being used to develop the full net streogtli of thc^ ]ilate. A 
grouped joint for a boom with vertical flange plates is shown in Fig. 353). 

210. Riveting in the Booms.— The riveting in tlie booms shoubl be 
of a regular uniform pitch. As far as possible the rivets si i on Id be 
arranged to break pitch across the wudth, particularly in the tension bnnni, 
so as not to •weaken the boom more than is unavoidable. A 4 incli jiitch 
is the most common, hut the pitch should not exceed 6 inches where 
there is a likelihood of water getting between the plates, nor in any ease 
should the pitch be more than sixteen times tlie thickness of the outside 
plate in the compression boom. 

Since the stress in the boom is transferred from the web bracing on to 
the stringer plate, and thence through the flange angles to the flange 
plates, sufficient rivets must be placed through the flange angles to 
transfer this stress on to the flange plates within a reasonable distance 
along the length of the flange. 

211. Web Bracmg.— The weh bracing is constructed of tlie ordinary 
rolled sections, used singly or in combination. For ties, flats are most 
commonly used. If, however, lateral stiffness is desired, or if the stress 
is likely to be reversed, a channel or other suitable section may be 
employed. If the reversed stress is small in amount, two flat liars con- 
nected by secondary bracing, as shown in Fig. 357, may be used. Each 
of the flat bars must, however, be capable 
of carrying one-half of the load when con- 
sidered as a column bending betw’een -the 
points of secondary support. This condition 
usually determines the spacing of the cast- 
iron distance pieces. 

For a liglit tie a single flat ])ar is best, 
and for a light strut a single angle or tee 
Oar is most suitable (Fig. 356). 

The usual sections suitable for heavier struts are shown in Figs. 358, 
359, 360, 362, 364, and 365. A strong and light strut is formed by 
connecting together two or more simple struts by secondary bracing, as 




Fig. 355. ' 
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Bliown ill Figs. 358 and 359 , Two * channels braced together make a 
favourite form of strut. 

If a strut is equally free to . bend in two directions at right angles to 
one anotiierj its component parts should be chosen and arranged so that 





Pig. 357. 


Fig. 358. 


the radii of gyration of the section about axes perpendicular to these 
directions are as nearly as possible equal. 











Fig. 365. 

standing considerable bending and distorting momentSj the strut may be 
considered as fixed at its ends, or nearly so. It is safer, however, in 
order to allow f(jr any imperfection in the manner of fixing to take the 
effective length of the strut as, say, 1^- times its real length. 

212. Connection of Web Bracing to Booms. — In English practice 
riveted joints are almost invariably used for connecting the web braces to 
the booms. Examples are shown in preceding illustrations. In America, 
pin joints, such as shown iu Fig. 375, are common. 

If the number of rivets required in the ends of the web members is 
not too large, these members may be attached directly to the stringer 
plates, as shown in Figs. 356, 360, and 362. Often this is not possible, 
and gussets are introduced, as shown in Figs. 363, 364, and 365. In 
Figs. 364 and 365 the rivets in the ties are placed in double shear by 
the use of cover plates. 

The following conditions should be observed when designing joint 
connections : — 

(a) Sufficient rivet section should be provided in each member to 
take the load on it. If gussets are use4 sufficient rivets must pass 
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through the gusset and stringer plate to take the load from the gusscst 

and transfer it to the boom,. 

^ (b) The axes of each member (boom included) should .meet at a 
point. 

(e)^ The nivets. in each member should be sjminetrieally grouped 
about its centre line. ■ 

(cl) A tension member should not be weakened to .a greater extent than 
one rivet hole. 

(e) The rivets should be spaced at a convenient and uniform piteh. 
Those in the web members should not be permitted to upset the 
uniformity of pitch of the boom riveting. 

{/ ) The centres of the rivets should not be less than three diameters 
apart, or closer to the edge of the plate than 1| diameters. 

Too often in actual practice the above conditions are not all com- 
plied with. Sometimes a compromise has to be made, but with a, little 
care and ingeimity much may be done towards satisfying all the con- 
ditions. 

213. End Posts. — The end .struts of bridge trusses are termed etui 
posts. They have to carry the whole reaction due to the load on the 
girder, and are therefore of more massive construction than the ordinary 


Pig. 306. 


struts p in fact, they are frequently of similar cross section to the com- 
pression boom. 

Details of two inclined posts are shown in Figs. 366, 367, and 368. 
A vertical end post is shown in Fig. 384, p. 254. In some inverted 
trusses, however, the end member is a tie, which may be of the usual 
form. 

214. Bearings. — Beneath the feet of the end posts are placed the 
bearings. An example of a roller bearing is shown in Fig. 369, which 
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itiiwiard practieo of ,Mv. George A. ■ MorristJi!, tlie eelo- 
1 bridge eugineer. This bearing is fully illusiraitMi and 


represents the 
bra ted ^Viuerle 
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Above the rollers is the top bearing, which is a steel casting carrying 
the rocker plate, which carries the top plate. The bolster, or the bottom 
chord, is placed on the top plate, to which it is bolted rigidly. The 
rocker plate is square in plan, its bearing surfaces being cylindrical, of 
radii equal to the side of the plate. A rocking motion is possible in 
an}’" direction, and the bearing may be depended on to distribute the 
weight not only uniformly over the several rollers, but uniformly over 
the length of each roller. 

a_(6+l-5) a;-0+l-6) Span 

c. A y- 

The roller bearing provides for the longitudinal expansion and con- 
traction of the structure due to variations of temperature. Such 
provision is, however, only necessary at one end of the truss. At the 
other end a fixed bearing, or one which provides for rocking motion only, 
is provided. A form similar to that shown in Fig. 369, but without the 
rollers, may be used for the fixed end. Another form is shown in 
Fig. 368. 

215. Bridge Floors. — The floor of a bridge may be carried on the 
top of the main girders, or it may be attached to the bottom flanges of 
these girders. In the former case the traffic passes over the main girders, 
and the bridge is called a deck- ” bridge ; in the latter case the traffic 
passes between the main girders, and the bridge is then called a 

through bridge. 

216. Bailway Bridge Floors — Cross Girders. — The w^eight of the 
bridge platform and the rolling train load is transmitted to the main 
girders by cross girders, which are usually shallow, plate web girders 
spaced at intervals along the main girders, and placed transversely to 
them. Figs. 327, 328, and 329, p. 223, show the common means of 
attachment if the main girders are of the plate web type. 

Common methods of attaching cross girders to main girders of the 
open web type are shown in Figs. 370, 371, and 372. Figs. 370 and 
371 apply to through bridges, and Fig. 372 to deck bridges. In Fig. 
370 the cross girder rests on the flange of the main girder directly, while 
in Fig. 371 it is slung below. The latter method has the advantage 
that the load is transmitted directly to the centre of the main truss, and 
does not tend to twist the flange. 

The minimum spacing of the cross girders should be from 7 to 8 feet, 
that is, not less than the distance apart of the driving axles of the 
heaviest locomotive crossing the bridge. This spacing, however, may be 
much increased in large spans. In any case, cross girders may only be 
attached to the main girders at panel points. 

Each cross girder must be capable of carrying its share of the dead 
load of the bridge platform, together with the heaviest live axle load 
which may come upon it. Cross girders are usually assumed to be freely 
supported at the ends. 

217. Bail Bearers. — Spanning between the cross girders, and placed 
directly beneath the rails, are longitudinal girders called rail hearers or 
stringers. F or a 4 feet 8-| inches gauge these rail hearers would be spaced 
about 5 feet, centre to centre. The rail bearers carry the weight of the 
platform and the axle loads on to the cross girders, to which they are 
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attaclied Fig. 373 shows the method of connecting the rail bearers to 
the cross girders. For a further illustration of rail bearers, see Fig. 386, 
p. 256. Bail bearers are designed in a similar manner to the cross girders. 

218. Floor Plating. — Upon the double system of girders, made up 
of the cross girders and rail bearers, is placed the deck proper, which 
consists either of hat or buckled floor plates, and upon which the ballast 
rests. The thickness of these plates varies with their area and the weight 
supported, but is usually about f inch. 

219. Ballast and Sleepers. — Ballast consisting of broken stone 
asphalt is spread over the floor plating to a depth of 3 inches. Above 
this and under the sleepers at least 4 inches of hai’d ballast is placed. 

The sleepers are of pine, 9 feet long, 10 inches wide, and 5 inches 
thick, spaced at about 3 feet centre to centre. If head room is limited, 
the sleepers may be placed longitudinally and bolted down directly to the 
floor plating above the rail bearers. This method has the disadvantage 
that it breaks the continuity of the permanent way system. 

To prevent the ballast spreading, vertical plates, called ballast guards, 
are fitted {see Fig. 386, p. 256). Provision must also be made to confine 
the ballast at the end of the bridge. Suitable drainage arrangements to 
carry off water from the bridge floor are also necessary. 

220. Trough Floors. — Instead of flat or buckled plates, trough sec- 
tions of various forms may be employed. 

Fig. 374 shows a common form. In this 
case -rail bearers are unnecessary, the troughs 
running longitudinally, and resting upon the 
cross girders, to which they transmit the load. 

With plate web girders, the cross girders them- 
selves may also be dispensed with, and the troughs are then laid trans- 
versely and attached directly to the main girders. 

The troughs are designed as beams, the total moment of resistance of 
those which actually bear the load being equated to the bending moment 
upon them. Dimensions and moments of resistance of trough flooring 
are given in the various makers’ catalogues. 

221. Widths of Railway Bridges. — With a single line of rails, the 
clear width between the parapets should be 15 feet. A double line 
running between two main girders requires 26 feet, the distance between 
the roads being 6 feet. 

222. Road Bridges.— “The flooring takes much the same form as that 
of railway bridges. It must, however, be capable of carrying a live load, 
consisting of heavy traction engines and other vehicles, anywhere upon 
the surface of the road. The various forms of trough flooring are very 
suitable. Very small bridges may even be made without main girders, 
longitudinal troughs carrying the load from abutment to abutment. 

The widths of road bridges correspond to those of the roads which 
they serve. 

223. Example of American Practice, — Fig. 375 illustrates the details 
of a type of bridge common in America. The line diagram near the top 
of the figure shows a portion of the truss, and details of the joints at 
A, C, D, and E are shown to a larger scale. It will be observed that the 
tension members are eye-bars, which are connected to the other members 
by pin joints. 
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It may be noted here that in American practice the ratio of depth to 
span commonly adopted is larger than is usual in British practice. 

224. Winii Pressure.— In what follows, the direction of the wind is 
supposed to be horizontal. In estimating the effect of wind pressure on 
a bridge, two alternative cases should be considered, (a) When the 
bridge is unloaded, and a wind pressure of 56 lbs. per squai’e foot is 
acting on it. (6) When a train is crossing, and a wind pressure of 30 lbs. 
per square foot is acting on both the bridge and train. The wind 
pressure on the moving train forms a travelling load acting laterally on 
the structure. 

The area upon wiiich the wind acts may be estimated as follovrs. For 
a single fiat bar or a solid body like the floor system, the face area pre- 
sented to the wind may be taken. When tw^o bars lie, the one directly 
behind the other, but from two to three diameters apart, the combined 
area may be taken as one and a half times that of a single bar. If, how- 
ever, the distance betw^een them is relatively great, the, combined area 
presented is twice that of one. For example, the area presented by two 
ties, one behind the other, in the same panel of a lattice truss, would be 
one and a half times the face area of one, but the total wind presvsure on 
the two girders of the bridge would be twice that on one. In a plate 
girder bridge, Iiow^ever, the windw^ard girder may be assumed to shield 
the leeward girder to an extent depending on their distance apart The 
train surface may be taken as 10 square feet per foot-run, and the 
travelling wind load is then 300 lbs. per foot-run. 

225 . Wind Girder. — The lateral wind load is supported by a girder 

formed by bracing together two of 
the main booms in a horizontal 
plane, usually that of the bridge 
floor. Sometimes the other two 
booms are also similarly braced 
together, then the two girders so 
formed share the load. Fjq. »7). 

If the bridge floor consists of continuous plating, this may be looked 




upon as forming the web of the wind girder. Frequently, however, a 
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separate and distinct braced web is provided.- ■.■Fig. 'ST 6 is a skeleton 
diagram of sncli a web, this being of lattice pattern, since the wind may 
blow in either direction. Fig. 377 shows in detail the connection nt tim 
wind braces to the bottom 
flange or boom at A, 
and ,Fig. 378 shows t'wo 
methods of connecting the 
wdnd braces at their in- 
tersection B, 

The stresses in the 
wind girder under both 
conditions (a) tand {b) 

(Art. 224) are determined 
in the usual manner, 
and the web members 
the booms due to the wind are suitably combined with those dju^ to 
other causes, and tlie booms are designed to carry tln^ resultant 
stresses. All the wind j:>ressure stresses should be treated as live load 
stresses. 

226. Overhead and Sway Bracing. — In 'Hhroughd’ bihlges the top 
booms are often connected together by overhead bracing. If lu'ad room 
is limited, this overhead bracing takes the form of a curved girder, such 
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between the two main girders the wind pressure acting on the bridge. It 




Fia. 381. 


also has the effect of resisting the distortion of the bridge due to the 
deflection of the cross gii’ders as the 
travelling load passes. 

When the trusses are too low 
to admit of any overhead bracing, 
gussets may be introduced instead, 
connecting the vertical members 
with the cross girders, as shown in 
Fig. 370, p. 243. 

To resist lateral distortion, 
deck bridges are invariably braced, 
as shown in Fig. 381. See also Fig. 372, p. 243. 

227. Open Web Girder Bridge — Worked Example. — To indicate 
the method of procedure, the design of an open web girder bridge to 
fulfil the following conditions will be considered. Ty 2 )e — single track, 
through bridge. Span—lbO feet. TramlUng load — a train of ^‘eight- 
wheeled ” coaches, headed by three locomotives of the type shown in 
Fig, 382. 


«) V£> CO CO m IB V V cr> (51» 


23-6" J h6V^<-6''6V8-34*i^ 

j.*. 5 |Lo" ^ 51-7^4 Ji 

Ooach. Locomotive. 

Fia. 382, 

Tyjpe of Main Girders.— A.?, typical of iionnal British practice for 
spans of the length given and carrying such a load, an N girder witli 
curved top flange will be adopted. 

Actual Span . — Fix as accurately as possible the actual span of the 
girder. Where rocking bearings are employed it is the distance from 
centre to centre of the pins, in this case 150 feet exactly. This sj-ian 
will be used for all calculations. 

Depth of Girder and Number of Panels.— Hhn depth at the centre of 
the span should be from one-twelfth to one-oighth of the si)an, the number 
of panels being chosen to correspond, due consideration having been given 
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to tile spacing of tlie <a-oss girders. Fig. 383 sliows an outline of tlio 
truss as iloeidcHi upon. The dejitli at the centre is 12 feet (> isndies, at 
the ends 7 feet 6 iindies, and tliere are twenty panels, ea<di 7 feel 0 inclu‘s 
in length. 




ifl 19 ao . 


“IN \ 23^ 24\ 25 \ 26^7 27 ^33 28 ^3 29 ^0 ^1 31 

-?2 32 22 33 23 34 24 35 36 37 \ \ \ / \ “ 


3 i 4 


5 1 M M ® i M i 

“150 Feet Span, (centres) — 

Fig. 383. 




Outline of Mam Oirde7\^ and Owsh SpaHoii, — Draw an outline of the 
bridge, showing the centre lines of the various nunnhors, Di’aw also an 
approximate cross section at the centre, showing the cross girders, rail 
bearers, flooring, etc. Bee Fig. 386, p. 250. Reference to an existing 
bridge is here desirable. 

LengtlLs of Members. — Calculate tlie lengtlis of the centre lines of all 
the members of the main girders and tabulate them. Bee stress sheet, 
p. 257. 

Travelling Load Effects. — Determine the maximum bending moment 
and shearing force diagrams, and also the equivalent uniform load due to 
the specified travelling load. The tracing paper method described in 
Art. 106, p. 98, may be used. 

When the travelling load crosses the bridge the bending moment 
rises to a maximum of 4800 foot-tons, the equivalent uniform load being 
256 tons. The maximum shear force occurs at the ends of the span, and 
is 133 tons. 

Weight of Bridge, — The dead load due to the weight of the bridge 
and its floor must be estimated as closely as possible, basing the calcula- 
tion if possible on an existing design. The following will indicate the 
method. 

The area of bridge floor covered with ballast will be taken as 
150 feet X 11 J feet (see cross section, p. 256). The weight of the bridge 
flour, exclusive of cross girders, is therefore — 


150 feet of permanent way, inol tiding rails, chairs, and sleepers 1 1 ’0 

3 inches of broken stone asphalt @ 140 lbs. per cubic foot 27'0 

4 inches of ballast under sleepers @ 120 „ „ . 30*8 

6 inches of ballast around sleepers @ 120 „ „ • 30*1 

§ inch flooring plates, ballast guards, and fixings . . 17*1 

Timber foot paths . . . . . . . .3*8 

Hail bearers (roiled steel joists @ 57 lbs. per foot-run) . 8*4 


Tliere are 20 panels and 21 cross girders. The dead load per cross 
girder is therefore 6*4 tons. Taking the maximum live load on a cross 
girder to be the heaviest axle load 17*4 tons, and the equivalent uniform 
load as 1 1 times this, and doubling this latter figure to reduce it to a 
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load, the total equivalent uniform dead load upon a cross girder is 
6*4 - 1 - 52‘2 ■= 58*6 tons. 

Using Unwin's formula (p. 223), assuming a ratio of depth to span 
of and a constant of 1500 for steel plate web girders p the span 
being about 16 feet, and the stress limited to 7 tons per square inch ; the 
weight of each cross girder is 1*1 tons. Add 10 per cent, for gussets and 
fa.steiiings at the ends. Hence the dead weight carried by the main 


girders, exclusive of their own weight, is — 

Tons. 

Bridge floor . . . . . . . . . . 128*2 

21 cross girders 25*4: 

Overhead wind bracing, etc., say . . . . . . 5*0. 


Total . . . 158*6 


The total equivalent uniform load on the two main girders is therefore 
159 + 256 = 415 tons, exclusive of their own weight. Applying Unwin’s 
formula, the span being 150 feet, depth at centre 12| feet, and taking 
the safe working stress in compression at 5| tons per square inch, and 
the constant at 1900 for steel open web girders of the type under con- 
sideration, the weight of the two main girders is 87 tons. 

Hence the total dead load on the main girders is 159 + 87 — 246 tons. 

Unit Load Stresses . — Find the stress in each member of the main 
girders with unit load at each panel point, preferably both graphically 
and analytically. Tabulate on the stress sheet. 

Dead Load Tabulate also the stress in each member due 

to the actual dead loads at the panel points. This stress is 6*2 times the 
unit load stress, since the total dead load is 246 tons, and there are 2 x 20 
panels. 

Maximum Live Load Stresses in the Booms.— Ymdi the maximum 
stresses in the boom members due to the live load. These will occur 
when the bridge is fully covered, and are obtained from the equivalent 
uniform load, which is 256 tons. The corresponding load at each panel 
point is 6*4 tons, and the stresses in the boom members are therefore 6*4 
times the unit load stresses; they can therefore now be tabulated. 

Maximum Live Load Stresses in the Web Memhers . — The maximum 
live load stresses in the web members must be obtained from the maxi- 
mum shear force diagram (not 6*4 times the unit load stresses). Tabulate 
these stresses both for the front and back of the travelling load, giving to 
each its correct sign. 

Wind Load Stresses . — Calculate and tabulate the wind load stresses 
under both conditions {a) and (Z»), Art 224, p. 246. 


Under condition {a) the exposed area ls — 

■ ■ S-q. Ft 

Twice the face area of the upper flange . » . . . 460 

The face area of the lower flange and floor system . . . 420 

Three times the face area of the verticals . . . . 480 

Three times the face area of the diagonals . . . . 530 

Total . . . 1880 


The distributed wind load at 56 lbs, per square foot is therefore 
47 tons. 
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Under condition (b) the exposed area is— 

»Sr|. Ft. 

The rau.e ndva, of the upper flange . . .. . . . 2lfri 

The fax:e area of the lower flange and floor system . . . 42*^ 

One aji<l a haitMflmes the area of the verticals . . . . 24o 

One and a half times the area of the diagonals , ' . ■ . 205 

Total . ■ . . 


Tlie distributed wirid load at 30 lbs. per square foot is tlierefore 
16 tons. ■ Tbe rolling wind load at 300 lbs. per foot-run is 20 tons. 
Hence tbe ^ total wind load under these conditions is 36 tons. 

In estimating tlie above areas reference may be made to an existing 
bridge, or since, in tins case, tlie wind stresses will only aliec^t the lower 
booms, the scantlings of tbe other members of the main girders may be 
calculated and their actual areas used. 

The two ])ottom flanges of the main girders wldch constitute the 
booms of the wind girder are 18 feet centre to centre. Having found 
the total wind load, the stresses due to it under both conditions {a) and 
(h) can be calculated. 

Maximum mid Mwinmm Stresses . — All the stresses under each con- 
dition of loading are now tabulated. The maximum and miidmum stre.'^s 

in each bar and the ratio is next determined. The 

maximum stress 

maximum stress in a bar is the greatest stress whatsoever in one direc- 
tion which can come on it. The minimum stress is the least stress in 
the same direction, or should the stress reverse, the greatest stress 
in the opposite direction. In the latter case the mimmuin stress is 
negative. 

In finding the maximum and minimum stresses, however, care must 
be taken that they are the values between which the stresses actually 
alternate. Two examples taken from the stress sheet will be here 
considered. 

Bar 10, tension boom. The maximum stress will occur when 
the bridge is fully covered by a train and is made up of dead 
load stress = + 184T), live load stress = 4-190*9, and wind load stress 
= 4-37*5, total 413*3 tons. The minimum stress occurs when the 
bridge is quite em])ty aiid no wind blowing, and is 4- 184*9 tons. The 
stress will evidently alternate between these values, and their ratio 
is 4-0*44. 

Bar 40, web member. When tbe bridge is empty, the stress in this 
bar is 4-6*6 tons. As a train rolls on the stress steadily decreases 
until the front of the train reaches the p>anel, when it has liecojiie 
4-6*6“ 16*1 = “9*5 tons. It now^ begins to increase until, the rear of 
the train having just passed the pianel, it reaches a positive maximum of 
4-6*6 4-22*7= 4-29*3 tons, decreasing again to 4-6*6 tons as the train 
rolls off the ];)ridgo. The stress therefore alternates bffween a maxi- 
mum of 4-29*3 tons and a minimum of -9*5 tons, and their ratio 
is “0*32. 

WoiMiif/ Stresses . — The safe working stress in a member depends not 
only on the iiiaximum stress in it, but also on the range through which 
the stress alternates. Various methods and formulae, based chiefly on 
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Woliler’s experiments, have been proposed to take this fact into account* 
Either of the two following may be used : — 

/*= safe working stress in the bar in tons per square inch, 

. ininiinum stress 

r ~ the ratio : 

maximum stress 


Glaxton Fidlerh Formula (slightly modified in form). — For the flanges 

9 

of girders up to 100 feet span and for all web members, /=g — for 

7 

tension members, and, /= g for compression members. 

■ . 9 

For the flanges of girders over 100 feet span, /= for tension 

^ _ n-ir 

members, and, /= — r- for compression members. 

The Lannluirdt-'Wep'auch Formula . — 


/= 5^1 4- for tension members. " 

/=4|^1 4* 0 for compression members. 

The gross area of compression members is to be taken, and suitable 
allowance made for the tendency of long struts to buckle. 

The working stresses found by either, or both, of these formufe 
are tabulated on the stress sheet. 

Gross Sections of Members, — Using the safe working stresses as found 
above, design the members of the main truss in the following order ; — 

Tension Boom. — Find the necessary area at the centre, and determine 
the section there. Set out a diagram similar to the lower part of Fig. 
331, p. 227, showing the variation in the force in the boom throughout 
its length, and show on this diagram the worth of each element in the 
boom section, using the safe working stress in each panel in turn, after 
deducting the area lost through rivet holes. This diagram determines 
the number and length of the boom plates. 

Compression Boom. — Make a similar diagram for the compression 
boom, using, however, the gross area of the section. In the present 
design there is no need to make any allowance for buckling. 

Joints in Booms. — Arrange for suitable grouped joints in the booms. 
The proposed lengths of plates should be shown on the diagrams. They 
must of course be convenient from a practical point of view. Design 
the riveted joints and find their efficiencies. They must equal in strength 
the plates which they connect. The safe working shear stress may be 
taken as 0*8 of the safe working stress in the bar. The safe wwking 
bearing stress may be double that of the shear stress. 

Diagonal Ties. — Find a suitable section, distributing the load over 
one, two, or four bars as may appear necessary. Design the riveted joint 
in the end of the tie. If the stress reverses in a tie it becomes a strut, 
and it must also be considered as such. 

* For a full discussion of this subject the student is referred to Professor 
Olaxton Fidler’s treatise on Bridge Construction.” 
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Example. ,, Bar , 32. Maximum load, .151*7. touB. Safe 'working 
stress, 5*9 tons (Claxton Tidier ), or 6*2 tons (LauidiardtAV’eymiKdi). 

Try four bars 11 indies wide by | inch thick. 

Net area (less one rivet hole) = 25 *3 square iiidiea 

Actual stress in tension =. 15.1*7 -r 25*3 ==: 6' tons .per square inch. ■. 

Number of rivets required, 15 of | inch diameter. 

Minimum efficiency, 90*4 per cent (tearing at second row, and shear- 
ing at first). Equivalent stress, 6*1 tons per square inch. 

Compression —Allowance may be made for the lengtiis of 

the struts by the following modification of the Rankine-Gordon formula. 

Using the notation of Art. 160, p. 166, /~ ?| 1 + j 

Secondary flexure in a strut braced as that sho%vii in Fig. 384, p. 254, 
need not be considered. 

To find the number of rivets in the end of the strut, the safe iwirking 
stress for shear may be taken as 0*8 of the safe w^orking stress in the 
bar, and the safe bearing pressure as double the safe sluiar strc^ss. 

Exanqile. Bar 22. Maximum load, 95*3 tons. Calculated length, 
8*45 feet. Equivalent length, 8*45 x 1*6 = 13*5 feet. Assnme a section 
consisting of two B.S. channels, No. 19, 23*55 lbs. per fo(.)trun, to each 
of which is riveted a plate 10 inches x |- inch (see Fig, 384, p. 254). 
Area of section = 23*8 square inches. Minimum 1 = 286, and /i'- = l2, 
both in inch units. 

Safe stress, 4*5 tons per square inch (Claxton Fidler). 

,, „ 5*5 „ „ „ (Launhardt-Weyrauch). 

Actual stress = ||~|l + = 4*3 tons per square inch. 

Safe stress in single shear on rivets = 0*8 x 4*5 = 3*6 tons per square 
inch. Number of rivets required = 43. 

Gmsets. — These should be thicker than the members which the^ 
unite, and of suitable shape to allow of good connections. The numl)et 
of rivets through the ties and struts has already been determined. The 
number of rivets through the gussets into the boom is found as follows. 
The dead load which a gusset adds to the boom is determined from the 
dead load stress diagram, and the live load which it adds is found from 
the maximum shear force diagram. From these the minimum and 
maximum stresses and their ratio can be obtained. The wife working 
shear stress may be taken as eight-tenths of the safe working com 
pressive stress, as found by the fornmlee on p. 252, 

Where a cross girder is attached to a gusset the additional load which 
it adds, including dead, live, and wind loads, must be compounded with 
that from the struts and ties, allowing for the fact that part of it will be 
in a direction perpendicular to the flange. The safe working stress can 
thus be determined, and then the number of rivets required. There will 
be local bending moments on the gussets and the rivets in them in 
almost every case, and it is well to err on the side of liberality when 
designing them. 

Outline Brawimj of Main Girders. — This can now bo made. The 
centre lines are first* set out, and the sections of the members shown upon 
them. Next the riveting is arranged, care being taken to get uniform 
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pitches, suitable joints, and provision for the attacliment of the cross 
girders, etc. Some details may need revision. From this drawing the 
working drawings may be made. 

To complete the bridge the following calculations are necessary. 

Gross Girders and Rail Bea>rers , — ^These carry a definite portion of 



the bridge floor and a live load, consisting of one or more of the heaviest 
wheel loads. Design them as plate web girders (p. 216), doubling the 
live load to reduce it to an equivalent dead load. The working stress 
may be taken at 7-J tons per square inch in tension. 

Floor Flating . — This may be considered as carrying a certain dead 
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load per unit area in rectangular panels. The .sliear stress rluu to wind 
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Fia. 385. 


loads must also be examined. Practically, the thickness would be about 
I inch. As few sizes of plates as possible should be used (two only in 
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the example). Suitable connections to the cross girders and rail bearers 
should be arranged. 

I Angle h^s 'SS ® r ' ^ , 

I / I ® I 1 ! ® I 

I d 1 

, * I • Ilij ^ Jwil Besrcj* ! '' \ I / / \ • i 

~ " flfr'j 7 - 4 ''ixl 4 "x 6 "x 46 U)S | , 

I i B.S.B.23 1|I^; S; I 

^ =T==— Ptes /2"x^e 

I .CONNECTION OF RAIL BEARER 8-2”x/0x^" *« ' 

I TO CROSS GIRDER. i> '!r" * 


8-2”x/0'S<^" 


\\y^ X 

JW !| "f I 


-/8- o” Centres of Trusses r- 


TRANSVERSE SECTION AT VERTICAL N2 22.— 


• — Centres — >] ^ , y 

I RiveUjiDi^. I Angle, • C 


m 5 I 


Weh Plate 


15 - 8 " Centres. 


IBli 


i5-‘//x4igx4^x^/ U z-4 H 

^ ^ >1 I 

"5atot(?Mrdl*lll‘l i Hi' 


? ! Plate S'-2‘x\\\% 


; %BMs, T* *1 . j . .1 

yi!_5'-7J| l|l' Phnhmj. ‘ ' ' " ’ 

— PLAN SHOWING FLOOR PLATING. — 

Fie. 380. 

TJm Overhead Wind Bracing may be designed to carry one-balf of 
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the wind load on the windward girder to the leeward girder. The form 
shown in Fig. 379, p. 247, w^ould be suitable in this example. 

The Boiler and Fixed Bearings and any other details will complete 
the design for the superstructure. 

The probable deflection, necessary camber, quantities and weights will 
complete the calculations. 

Should the finished w^'cight come out much in excess of that estimatedj 
it will be necessary to re-design the structure to allow for this. 


Exercises X¥. 

1. A road bridge is 80 feet long and 15 feet clear width between the main 
girders. Each main girder is of the Warren type, and is divided into eight equal 
bays of 10 feet each. The weight per foot-riin of each main girder may be taken 
as 4 cwt., and the total weight of cross girders, flooring, etc., per foot-nm as 
I ton. The girder has to be designed to support a crowd of people weighing 1 cwt. 
per square foot of roadway, and also to be strong enough to sustain a traction 
engine. The wheel base of the traction engine may be taken as 14 feet, and the 
loads on the axles are 7 and 15 tons respectively. Estimate the greatest force to 
which each member is subjected. Also sketch a section of the booms and, 
starting from a point of support, proceed to determine the scantling of the 
members and to design the joints. Choose your own material, working stresses, 
and scales. Your calculations must be handed in with your drawings. [U.L.] 

2. Design for a single track railway bridge. Span, 120 feet. Eatio of depth 
to span, xV* Tb® girders to be of uniform depth, divided into ten equal panels. 
Web bracing to be of N type. The bridge is to carry a uniform travelling load 
of 2 tons per foot-run, the maximum axle load being 18 tons. 

3. Fig. 387 shows a hinged lifting bridge. The span is 40 feet, and it is 

divided into five equal ^ 

bays, each of 8 feet length. | JlLine of pull of lifting chains. » 

The bridge load is ->■ ^ 

equivalent to a uniformly 
distributed dead load of f 
of a ton per foot-run, and to 
a uniformly distributed live 
load of I ton per foot-run. 

Determine, {a) the stresses 
in the various bars of the 
bridge when it is closed and fully loaded ; (b) when it is being lifted and is just 
clear of the free support, carrying then, of course, only the dead load. 

Choose your own working stresses, and design the top and bottom booms. 
All drawings to be neatly finished in pencil and fully dimensioned. All calcula- 
tions must be handed in with the drawings. [U.L.] 

4. Fig. 388 shows a bowstring girder for a proposed road bridge, which has 

also to carry a tram line; the span of the bridge is 140 feet, the depth at the 
centre 26 feet 6 
inches ; width of 
bridge from centre 
to centre of main gir- 
ders, 18 feet. The 
dead load is to be 
1300 lbs. per lineal 
foot, the live load 
3000 lbs. per lineal 
foot. Determine in any way you please the stresses in each member of the 
girder due to dead and live loads. Design the top and bottom booms. You 
are not required to draw the section of the booms, but to determine tlie necessary 
cross sectional area, and to sketch the sections. [D.L. ] 

5. Design for a single track railway bridge of the American type (see p. 245). 




Fig. 387. 
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To be of 160 feet span divided, into eight equal panels. Ratio Qf.deptli to span, 
To carry a train consisting of locomotives of the type shown in Big. 6811. 



BTg. 389. 


6. Design for a single track railway bridge of the type shown in the worked 
example (pp. 248-258). To be of 160 feet span. Ratio of depth to .span about jV* 
To carry a train of locomotives of the type shown in Fig. 390, 



Fig. 390. 


7. Design fora double track railway bridge of the Whipple-Murphy type. 
Span, 200 feet. It is required to carry trains of locomotives of the type shown 
im Fig. 390. ‘ ^ 
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228. Sliding Friction— Coefficient of Friction.— Friction^ is the 
resistance which comes into action when one body is made to slide over 
another. The force of fridion (F) is the least force, acting parallel to 
the sliding surfaces of the bodies in contact, which will cause the one 
body to slide over the other. If Q is the mutual normal pressure 
between the bodies in contact, the ratio F/Q is called the coefficient of 
fridion^ and is denoted by fi. The following table gives some values of 
'/X for moderate pressures and low speeds : — 


Wood on wood, dry . . 0‘25 to 0*5 

„ „ soaped . 0-1 0*2 

,, „ greased 0*02 ,, 0*1 

Metal on wood, dry . . 0*2 „ 0*6 
Metal on metal, dry . . 0*15 „ 0*3 
„ „ oiled inter- 
mittently . ... . 0*07 „ 0*08 

Metal on metal, oiled con- 
tinuously 0*04,, 0*06 


Leather on wood, dry . 0*3 to 0*5 

Leather on metal, dry . 0*3 ,, 0*6 

„ ,, wet . 0*36 

,, ,, greased 0*23 

„ ,, oiled . 0*15 

Hemp ropes on metal, dry 0*2 to 0*34 

„ „ „ greased 0*15 


The foregoing values of /x must be taken as approximate only. The 
results of experiments on friction are very discordant. It has been found 
that the coefficient of friction depends on the material of the sliding 
bodies, the state of their surfaces as regards smoothness, the intensity of 
the pressure between the surfaces, the velocity of sliding, the nature and 
qimntity of the lubricant and the manner in which it is applied, and 
also on the temperature. 

The friction at starting from rest or statical friction is greater than 
the friction of motion, and depends on the hardness of the bodies and 
the length of time during which they have been in contact. 

The sO'Called Imm of friction are — (1) The force of friction is directly 
proportional to the pressure between the surfaces in contact. (2) The 
force of friction is independent of the extent of the surfaces in contact. 
(3) The force of friction is independent of the velocity of sliding. These 
“ laws ” are approximately true when the intensity of the pressure between 
the surfaces is moderate, and when the speed of sliding is low. 

229. Relations between the Forces on a Sliding Body. — Consider 
first the case of a body A of weight W resting on a fixed horizontal plane 
(Fig. 391). A is at rest under the action of two forces: (1) W, the 
pressure of A on the jAane ; (2) R, the pressure of the plane on A. In 
' this case R is obviously equal and opposite to W. Suppose next that a 

m 
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Hence for given values of W and P will be least when cos is 

greatest, tliat is, when 6 = (f>; the direction of P will then be perpen- 
dicular to that of R. 

Consider next the case where a body of vreight W is pulled up 
a plane which is inclined at an angle a 
to the horizontal by a force P acting 
parallel to the plane (Fig. 395), the motion 
being uniform. The forces which balance 
one another are P, W, and R, the latter 
force making an angle ^ . with the nor- Fig. 39y. 

mal to the plane. From the triangle of forces 

I = (‘" + ^) = (^+ 4 ) ^ smacos.j> + cos «sin^ _„;„ ^ ^ 

W sin (90-^) cos <^> cos 


hGiizontal force P is applied to A, as shown in Fig. 392, and suppose 
that, on account of the friction between A and the plane, A remains at 
rest. P and W have a resultant S which makes 
an angle jS with the normal to the plane and 
tan /3==P/W, " ~ 




wrs 


Fig. 391. Fig. 892. 


^ also S = - W/cos A To 

balance the force S there must be an equal and 
opposite force R exerted by the plane on A. If the 
force P be increased and A still remains at rest, R 
will increase, and so will the angle /5. When P is 
increased until A begins to move, then P/W = /x, by the definition of /i, 
and the angle /5 will have its maximum value </>, where tan <^==/x. The 
angle is the angle which R makes with the normal to the plane when 
sliding begins, and is called the frictmi angle, the limiting angle of 
resistance Qv ihB limiting angle of reaction. 

If the plane be tilted up through an angle and A remains at rest 
on the plane (Fig. 393), R, the reaction of the plane on A, must balance 
W, and must therefore make an angle with the normal to the 
plane equal to p. The normal pressure of A on the plane 
is W cos p, and P, the component of W parallel to the 
plane, is W sin p. If the angle P be increased until A 
begins to slide down the plane, P will then be equal to 
/iW cos /5 = W sin /?, hence jj. = tan P — tan <^, and 
which has been called the friction angle, is also the maximum 
inclination which the plane can have consistent with the 
body A remaining at rest, or it is the minimum inclination which the 
plane can have consistent mth the body sliding down the plane by the 
force of gravity. This inclination of the plane is called 
the angle of repose, and it is the same as the friction 
angle. 

Next let A be beginning to slide on a horizontal 
plane, the force P being inclined at an angle 0 to 
the horizontal (Fig. 394). The forces P, W. and R 
are in equilibrium, and R must be inclined to the 
normal to the plane at an angle From the triangle of forces, 

P _ sin <jb mn (j> 

W fin (90 +T-^$) 


<'k] 

h 




Fig. 393. 


Fig. 394. 
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If h, h, and I be the base AC, height 
respectively, then sina = 7j// and cos 


BC, and length AB of the plane 
a — bjl, therefore ^ = and 


I‘I, = Wh + iiWb, which shows that the vxyrk done in, drawmg a body up 
an inclined plane is equal to the work done in lifting it against gravity 
fhrcmgh a height equal to the height of the plane, plus the work done in 
drawing it along the base of the plane against friction. This is a useful 
rule to remember. 

Here it may be pointed out that when a is comparatively small, as 
it generally is for most roads and railways, it is 
sufficiently accurate to assume that the base and 
length of the plane are equal. 

A case of the inclined plane which is import- 
ant in connection with the theory of the screw, 
is that in which the force P is parallel to the 
base of the plane (Fig. 396). The triangle of forces shows that 

W tan (a 



Fig. 396. 


230. Efficiency of the Inclined Plane. — The efficiency of any machine 
being the ratio of the useful work done to the total work, this must be 
the same as the ratio of the effiort when friction is neglected to the effort 
wffien friction is considered. Taking the case of the inclined plane shown 
in Fig. 395, where the effort P acts parallel to the plane, it has been 

shown that P when friction is considered. If (f> = 0, 

cos ^ 

P = W sin a, which is the value of the effort when friction is neglected. 
Hence the efficiency in this case is 

sin (a + <p) 

For the case shown in Fig, 396, where the effort is horizontal, the 

^ . . tan a 

efficiency is 7 - — ; -,- 7 . 

■ tan (a + (f) 


231, Friction of Screws.- -The connection between the inclined 
plane and the screw is shown clearly by 
Figs. 397 to 401, In Fig. 397 is shown 
a cylinder with one turn of a helix 
traced on its surface ; the dotted right 
angled triangle is the development of 
the portion of the surface of the 
cylinder which is below the helix, p 
being the pitch of the helix, a its in- Fig. 397. 

clination, and d the diameter of the cylinder, tm a =pfTd. 

In Fig, 398 the inclined plane and the body sliding on it are tw^o 
similar wedges which, when bent round a cylinder, as shown in Fig. 399, 
produce a form of screw and nut. 

The connection between the inclined plane and a square double 
threaded screw and nut is shown in Figs. 400 and 401. 

The force P in Figs. 398 to 401 is shown acting parallel to the base 
of the inclined plane or perpendicular to the axis of the screw, and in the 
case of the screw, P acts at a distance from the axis equal to the mean 
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111 each case, W being the load. carried by the nut,' 


, . tan a 4- tan 6 p + imd 

= tan (a + <^) == ^ — r— X — h 

^ l-tanatancf> wd-pj}) 


radius of the screw.' 

W' 

In practice the screw is usually rotated in the nut or the nut on the 
screw by a force Q acting on a wheel or lever of radius r attached to the 
screw or nut, and -= 2Qr. 

To reverse the motion of the screw or nut and lower the load W the 
effort P is reversed, and its value is then P = W tan - a). When is 




greater than a, P has a positive value, but when <jE> is less than a, P is 
negative, that is, it must act in the same direction for lowering as for 
raising, and if left to itself the load W will reverse the motion. 

In the case of a screw thread of triangular section (Fig. 402), if R, 
the normal pressure on the thread, be resolved into two 
components, W parallel to the axis and S perpendicular to 
the axis of the screw, then R==:W/cos/5, where is the 
complement of the inclination cf the side of the section 
of the thread to the axis. Now the friction is propor- 
tional to R ; hence for a triangular thread tan must be 
increased to n tan </^, where ^^= 1/cos and 

P _ tan a 4- ^ tan _ p + ni^vd 

■" 1 - ^ tan a tan rrd- npp ' Fig. 402. 

Also, since is generally a small angle, and n is less than 1-| in ordinary 

P 

cases, n tan == tan nearly, then ^ = tan (a 4* nj>) approximately. In 

the Whitworth thread and ^^=1T3. In the Sellers thread 

2^-60^ and 1*15. 
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232. EfficieHcy of Screws.— Ngware T/iread— Since tlie ; efficiency 
is tlie ratio of the effort without friction to the effort with friction^ 

^ . tan a 

emcieiicy= 


’ tan (a + <^) ^ 
maximum efficiency is 


this is a maximum when a -. 


and the 


tan 


tan 


(“-y 


*5.|) 



sin 4> 


1 -f sin ^ 


Putting tan and tan a^pjTrd, where is the pitch and d the 

m • phrd - fJip) 

mean diameter of the screw, then efficiency = ’ 

The reversed efficiency, that is, the efficiency when W becomes the 
■ _ , . . tan(a-<^) 

eftbrt and P the resistance, is — — — — j 

ran ct 

... 

a — 45® + and the maximum efficiency is 


this- is a maximum when 


tan 


(45 + 1 ) 


which is the 


Wv 

-Without friction P = W tan a = —j • 

Ttd 


same as the maximum direct efficiency, 

Triangtdar Thread,- 

W(tan a + n tan <^) _ W(jt) + njmd) 

1 - w tan a tan ird — npp 

tan a(l - 7 ^ tan a tan <^) pi^rd — njip) 
tan tan + npTd) 

tan a-n tan __ '!Td{p - ripird) 

p{'ird 4 * npp) 


With friction P = - 
Hence, efficiency = 

The reversed efficiency is 


’ tan a(l 4 - w tan a tan 
The efficiencies of square and triangular threaded screws have been 
calculated for various 
values of a and three 
different values ol p, 
and the results have 
been plotted in Fig. 

403. ' The full curves 2 : 
relate to the square o^q 
threads, and the dotted a: 
curves to the triangular S 50 
threads. It will be >- 
seen that for the same 240 
values of a and p the 3 
efficiency of the tri- ^30 
angular thread is not ^ 
much less than that 
of the square thread; 
the difference is greater 
the greater the value I 

of /X, but where = 0*3, 3 15 20 25 30 35 

the greatest difference ANGLE a IN degrees, 

is only about 4 per cent. Fig. 403. 



40 45 




ERIOTIOl^r AND LUBRICATION . 265 


233. Friction of Pivots and Collars. — A tlirust along tlie axis of a 
sliaft is taken up by a pivot or collar bearing. A pivot must be on the 
end of a shaftj but a collar may be at any part of the length of the shaft. 
The rubbing surface of a pivot or collar maybe any surface of revolution, 
the axis being the axis of the shaft. In the case of a pivot, the rubbing 
surface is generally either flat or conical. In a collar, the rubbing surface 
is generally fiat. 

In the present state of knowledge on the subject of friction, it is 
impossible to determine a correct expression for the friction of a pivot or 
collar. There is first of ail the question of the distribution of the pressure 
on the rubbing surface to consider. When the bearing is new and there 
is perfect contact over the whole of the bearing surface, it is probable that 
the pressure is uniformly distributed, but since parts of the surface are at 
different distances from the axis, they must be moving with different 
velocities, and there is therefore, very probably, unequal wear, which will 
at once cause a redistribution of the pressure, and unequal distribution 
of pressure accompanied by different velocities will almost certainly 
result in variation in the coefiicient of friction at different distances 
from the axis. 

In what follows expressions will be found for the friction of pivots 
and collars on the assumption that the coefficient of friction is constant, 
and that either the pressure is uniformly distributed, or that the wear is 
uniform over the rubbing surfaces, and is directly proportional to tlie 
pressure and to the velocity. To say that the wear is uniform and 
directly proportional to the pressure and to the velocity is equivalent to 
stating that the product of the pressure and velocity is constant, or that 
the product of the pressure and radius is constant, because the velocity is 
proportional to the distance from the axis. 

P — total axial load carried by pivot or collar. 

p = intensity of normal pressure on rubbing surfaces when uniform, 
or at radius r when variable. 

r = radius of an indefinitely narrow ring of the surface, and dr 
its width. 

M = moment of friction on pivot or collar. 

Case I. Flat Pivot (Fig. 404).~-(fl^) Uniform 

P 

— 5 -. Load on ring of radius r and width 
Moment of friction on rmg = 


pressure p ~ 


dr^^pm'dr, 

r? 

M 2/xp7r I r‘^dr == 

(b) Uniform wear, 
ring == ^irprdr == 2Trcdr, 

Total load = P = 2:rel 


yipTrri = g/xPr^ * 




Let pr : 


27 rc?%, therefore c 


Load on 


'■ . f* I* - .£•» .... 7 ^.. 


p 

27r7*i 
2fi7rFrdr 


‘jmFrdr 


Fig. 404. 
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Case IL Flat Oollar or Re- | 

cemcl Footdep (Fig. . 405).— (a) g — — i 
Uniform pressure. Proceeding as ^ ^ 

for a flat pivot. ' ^ 

Moment of friction on ring ■ •. 

^ ^ij^TTT^dr, ; 


M = 2}i297r^^^rMr=== 2/xp7r-— 


but p = 


'^{n ~ rl)’ 


n f M 2mP(?-? - ?!) 
therefore M — 



S K-n-j ■ 

f (C) 


Fig. 405. 


(])) IJniforni wear. Let pr — c. Load on rmg = ^irpmlr == 2iTcdn 

• r^i ■ ■: ■ P ■ " 

/■ Total load = P == 27 rd^ - ro)j therefore c = : 

Moment of friction on ring — STTc/Lrt^r , 

M = --P fW= -i£- • = + 

To increase the amount of rubbing surface, and so diminish the 
intensity of the pressure, it is better to use two or more collars, as shown 
at (c), Fig. 405, rather than have one large collar. 

Case III. CWhaL (Fig. 406),— (a) Uniform ip 

pressure. Area of surface of cone = 

sm u km -M 


P sin = UTrr? , therefore p = — ~ 

^ sm P ^ V 7rrf 


as for a 


flat pivot. The normal pressure on the surface of the cone } | J 
is therefore independent of the angle at the vertex of the 
cone. 

Load on ring = ^ U 

sin 0 

Moment of friction on ring = 405 ^ 

sin ^jo sin 6 *’ 3 3 sin 

(h) Uniform wear. From the above and Case I. it follows that 

m=a2i. 

2 sm 0 

Case IV. Qonical Collar (Fig. _ 

407). — It is obvious from the pre- 

ceding cases that in this case ly Vi -»{ \ ^ ^ ~~1 

pressure, and 

aV(r 4-r\ , PiG. 407. 

M = — 2 ^ for uniform wear- 

2 sm 0 
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Comparing the different cases for uniform pressure and nnifomi wear, 
it will be seen that the moment of friction for uniform pressure is 

J 1 - — V of the moment for uniform wear, and when n * 0, this 

3 ( + V ‘ 

ratio becomes -- , 

O , 

Footstep or Pivot bearings are frequently fitted with loose discs, as 
shown in Fig. 408. Under normal conditions these 
discs will all rotate in the same direction, but with ^ ^ 

different velocities, consequently the relative velocity ^ 

between the pivot and the disc next it, or between two f | ^ 

discs, will be less than between the pivot and a fixed 
bearing. The total moment of friction is, however, 
probably not altered by the presence of tlic discs. If, 
however, one of the discs should heat up and seize, the 
next will act and give the first a better chance of cooling. 

A similar arrangement may be applied to collar bearings. 408. 

234. Schiele^s Pivot, — The form of pivot known as Schiele’s pivot 
was designed to give uniform wear in the direction of the axis with 
uniform j)ressure, the coefficient of friction being assumed to be constant. 
Let A (Fig. 409) be a point on the surface of the pivot, r the radius, and 
AB the tangent at A, YY being the axis. Let AC be the amount of 
vertical wear taking place at A ; then if CD be drawn parallel to and AD 
perpendicular to AB, AD will be the amount of wear normal to the 
surface of the pivot at A. Let p — the intensity of the pressure normal 
to the surface of the pivot, p being assumed to be constant. The wear 
AD is assumed to be proportional to p and to the velocity of rubbing at 
A, and therefore AD is proportional to^r. Let AD = ^p?’, where ^ is a 
constant. By similar triangles 


= — therefore AC == 
AD r ’ 


AD-AB 


■ Jfp • AB. 


Hence if AC is to be the same for every point on the pivot surface, AB 
must be constant. The curve which has the 
property that its tangent AB is of constant ^ 

length is known as the tractrvx^ and also as the | 

anti-friction curve. r/c: 

It is evident that if a pivot wears equally in \ ' 

the direction of its axis it will preserve its shape, iV — 

and there is a better chance of j), the intensity of .dT»^\ 
the pressure, remaining uniform ; also if is \ V I 

uniform, the lubricant is more likely to remain ^ j / 

between the rubbing surfaces. 

The curve EAF will never meet the axis YY, 
consequently this form of pivot cannot be brought Ih’iq., 409 . 

to a point and have its proper shape to the end. 

To find the moment of the friction of a Schiele pivot, consider a ring 
of the surface of radius r and width dr measured at right angles to the 

axis. The area of this ring is 27rr— == ^irldr. where I = AB. Moment 

sin 6/ 

of friction on rmg — ^TrljJiprdr. 
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Hence ' M 


-^TrlixpX rdr-- 
Jro 


: ^TrJjpp 




^Trlppifi - '^D- 


Tlie portion of tlie load P carried by the ring of radius pr, all eady 
referred to, is 


27 rr — sin ^ = 27rj»fdr, therefore P==27r/jf rdr — ). 

sm r ^ Jn, 



Hence M-=/xPZ, and this will he smaller, the smaller I is. Taking 
I = fj: , M = /^P'-^ 2 

For a fiat pivot it was shown that for uniform pressure M== ~/rPr^, 

and for uniform wear M = ^/xPrj. It would therefore appear that the 

friction of the Schiele pivot is greater than that of the flat pivot, but it 
is claimed for the Schiele pivot that the wear 
and pressure being uniform at every p>oint, the 
surfaces always fit one another, and the lubricant 
is not forced out. 

An approximate method of drawing the 
tractrix is shown in Fig,. 410. Take points a, 

5,6*, etc., on the axis YY. The distances ab, 
hCy etc., may be made equal to about one- tenth 
of The constant length of the tangent 

is taken = aA = Z = With centre h and 
radius = I describe an arc to cut ciA at 
B ; join 5B. With centre e and radius = I describe an arc to cut 5B 
at C; join 6'C, and so on. A, B, C, etc., may be taken as points on the 
tractrix. 

It may be mentioned that a tractrix is the involute of a catenary, a 
fact which suggests a method of drawing the curve. 

A simple mechanical method of drawing the tractrix accurately is 
shown in Fig. 411. CD is an arm carrying a steel pin E with rounded 
ends, and a pencil F, the lead of which is very 
hard and sharpened to a knife edge, the edge 
being slightly convex in the direction of its 
length. The distance betw^een the axes of the 
pill E and pencil F is equal to Z, the length of 
the tangent of the tractrix to be drawn. The 
edge of the pencil point lies in the plane of the 
axes of the pin and pencil. The arm CD carries 
a weight W as shown ; this weight may weigh 
about one pound. A straight-edge HK is placed 
with one edge parallel to the axis YY, and at a 
distance from it equal to the radius of the pin E. 

Holding the straight-edge HK firmly with one 
hand, the pin E, held loosely between the thumb 
and fore-finger of the other hand, is drawn 
along the edge of the straight-edge, the pin 
being kept vertical. The pencil F traces out the tractrix AB, It is 
essential that the drawing edge of the pencil sliall be so sharp that it 



Fig. 411. 
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will only move easily over the paper in the direction of the edge. 
IiivStead of a drawing pencil, a piece of steel having a razor edge may 
be used. 

235. Tower’s Experiments on the Friction of Pivot and dollar 
, Bearings. — The table below gives the results of the experiments 
on the friction of a pivot bearing carried out 
by Mr. Beauchamp Tower, and described in the 
fourth report of the Research Committee of 
the Institution of Mechanical Engineers on fric- 
tion.* The pivot experimented with was of steel 
3 inches in diameter, and fiat ended. The bear- 
ing, which was of manganese bronze, is shown 
in Fig. 412. The oil was introduced, as shown, 
through a single central hole, and distributed over 
the bearing by a single diametrical groove, terminating at each end 
within i^^ch of the circumference of the bearing. It was found 

that the oil circulated automatically, the pivot and bearing acting like 
a centrifugal pump. 

The coefficients of friction in the table belo’vv were calculated 
from the observed frictional moments, on the assumption that the mean 
leverage of the friction was two-thirds of the radius of the pivot, which 
would be correct if the pressure on the bearing was uniformly dis- 
tributed, and the friction w^as independent of the velocity. The circula- 
tion of the oil varied from 20 to 56 drops per minute at the lowest speed 
to a continuous stream at the higher speeds. 



Revs. 

per 

Min. 

Load in Lbs. per Square Inch. j 

20 

40 

60 

80 

100 

120 

140 1 IGC j 

Coefficients of Friction. 

50 1 
128 j 
194 
290 1 
353 ' 

0*0196 

0*0080 

0*0102 

0*0178 

0*0167 

0*0147 

0*0054 

0*0061 

0*0107 

0*0096 

0*0167 

0*0053 

0*0051 

0*0078 

0*0073 

0*0181 

0*0063 

0*0045 

0*0064 

0*0063 

0*0219 

6*0077 

0*0044 

0*0056 

0*0057 

0*0221 

0*0083 

0*0052 

0*0048 

0*0053 

0*0093 

0-0062 

0*0046 

0*0053 

0*0113 

0*0068 

0*0044 

0*0054 


The results of Mr. Tower’s experiments on the friction of a collar 
bearing! showed that the friction in this type of bearing is practically 
independent of the speed. The adjoining table gives the mean values of 
the coefficient of friction (/^) obtained with different intensities of 
pressure (jo) on the 
bearing ring, in lbs. 
per square inch. The 
mean leverage of the 


taken 


15 


0*054 


o 

45 

60 

67*5 

75. 

82*5 

0*046 

0*037 

0-036 

0*035 

0*035 

; 0*034 


friction was . x x-l x 

as the mean radius of the ring. It was found in these experiments tnat 

the greatest load which the bearing would carry was 75 Ibs. per square 

* Proceedmgs of the Institution of Mechanical Pngineers^ 1891. 
f 1888. 
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Fig. 413. 


iiicli at the Mgliest speed, and 90 lbs. per square inch at the lowest 
: speed. 

236. , Friction of an Axle.— AB (Fig. 413) is a body mounted on 
an axle whose axis is O and radius r. The body AB is either fixed to 
the axle and the axle rotates in a bearing, 
or the axle is fixed and AB rotates on 
the axle. The resultant of the forces 
which resist the rotation of AB is a force 
Q, acting at a perpendicular distance 
OB ™ h from 0. An effort P acts at a per- 
pendicular distance OA = a from 0, and 
is just able to cause AB to rotate in the 
direction of the arrow e. The lines of 
action of P and Q meet at C, and make 
an angle <9 with one another. 

R, the resultant of the pressure of the 
bearing on the axle when the axle rotates 
(lower part of figure), or the resultant of 
the pressure of the axle on the lever when 
the axle is fixed (upper part of figure), must 
be equal and opposite to the resultant of 
P and Q, and therefore its line of action 
must pass through C, and must make with the normal OD to the 
sliding surfaces an angle equal to ; also, the line of action of R will 
evidently lie between 0 and A. 

Draw OE at right angles to the line of action of R. Then OE is 
evidently equal to r sin In most cases is so small an angle that 
sin <jy may be taken equal to tan ^ or jm without sensible error. Let 
OE = r sin = s. If a circle be described with centre O and radius s, 
the line of action of R will obviously be tangential to this circle. Hence 
the construction for finding the line of action of R is to draw through 
C a tangent to the circle whose centre is O and radius This circle is 
called the friction circle. 

If OF be made equal to Q, and FH be drawn parallel to CA to meet 
(JE at H, the triangle CFH will be the triangle of forces for Q, P, and R, 
and FH will be equal to P and CH equal to R. 

If there were no friction the line of action of R would be CO, and 
then FK would be equal to P and CK equal to R. Hence the efficiency 
of the mechanism is equal to FK/FH. The moment of the friction is 
R X s or CH X OE. 

Proceeding analytically, R = Taking moments 

about 0, Pa = QZ> -h Rs = Q& + s -f 2PQ cos 9, a quadratic equa- 

tion which gives 

"p _„ Q 


cos ^ + s + 2a& cos ^ - 




The -h sign in front of the surd is to be taken when P overcomes Q, and 
the - sign when Q overcomes P. 

When 0 = OA and OB are in the same straight line, and P and Q 
are on opposite sides of 0, then P = Q » the upper sign to be taken 
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when P overcomes Q, and the lower sign when Q overcomes P. In this 
case R — P4* Q. 

When ^== 180'^, OA and OB are in the same straight line, and P and 

Q are on the same side of 0, then P = Q ^ ~ the upper sign to be taken 

^ dt a 

when P overcomes Q, and the lower sign when Q overcomes P. In this 
case R = P ~,Q/- / ‘ 

237. Friction Axis of a Link.— -The friction of a pin joint, such as 
is common in links or rods in mechanisms, is of the same character as the 
friction of an axle discussed in the |)recedmg Article. It has been seen that 
in the case of an axle when the axle rotates in its bearing, or when , the 
piece carried by the axle rotates on it, the resultant fore© on the axle 
does not intersect the axis, but is a tangent to its friction circle. So in a 
link, like the connecting-rod of a steam-engine, with pin joints at its ends, 
the line of thrust or pull on the rod will not coincide with the axis of the 
rod,"^ but will be tangential to the friction circles of the pins of its joints. 
This actual line of thrust or pull on the rod is called t}\QfrieMon axis of 
the rod or link, the change of the line of action of the thruvst or pull from 
the geometrical axis of the rod to the friction axis being due to the 
friction of its pin joints. 

Since four tangents may in general be drawn to two circles, it follows 
that a rod with pin joints has four different possible friction axes, and the 
one which is to be taken in any particular case will depend on the direc- 
tions of the external forces on the link, and on the dire(‘tions of its 
motions relative to the pins of the joints or to the bearings of the pins. 
This point is made clear by Fig. 414, which sho'ws the connecting-rod 
AB and the crank BC of a steam-engine in four different positions (a), 
(^), (c), and {d) during a revolution of the crank. 

The friction circles of the pins at A and B are shown greatly enlarged 
for the sake of clearness. In each position A'B' is the friction axis of 
the connecting-rod. There is rotary motion of the pins in their bearings 
at A and B, and the point to be remembered is, that since friction always 
opposes motion, the force acting along the friction axis at a joint must 
have a moment about the axis of the pin to overcome the friction which 
tends to prevent the rotation at that joint. 

In the position {a\ Fig. 414, where the connecting-rod is exerting a 
thrust on the pins at A and B, the angle BAG is increasing, and will go 



on increasing until the crank has turned through 90® from its Inner 

The axis of the rod is here the line joining the centres of the pin joints at 
its ends. 
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dead centre, and tlie connecting-rod lias therefore anti-clockwise motion 

about the pin at A. Hence the friction axis must touch the fiiction 
circle of the pin at A above the axis of that pin. btill referring to the 
position (a), the angle ABC is diminishing, and will go on diminishmg 
iintii the crank is at its outer dead centre, and the connecting-iod has 
therefore anti-clockwise motion about the pin at B. Hence the friction 
axis must touch the friction circle of the pin at B below the axis of 
that pin. 

The student should now have no difficulty in reasoning out the 
positions of the friction axis for each of the remaining cases (&), (c), 
and (d), 

238. Tower’s Experiments on the Friction of Journal Bearings. 
— The results of Mr. Beauchamp Tower’s experiments ^ showed that the 
coefficient of friction is approximately proportional to the square root of 
the velocity, and inversely proportional to the intensity of the pressure 

when the journal runs in an oil bath. Thus where /x is the co- 

efficient of friction, v the velocity of the surface of the journal in feet 
per second, j) the intensity of the pressure in lbs. per square inch^ of 
projected area of the bearing, and c a coefficient which has the following 
values for the lubricants mentioned: — Olive oil, 0*289 ; lard oil, 0*281 ; 
mineral grease, 0*431 ; sperm oil, 0*194 ; rape oil, 0*212; mineral oil, 
0*276. 

For syphon lubrication /x— where c'==2*02 for rape oil. 

For pad lubrication, /x is approximately constant, and equal to 0*01 
for rape oil 

The following results w^ere obtained by Mr. Tower with a steel 
journal 4 inches in diameter and 6 inches long, at a speed of 150 re- 
volutions per minute, or 157 feet per minute. The “brass” was of 
gun-metal, and embraced nearly one-half of the circumference of the 
journal, and was placed on the top. The lubricant used w^as rape oil. 


Method of Lubrication. 

P 

fX 

Oil bath . . . . . 

263 

0-0014 

Syphon lubricator 

252 

0-0098 

Pad under journal 

272 

0-0090 


With the same journal Mr. Tower obtained the results shown in the 
annexed table at a speed of 20 
revolutions per minute, or 21 
feet per minute in a bath of 
mineral oil. 

Mr. Tower’s experiments on 
friction at different temperatures 
indicate a very great diminution in the friction as the temperature rises. 
Thus, in the case of. lard oil, taking a speed of 450 revolutions per 

* Proceedings of the Institution of Mechanical Engineers, 1883 and 1885. 


P • 

454 

342 

216; ■ 

91 

/X . 

0-00132 

0*00168 

0*00247 

0-0044 
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niiiiute, tlie coefficient of friction at a temperature of 120® Falir. was 
only one-tMrd of what it was at a temperature of 60® Fahr. 

The following figures show the comparative friction with various 
lubricants tried by Air. Tower under as nearly as possible the same condi- 
tions: — Temperature, 90® Fahr. Lubrication by oil bath— speinn oil, 
0*484; rape oil, 0*512; mineral oil, 0*623 ; lard oil, 0*652 ; olive oil, 
0*654 ; min ex'al grease, 1*048. These figures are the means of the actual 
frictional resistances at the surface of the journal (4 inches diameter) in 
lbs. per square inch of bearing at a speed of 300 revolutions per minute 
(314 feet per minute), with all nominal loads from 100 to 310 lbs. per 
square inch. They also represent the relative thickness or body of the 
various oils, and also in their order, though, perhaps not exactly in their 
numerical proportions, their relative weight-carrying power. Thus sperm 
oil, which has the highest lubricating power, has the least weight- 
carrying power, and though the best oil for light loads, would be inferior 
to the thicker oils' if heavy pressures or high temperatures were to be 
encountered. 

239. Work Lost in Friction in Journal Bearings.-— Let R = resultant 
load on journal in lbs., d = diameter of journal in inches, V — surface 
velocity of journal in feet per minute, N = revolutions of journal per 
minute, = friction angle, and /x = coefficient of friction. 

The moment of R is -|Rr^ sin <^, which may be written llldji, since 
is a very small angle. The work done per minute on friction is therefore 

= ft. -lbs. The horse-power lost in friction is 

240. Methods of Lubricating Bearings.— There are two principal 
methods of lubricating bearings. In one method the oil is allowed to 
flow in at ordinary atmospheric pressure, while in the other the oil is 
forced in under sufficient pressure, generally by a pump einployed for 
that purpose. When the oil enters at atmospheric pressure it should be 
delivered to the bearing at the place where the pressure on the bearing is 
least, but with forced lubrication the oil should be delivered to the bearing 
at the place where the pressure is greatest. 

The well-known needle lubricator is shown in Fig. 415. B is an 
inverted glass bottle or reservoir containing oil. B is a wooden stopper, 
one end of which fits into the neck 
of the bottle, while the other end fits 
into a hole over the bearing of the 
journal J to be lubricated. N is the 
needle, which fits loosely into a hole 
in the stopper S. The lower end of 
the needle rests on the journal. 

When the shaft is at I’est capillary 
action prevents the oil leaving the 
bottle, but wffien the shaft is rotat- 
ing the vibration set up causes the 
oil to flow slowly on to the journal. 

The needle N is simply a straight 
piece of wire flattened at its upper end to prevent it falling out when 
the lubricator is removed from the bearing. 

A syphon lubricator is shown in Fig. 416. The oil is stored in the 



Fig. 416. 
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cup or box A 3 and is delivered slowly to the bearing tiiroiigh the wick B, 
which acts avS a sypnoii. It is iniportant that the end of the wick which 
delivers the oil should be below the free surface of the oil in the cup, 
otherwise the oil will not flow through the wick. 

Iny>ad hihricaUan a part of the bearing surface upon which there^ is 
no pressure is dispensed with, and its place is taken by a soft pad, which 
is kept saturated with lubricant. In hath luhrication the bearing con- 
tains a space filled with oil, which is in contact with a portion of the 
journal. 

Umg lubrication is illustrated by Fig. 417. In this bearing the 
journal carries two loose rings which rotate, being driven by frictional 
contact with the journal These rings dip into an oil bath and carry oil 
to the top of the journal The oil flows over the surface of the journal 
through oil grooves in the bearing, and Anally returns to the bath below. 



Fig. 417. 


An example of forced lubrication is shown in Fig. 418. This illus- 



trates Tilston’s system as applied to a journal bearing. A is the bearing, 







and B the shaft. 0 is an eccentric clamped to the shaft. DD are end 
chambers connected by the passage E. F is a pump plunger, made from 
.steeb tubing forged on to a solid end. G are inlet holes in the plunger 
which allow oil to pass to the inside of the pump when the plunger at 
and near the top of its stroke. The eccentric drives the pump plunger, 
the latter being kept up to the former by the spring H. I is a non- 
return ball valve, and J an outlet from the pump to the shaft. K is a 
sight feed plug supported by a cross pin beneath it. L is a screwed 
plug to diain off spent oil and dirt. MM are leather washers to prevent 
oil travelling along the shaft. N is a screwed jilug giving acces,s to the 
passa^ E for cleaning purposes. As the plunger descends, the inlet 
holes G are cut off by the casing, and oil is forced past the non-return 
valve and through the outlet J to the shaft, and thence to the end 
chamlbers DD. 

1 orccd lubrication lias been, used with great success on liigli-speed 
steam-engines. The various bearings are connected by pipes and 
passages to an oil pump driven by the engine. The oil after being 
used passes through a filter back to the reservoir which supplies the 
pump. 

Spldsh lubvicdtion is common and simple, but crude, and is used on 
high-speed vertical engines, especially on petrol engines. The engine is 
enclosed, and the crank case contains oil, into which the cranks splash as 
they rotate, throwing the oil over the various bearings. 

241. Friction of Sliding Keys. — In machines it is frequently neces- 

sary to move a piece longitudinally on a shaft, while there is a torque 
between the piece and the shaft. In such cases a sliding key may be 
fixed to the sliding piece and fit easily into a key way in the shaft, or the 
key may be fixed to the shaft and fit easily into a key way in the sliding 
piece, as shown in Fig. 419, where the looseness of fit between the piece 
A and the shaft B, and be- 
tween the key C and the p — ^ — 
key way in A, is exaggerated. \ 

If the piece A is driven in A /^1 

the direction of the arrow ( n { ° ' CQ I ' I ^ ll 1 
D by a torque T, the forces I i j Wp j \ V / 

which transmit this torque \ \ 

to the shaft are the equal i 

forces P and Q at a distance J v — ^ 

r from one another, so that Via. m. 

rr =1. li two keys be used, 

as shown in Fig. 420, the equal forces P and Q will now be at a 
distance 2r from one another, and 2Pr = T. Hence the force causing 
the sliding friction in the second arrangement is only half what it is in 
the first arrangement. To get the full advantage of the two keys it is 
necessary that they be very accurately fitted, so that they transmit the 
whole of the torque without any pressure between the sliding piece and 
the shaft itself. 

242. Eotating Guides for a Sliding Piece. — It is weU known that a 
piece mounted loosely on a shaft may be made to slide along the shaft by 
the application of a smaller force when the shaft is rotating than when 
the shaft is at rest, and the greater the speed of the shaft, the smaller is 


Fig-. 420 . 


FRICTION AND LUBRICATION 


27(5 ' ' . APPLIED ' MECHANICS ' ■ , 

the forces required to produce the sliding of the piece niourited on it A 
couveiiient way of applying this princijple to the guiding of a sliding 
piece so as to reduce the force required to slide it is shown in Fig. 421, 




where A and B are two parallel shafts or spindles, which are rotated, 
preferably in opposite directions, and which support the |)iece C, which is 
made to travel along the shafts by a force T. . 

The theory of the action of the rotating guides is as follows. Let 
AB (Fig. 422) represent a horizontal flat plate, upon which rests a body 
D. In a given time, let AB travel a distance AA' in the direction OX 
into the position A^B'. In the same time, let the body B be made to 
slide on AB a distance CN in the direction OY at right angles to 
OX into the position D'. The motion of D relative to AB will be the 
same as if while it slides the distance CN in the direction OY it be made 
to slide the distance CM equal to AA in the direction XO. These 
simultaneous motions given to D will result in a motion of D relative to 
AB in the direction CL, and equal to CL where CL is the diagonal of 
the rectangle MN. Now the force P, acting along CL, necessary to slide 
D along CL, is equal to p-B where E is the force, normal to AB, and 
pressing D on AB. But the force P, represented to scale by CL, may be 
replaced by the forces Q and S represented to the same scale by CN and 
CM respectively, and the ratio of the force Q to the force S is evidently 
the same as the ratio of the velocity of D in the direction OY to the 
velocity of AB in the direction OX. Applying this to a rotating guide, 
a force equal and opposite to S is the tangential force at the surface of 
the guide in the direction of its motion necessary to drive it, and Q is the 
force on the sliding piece in the direction of its motion necessary to make 
it slide. 

To prevent D being carried in the direction OX when AB moves 
under it in that direction a fixed guide EF is necessary, and the force 
pressing D against this guide is evidently equal to B, which will cause a 
resistance equal to /xB in the direction YO. Hence the resultant force 
necessary on D in the direction OY is Q + jaB. By using two rotating 
guides rotating in opposite directions, the tractive force on the sliding 
piece is reduced from Q + pB to Q for each guide. 

To prevent AB moving in the direction OY w^hen B moves over it in 
that direction a fixed guide HK is necessary, and the force pressing AB 
against this guide is evidently equal to Q, which will cause a resistance 
equal to //.Q in the direction XO. Hence the resultant force necessary 
on AB in the direction OX is equal to S + jaQ. In a rotating guide the 
resistance which would correspond to the resistance /xQ would be the 
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resistance to rotation at the thrust bearing of the shaft, but in that case 
the resistance, reduced to the surface of the shaft, may be either greater 
or less than /xQ, depending on the effective radius of the collar or pivot 
of the thrust bearing used. 

Consider now the work done in the given time when two guides are 
used, as in Fig. 421, each guide carrying half the load W. Neglecting 
the work done at the thrust bearings of the guides, the work done is 
2P • CL = 2 X l/xW • CL = fiW • CL - U. If V is the surface velocity of the 
rotating guides, and v the velocity of the sliding piece, 


CL__ JT^ + v^ 
CN . V 


andU = /xW-CN- 


V 


The force T is equal to /xW • 
rest, Y = 0, and T ~ /xW. 

From the foregoing, it is seen that the work done with rotating guides 
is greater than the work done with ordinary sliding guides in the ratio of 
to V, and therefore the rotating guides would not be introduced 
to economise power. It would be absurd, for example, to use rotating 
guides in a planing machine. Rotating guides are useful in certain 
recording instruments, where a pen or pencil has to be guided in a 
straight line and moved by a small force. 

The same principle is also applied when it is required to reduce 
the sliding friction of a piston or plunger in the direction of the 
axis, by giving the piston or plunger a simultaneous rotary motion. 
Kinematically, the mechanism in this case is the same as that discussed 
above. 


CN 

CL" 


■fjiW 




If the guides are at 


243. Friction of a Band on a Pulley. — Let a band ABC D (Fig, 
423) passing over a pulley have a tension Tj 
in the part AB and a tension T^ in the part 
CD, and let the band be just on'the point of 
slipping on the pulley in the direction from C to 
B. Tj will be greater than on account of the 
friction between the band and the pulley. Let 0 
be the angle subtended by the arc of contact BC 
at the centre of the pulley. Consider an in- 
definitely small portion be of BC subtending an 
angle dO at the centre of the pulley. Let T be 
the tension in the band at c, and T + <'iT the 
tension at h. Let S be the resultant of the pres- 
sure of the pulley on the portion he of the band, and let /x be the 
coefficient of friction between the band and the pulley. Then 

' ' ■ (iT: "■ 

T + dT but therefore iZT = /xT^76», and -p =/xcZ6^. 

dO, therefore log, or 

in the above equations, 6 is in circular measure, and the logarithm 
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Using common logaritlims, 
® 0*4343/^^, and if the measure of the angle ^ in. degrees, 
T, 


,278 

is the Uapierian or hyperbolic logarithm. 

log^r*^ 


then log 7p^™0‘00758/x?2.. 

If the band lies in a V groove on the pulley, as shown in Fig. 424, 
this has the effect of increasing the resistance to slipping, because slipping 
must now take place on two surfaces (the sides 
of the groove), upon each of which the normal 
pressure is greater than half the normal pres- 
sure on a flat pulley. Considering the element 
he (Fig. 423), the resistance to slipping in the 
V groove is 2/xR=: /xS cosec a, where 2a is the 
angle of the groove, hut for a flat hand the 
resistance to slij^ping of this element is pB. 

Hence the equations given above for a flat band will apply to a band in 
a V groove if p be altered to /Xj, where p^—p cosec a. 



■'ZCL 
Fig. 424. 


Exercises XVI. 

1. Prove the formulas given under Figs. 425, 426, 427, and 428, the motion 
of the body of weight W being uniform and up the plane. 









k 1 



Fig. 425. 

Fig. 426. 

Fig. 427. 

Fig. 428. 

P __sin(a + 9i) 
W "" cos 

P 

:^=tan(aP0). 

P _sin {a + «?^) 
W”cos(^--^)* 

P sin(a + 0) 
W~cos(^4-^)’ 


2. Referring to I ig. 427 for given values of W, a, and s, what is the value of 
0 when P is least ? 

^ 3. Prove the formulss given under Figs. 429, 430, 431, and 432, the motion of 
the body of weight W being uniform and down the plane. 
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WR 



Cl 
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Fig. 429. 

P _ sin ( 4>~a) 
W cos 0 


Fig. 430. 


— =tan(0-a). 


P 


Fig. 431. 

sin { <l>~a) 
cos (0 - df 


Fig. 432. 

P _sin (0-^d) 
W^cos + d)‘ 


^ 4. For the key or rotter shown in Fig. 433, prove that the force P required to 
drive the key m is Q{tan (a+^l + tan 0}, and that the force \q 

required to drive the key out is Q{tan{ 9 !»~a) + tan0}. 

^ 5. What is the greatest taper which a key may have con* 
sistent with the friction holding the key in position ? Take 
/c=:0*07, and express the taper in the form 1 in tr, where a; is a 4o 
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' 4 slides on a bar of square section by the action of a force T, as 

shown in Fig, 434, If Q is the force pressing the sliding 
piece on the bar, show that P = fiQ ^2. 

7. An inclined plane has a base 90 feet long, and is 

20 feet high; the coetficient of friction between it and 
a body weighing 800 lbs. placed on it is 0*3: how many 
foot-pounds of work are done in drawing the body up the 
whole length of the plane, and how many in drawing it FiG. 434. 

down the plane, the pulling force being parallel to the plane ? 

8. What must be the effective horse-power of a locomotive which moves at 
the steady speed of 45 miles per hour on level rails, the resistances being 15 lbs. 
per ton, and the weight of the engine and train 220 tons ? If the rails were laid 
at a gradient of 1 in 130, what additional horse-power would be required ? 

9. If the engine of the preceding exercise exerts the same power on the 
incline as on the horizontal, at what speed, in miles per hour, wrould it ascend 
an incline of 1 in 180 with the same train, assuming the frictional resistances to 
be unaltered ? 

10. Calculate the horse-power required to drive a motor car weighing 1 ton 

up an incline of 1 in 14 at 24 miles an hour, supposing it to reach the same 
velocity when running freely down the incline. nj £ i 

11. A window sash (Fig. 435), of height A, is counterbalanced by weights • 

show that it can he raised by a vertical force, if its point of ‘ ’ 

application is not further than poot^ from the centre, where (p 
is the angle of friction. [B.E.] 

12. A square threaded screw, whose mean diameter is 14 
inches, and pitch | inch, has its axis vertical, and carries at its 
upper end a weight W, which is raised by the application of a, 
torque T to the screw. It was found by experiment that the 

relation between T and W was given by the equation T=:^ + 3, w^here T is in 

inch-lbs. and W in lbs. Determine the values of jut. for the screw and nut when, 
(1) W = 50 lbs., (2) W = 100 lbs., (3) W=:200 lbs. 

13. Particulars are given in the following table of certain standard Whitworth 


Outside diameter {d), inches 
Diameter at bottom of 

i 

1 


2 

H 

3 

3i 

thread, inches 

0*393 

0-840 

1*287 

1-715 

2*180 

2-634 

3-106 

Number of threads per inch 

12 

8 

6 

1 ■ ; 

44 

4 




screws in which the angle of the V- thread is 55°. Calculate 
the efficiencies of these screws, taking and plot 

the results, taking efficiencies for ordinates, and d for 
abscissas. 

14. A simple screw-jack (Fig. 436) has a square threaded 
screw whose mean diameter is 1*8 inches and pitch 0*4 inch. 
If the coefficient of friction between the screw and nut is 0*12, 
what force at the end of a lever 24 inches long, measured 
from the axis of the screw, will raise a load of 2 tons? 
Assume that the load rotates with the screw, thus eliminat- 
ing collar friction. Calculate also the efficiency. What 
force at the end of the lover will be necessary to lower the 
load of 2 tons? 

16. A weight W is carried by a square threaded screw 
and nut, as shown in Fig. 437. Outside diameter of screw, 
1*5 inches; pitch, 0*4 inch; thickness and depth of thread, 
0*2 inch. Outside diameter of collar on nut, 3 inches ; in- 
side ditto, 1*5 inches. The nut is rotated by a force of 80 lbs. 
at the end of a spanner 18 inches long. Find the load W, in 
lbs., (1) when friction is neglected, (2) when p, for the collar 
and for the screw is 0*2. 

16. A flat pivot has to carry a load of 5000 lbs,, and the 
intensity of the pressure (assumed to be uniform) is to be 



Fig, 436. 
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Fig. 435. 





2,80 


APPLIED MEOHANIOS 



120 lbs. per square incb. What horse-power will be absorbed by the friction of 
this pivot when running at 200 revolutions per minute with a coefficient of 
friction equal to 0’005 ? 

17. The thrust shaft of a marine engine indicating 4500 horse- power has 8 
collars 26-|- inches diameter, the diameter of the shaft between the collars being 
16f inches. Taking the coefficient of friction at 0*04, the intensity of the thrast 
pressure at 50 lbs. per square inch, and the speed of the shaft 80 revolutions 
per minute, what horse-power is absorbed by friction in the thrust bearing, and 
what percentage is it of the horse-power of the engine ? 

18. A straight lever mounted on an axle 2 inches in diameter has arms 
5 inches and 10 inches long, measured from the centre of the axle. There is a 
load W of 100 lbs. at the end of the short arm, and a vertical force P at the end 
of the long arm.’ Tak- 
ing the coefficient of 
friction g = 0T, find P, 

(1) to just raise W, 

(2) to just lower W. 

19. A weight W of 
500 lbs. hangs by a 
rope which is coiled 

round a barrel whose j, _ 438. 439. 

efteotive diameter is j. i. 

12 inches. The barrel is fixed on an axle whose diameter is 3 inches. W may 
be raised or lowered by a vertical force P acting at the circumference of a wheel 
30 inches in diameter, ‘also fixed to the axle. Find P to raise W with a uniform 
velocity, (a) when P acts as shown in Fig. 438, (5) when P acts as shown in 
Fig. 439. Also find P to lower W with a uniform velocity in each case. 

20. Referring to Fig. 413, p. 270. a=30 inches, 6 = 10 inches, r = l*5 inches, 
0 = 60°, angle C BO = angle GAO =90% sin<j!>=0T, and Q = 600 lbs. Find P (a) to 
just raise Q, (b) to just lower Q. 

21. Fig. 440 shows a bent lever iVOB. The fulcrum at O is in a loose cvlindric 
bearing 4 inches diameter. AO is 12 inches, 

BO is 24 inches ; the force Q of 1000 lbs. acts 
at A. What force P acting at B will just 
overcome Q, (1) when friction is neglected, 

(2) when the coefficient of friction is 0*3. Find 
also the line of action and magnitude of the 
force R acting on the lever at 0. [B.E.] 

22. A crank disc (Pig. 441) receives an oscillating motion through an angle 
AOB by a “gab” ended rod CD driven 
by an eccentric. At (a) the crank pin is 
shown below, and at (b) above the centre 
of the disc. Show that in one of these 
arrangements the effect of the friction 
between the pin and the “ gab,” during 
both the forward and return strokes, will 
be to throw the “ gab ” off the pin, while 
in the other the effect will be to keep the 
“ gab ” on the pin. 

23. An ordinary horizontal direct acting steam-engine mechanism is shown 
in a particular position in Fig. 442, AB being the connecting-rod, and BO the 
crank. The diameters of 
the journals at A, B, and 
0 are 5, 8, and 7 J inches 
respectively. The force P 
transmitted through the 
piston-rod to the cross- 
head is 6000 lbs, Q, the 
useful resistance to the 
motion of the crank shaft, 
acts in a vertical direction 
at a perpendicular distance of 12 inches from the axis of the shaft, as shown. 



Fig, 440. 
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Find the magnitude of the force Q, (a) neglecting friction, {b) allowing for 
friction at the Journals A, B, and C and also at the guide DE, neglecting the 
weights of the moving parts. Take ja=0*05. 

24. A horizontal pump, stroke 4 inches, is driven by means of an eccentric, 
11 1 inches diameter, keyed to a shaft 4 inches diameter. The shaft is drived by 
a vertical belt on a 14 inch diameter pulley. The belt embraces an arc of 180°, 
and the coefficient of friction between belt and pulley is 0*25. If the tension on 
the tight side of the belt is 350 lbs., find the maximum horizontal force that can 
be delivered to the pump when the radius of the eccentric is at 60“ to the inner 
dead centre. Assume the eccentric rod to be very long. Coefficient of friction 
between eccentric sheave and strap and between shaft and bearing is 0*1. [U.L.] 

25. A pulley weighing 1000 lbs. is supported on a 5 inch shaft midway between 

two bearings. The mass centre of the pulley is | inch from the axis of the 
shaft. Neglecting the effect of the deflection of the axis of the shaft from the 
axis of revolution, calculate the horse-power required to overcome the friction of 
the bearings in consequence of the error of balance in the pulley when the shaft 
makes 200 revolutions per minute. Assume the coefficient of friction between 
the bearing surfaces to be 0*05. [U*Ij.] 

26. The Journals of a shaft are 6 inches in diameter. The shaft carries a 
load of 8 tons, and makes 75 revolutions per minute. If the coefficient of friction 
between the Journals and bearings is 0*05, at what rate, in B.Th.U. per minute, 
is heat being generated at the bearings ? 

27. The radius of gyration of a fly-wheel and crank shaft is 10 feet. The 
shaft Journals are 12 inches in diameter. The turning effort on the shaft is with- 
drawn when the speed is 65 revolutions per minute. There being no resistance 
except the friction at the Journals, find how many revolutions the wheel and 
shaft will make before coming to rest after the effort is withdrawn. Take 
/a=0*065. 

28. A shaft 8 inches in diameter carries a vertical load of 6 tons and a 
horizontal load of 8 tons. Taking At=0*05, find the horse-power lost in friction 
at the Journals when the shaft is driven by a pure torque at 100 revolutions per 
minute. 

29. A wheel under a torque of 2000 inch-lbs. is mounted on a shaft along 
which it has to slide. The rotary motion of the wheel is transmitted to the 
shaft through two accurately fitting sliding keys which are opposite to one 
another, as shown in Fig. 420, p. 275. The resultant force on each key is at a 
distance of inches from the axis of the shaft. If the coefficient of friction is 
0*08, what force acting on the boss of the wheel, parallel to the axis of the shaft, 
will be necessary to slide the wheel along the shaft ? 

30. Eeferring to Fig. 421, p. 276, the rotating ^guides are horizontal, and are 

each 0*3 inch in diameter. The weight of the sliding piece is 0*5 lb. Taking 
the coefficient of Motion as 0*05, find the tractive force T when the guides rotate 
at 600 revolutions per minute, and the sliding piece travels 5 inches in 20 seconds, 
and express it as a fraction of the tractive force when the guides are at rest. Find 
also the ratio of the work done when the guides are rotating at the above speed 
to the work done when the guides are at rest. Neglect the friction of the thrust 
bearings of the guides. ... . 

31. A solid cast-iron disc, 40 inches in diameter, and 8 inches thick, is 

rotating at a uniform speed of 240 revolutions per minute. If the air frictional 
resistance is assumed to be equal to lbs. per square foot, where V is the 
linear velocity of any point, obtain an expression for the horse-power required to 
keep the disc in rotation. ^ 

32. A flat band laps half round a fixed pulley. From one end of the band 

there hangs a weight W of 100 lbs., while the other is pulled by a force P. If 
ja=0-3, what is the smallest value of P which will raise W, and what is the value 
of P which will lower W with a uniform velocity ? . . . 

33. Find the answers to the preceding question if the band is round and lies 
in a V-groove on the pulley, the angle of the V being 45“. 

34. If a cord hanging in a vertical plane over a fixed horizontal cylinder with 
20 lbs. at one end and 10 lbs. at the other be on the point of slipping, what is the 
coefficient of friction between the cord and the cylinder ? 

36. How many times must a hemp rope I J inches in diameter be passed 
round a post if a force of 6 lbs. at the slack end is Just to hold it when it is 
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about to break on the tight side? The breaking strength of a 1| inch hemp 
rope Diay be taken as 18,000 lbs., and /a=: 0*4. Prove th© 
formula, you employ. [P-Ij'] 

36. A brake strap (Pig. 443) inch thick, embracing 
two- thirds of the circumference of a pulley 16 inches in 
diameter', has one end attached to the end B of a lever 
whose fulcrum is at C. The other end of the strap is 
attached to the lever at 0. AC = 1 5 inches. BO = 3 inches* 

A weight W hangs by a rope | inch in diameter, which is 
coiled round a barrel 10 inches in diameter. The pulley 
and barrel are fixed to the same axle. BD is perpendicular 
to AB. The weight W is held up by a force P of 50 lbs. 
acting at A at right angles to AB. Taking ja=:0'2, find 
the greatest value of W (a) when the weight hangs as 



Pick 443. 


shown, (6) when the weight hangs from the other side of the barrel. 



CHAPTER XVII 

EFFORT, ACCELERATION, AND VELOCITY 
DIAGRAMS 


24^. Effort .—If a force P, acting on a body A (Fig. 444) which 
moves or may move in a definite direction BC, 
be resolved into two components, one Q 
parallel to BC, and the other R at right angles 
to BC, the component Q is called the effort of 
P on the body A. 

245. Unbalanced Effort. — If the motion of 

the body A (Fig, 444) is opposed by a force 
S, whose components parallel and perpendicular 
to BO are T and U respectively, then Q~T Fig. 444. 

is the unbalanced effort on A, and this unbalanced effort wilh accelerate 
the speed of A, the work done by it appearing as an increase in the 
kinetic energy of A. If Q - T is negative, then the acceleration of the 
speed of A will also be negative, and the kinetic energy of A will de- 
crease by an amount equal to that required to overcome the resistance 
T-Q. 

246. Effort “Space Diagram. — In the well-known diagram repre- 
senting the work done by a force or an effort acting through a given 
distance, the base represents the distance or space, and the ordinates 
represent the effort. Such a diagram is shown in Fig. 445, where 
lengths on the base OX represent 
distances or spaces through which a 
body A is moved by an effort P, whose 
magnitude for any position N of the 
body is represented by the ordinate 
ISTp of the curve Bjt^DE. The same 
figure also shows that the motion of A 
is opposed by a resistance E, whose 
magnitude for any position X of the 
body is represented by the ordinate Nr of the curve FrDH. From O to N 
the work done by P is represented by the area of the figure OB/)N, and the 
work done on E is represented by the area of the figure OFrN. The differ- 
ence between these two areas, namely, the area of the figure FB/?r, represents 
the excess work which goes to increase the kinetic energy, and therefore also 
to increase the speed of A. Let W = weight of A, = speed of A when 
at O, = speed of A when at N, and K~work represented by the area 

The speed will increase so long as P is greater than B, and the speed 


Fig. 445. 
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will be a maximum when A is at M, where P is equal to R. Beyond 
M the speed will dimmish, and if the body comes to rest at J, then 

4 - work represented by area OBDE J = work represented by area 







OFDHJ, or 4 - work represented by area BDF = work represented by 

area EDH, and if = 0, area BDF = area EDH. 

It is sometimes convenient to plot the unbalanced effort p?' on a 
straight space base, as shown in Fig. 

446. The area of this diagram be- 
tween the ordinates through 0 and 
L then represents the increase in the 
kinetic energy of the body when it 
has moved through the distance OL, 
areas above OL being reckoned as pjosi- 
tive, and areas below OL as negative. 

The same result is represented by the 
portion FBDEHDF of the original diagram (Fig. 445), areas above 
FDH being reckoned as positive, and areas below FDH as negative. 

247. Effort - Time Diagram.— Referring to Fig. 445, if OX is a 
time base, that is, if ON represents the time during wdiich the body A 
has been moving while the effort changes from OB to N^, then the area 
of the figure OBpN rei)resents the momentum added to A by the effort P 
during the time ON. If the resistance R be also plotted on the time 
base OX, the result being the curve FrDH, then the area of the figure 
OF^N represents the decrease in the momentum of A during the time 
ON, and the area of the figure FBj^r represents the net increase in the 
momentum of A, due to the simultaneous action of P and E during the 
time ON. 

If the unbalanced effort be plotted on a straight time base OX 
'(Fig. 446), then the area of the diagram between ordinates through O and 
L represents the net increase in the momentum of A during the time OL. 


248. Space Average and Time Average of a Force. — When the 
magnitude of a force, acting on a body in the direction of its motion, is 
plotted on a straight base which represents the space or distance through 
which the force acts, the average value of the magnitude of the force, ot 
the mean height of the diagram, is the space average of the force. Again, 
when the magnitude of the force is plotted on a straight base which 
represents the time of the motion, the average value of the magnitude of 
the force, or the mean height of the diagram, is the time average of the 
force* 

When the space average of a force is used, it is a question of work ; 
and w^hen the time average of the force is used, it is a question of 
momentum. 

The space and time averages of a force are obviously equal when the 
magnitude of the force is constant ; they are also equal when the body 
upon which the force acts moves with a uniform velocity, however the 
force may vary in magnitude ; but if the velocity of the body is not 
uniform, and the magnitude of the force varies, the space and time averages 
of the force may be very different. 
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An example of some interest is the relation between the space and 
time averages of the pressure on the piston of a steam-engine. The 
ordinary indicator diagram is a force-space diagram, and the mean 
pressure found from it is a space average, and this space average is used 
in calculating the work done in the cylinder. In an indicator invented 
by Professor Ripper, * the mean pressure is shown directly by a pointer on 
a dial ; but this mean pressure is a 
time average, unless the proper cor- 
rection has been made by adjusting 
the instrument to convert the time 
average into the space average. The 
necessary correction to convert the 
time average into a space average will 
depend on the way in which the pres- 
sure varies in the cylinder. 

The following example will show 
the relation between the space and 
time averages of the pressure in a 
particular case. ABCD (Fig. 447) is 
the force-space diagram on a base AB, 
which represents the stroke of the 
piston (20 inches). The steam pressure 
is 1 50 lbs. per square inch for the 
first 4 inches of the stroke, after which Fig. 447. 

the presvsure follows the law Pa* =600. 

Dividing the stroke into 10 equal parts of 2 inches each, and calculating 
the pressures at the middle points of these parts, the following table 
is constructed ; — 


£g( space) 

1 

3 

5 

7 

9 

11 

13 

15 

17 

19 

P ■ . . . 

150 

150 



120 

85-71 

66-67 

54-55 

46-15 

40 

35-29 

31-58 


from which the mean value of P is 78*0, and this is the space average 


To find the time average of P, construct the semicircle A'9'B', which 
represents the path of the crank pin for one stroke of the piston, and 
divide this into 10 equal arcs ; then assuming that the crank pin is moving 
with a uniform velocity, each of these arcs will be described by the crank 
pin in equal intervals of time. Bisect these equal arcs at the points 
P, 3', 5', etc. Then, neglecting the efiect of the obliquity of the con- 
necting-rod, the position of the piston, measured by its distance from the 
beginning of its stroke wRen the crank makes an angle d with A'O, is 

x= 10(1 -cos 6), and P = __A-® - but is not greater than 150. 

Let the base AB now represent the time taken by the piston to make 
one stroke, and let it be divided into 10 equal parts, representing equal 
intervals of time, and let these be bisected at the points 1, 3, 5, etc. 
The points 1, 3, 5, etc., will be the positions of the pressure ordinates on 

* See the Proceedings of the Institution of Mechamcal Engineer s, 1899, 
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a corre^ to the positions !> respectively of 

the crank pin. The following table may now be constructed : — 


I 


Position ofl 
crank pinj 
X (time) . . 

e . . , . 

p. . . 


1' 

3' 

5' 

r 

9' 

ir 

13' 

15' 

17' 

19' 

1 

3 

5 

7 

9 

11 

13 

15 

17 

19 


27“ 

45“ 

' 63“ 

81“ 

99“ 

117“ 

135“ 

153“ 

t 171“ 

150’ 

150 

150 

109-9 

71-11 

51-88 

41-27 

35-15 

31*73 

' 30-19 

1 


A 

I 


from which the mean value of P is 82 T 2, and this is the time average 
ofP. 

The time average of the pressure on the piston is therefore, in this 
case, 4T2 lbs. per square inch, or 5*3 per cent, greater than the space 
average. These results are not quite accurate, but they are sufficiently 
approximate for practical purposes. More exact results would of course 
be obtained by making the space and time intervals shorter, and corre- 
spondingly more numerous. 

If the effect of the obliquity of the connecting-rod be considered, and 
the length of the connecting-rod is five times the length of the crank, it 
will be found that in the foregoing example the time average of the 
pressure is only 1*56 per cent, greater than the space average. 

249. Acceleration- Time Diagram. — In Fig. 448, OD is a time 
base, and the curve ABO is such that any ordinate FhT represents the 
acceleration / of the motion of a body after the 
lapse of time if, represented by the abscissa ON. 

If is mean acceleration during the interval of 
time if, or the mean height of the curve AF above 
ON, then the area of the diagram OAFN repre- 
sents /„.^if, or V the added velocity. If and 
are the velocities at the beginning and end of the 
interval of time ON ~ t, then v — 

Since acceleration is proportional to the 
force producing it, it is evident that a curve of 
also be a curve of acceleration, but to a different scale. 

250. Velocity-Time Diagram. — OABCD (Fig. 449) is a velocity- 
time diagram for the motion of a body. An ordinate BN of the velocity 
curve ABO represents the velocity v after the 
lapse of time 3f, represented by ON, 

The area of the diagram between the ordi- 
nates AO and BN represents the distance 
travelled by the body in the time % for if 
is the mean velocity between O and N, the dis- 
tance travelled in the time i is \ but is 
the mean height of the curve AB above ON, and 
the area of OABN is therefore x ON == vj.. 

The slope of the curve ABO at any point B is equal to the acceleration 
at the time ON, for if a point & be taken on the curve ABC near to B, 
and if the ordinate = -y + dt;; a abscissa the slope of 

Bh is ™ , and in the limit when h coincides with B, the slope of 






f \ 


H 

a 



Time. 

Fig-. 448. 

unbalanced effort will 



Time. 
Fig, 449. 
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dv *15 

becomes — . tiie slope of the tangent to the curve at B, namely, , 

dv 


But 


dt 


is the rate of increase of the velocity, and is therefore ecpial to the 

acceleration /. In measuring the slope of BE, the height BF must he 
measured with the velocity scale, and the base EP with the time scale. 

251. Space-Time Diagram. — OBGD (Fig, 450) is a space-time 
diagram for the motion of a body. An ordinate BN of the space or 
distance curve OBC represents the distance s 
travelled after the lapse of time represented 
by the abscissa ON. 

The slope of the curve at any point B 
is equal to the velocity at the time ON, 
for if a point h be taken on the curve near 
to B, and if the ordinate = and the 

St? 

abscissa On — ^ the slope of BZ; is , and 

ds 

in the limit when h coincides with B, the slope of BZ* becomes ~ , the 



Time 
Fm. 450. 


BN -r> , ds . ^ 

But — IS the rate 
dt 


slope of the tangent to the curve at B, namely, 

of change of position, and is therefore equal to the velocity v. In 
measuring the slope of BE, the height BN must be measured with the 
distance scale, and the base EN with the time scale. 

252. Acceleration-Space Diagram. — Fig. 451 shows an acceleration- 
space diagram, any ordinate BN of the curve 
ABC representing the acceleration when the 
distance moved by the body is represented by 
the abscissa ON. Consider an indefinitely 
narrow vertical strip of the diagram. Let cZs 
be the width of this strip and / its height, 


then its area is fds. 


. dv ds 


dv _ dv 
d$ ^ds^ 


K 


ds. 




n . u. 

3a 


Fig. 451. 


therefore fds = vdv. 

Let be the velocity of the body when at O, and ?;j its velocity when at 

D, then the area OABCD == = J N 


vdv-- 


yi-vl 


If is the mean 


acceleration between O and D, and OD = then/„t5jL " 


, or twice the 


area of the diagram represents the difference between the squares of the 
velocities of the body at the ends of the space base. If — or the 

body is at rest when at O, then or twice the area of the diagram 

represents the square of the velocity of the body at the other end of the 
space base. 

253. Velocity-Space Diagram.— ABC (Fig. 452) is a curve such 
that any ordinate BN represents the velocity v of a body when it has 
moved a distance s, represented by the abscissa ON. 
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It was sliown in tlie preceding Article that 


f = : therefore 

ds 

f But is the slope ^ of the tangent BE to the curve ABO 

V ds ds EF 

at B. If BL is the normal to the curve ABO at B, then 


but BN == V, therefore LN =/; or 
curve represents the acceleration. 

The scale with which to measure LN must 
now be determined. Let the velocity scale be 
1 inch to m feet per second, the distance 
scale 1 inch to 'H feet, and the acceleration 
scale 1 inch to x feet per second per second. 
Let BF, EF, BN, and LN denote the lengths 
of these lines in inclies. Then, /= LN x x 
feet per second per second/ and ?7“BNxm 


the sub-normal of a velocity-space 

C 


I 




^ , 

rV 


'F \j 

k 

N 1 \l 


Distarwe, 
Fig. 452. 


feet per second ; BF represents a velocity BF x m feet per second, and EF 
represents a distance EF x w feet. Hence ^ ^ == therefore 


BN x ni EF x n 


— j — — . 

m n n 

254. Conversion of Space-, Velocity-, and Acceleration-Time 
Diagrams. — It was shown in Art. 250 that the slope of the velocity-time 
curve represented the acceleration, and in Art. 251 that the slope of the 
space-time curve represented the velocity. These properties may be 
made use of in constructing any two of the three curves, space-time, 
velocity- time, or acceleration-time, from the third. 

The curve OABC (Fig 453) is a space-time curve plotted from the 
data in the following table 


t, , . 

0 

2 

4 

6 

8 

10 

12 

14 

16 

18 

s, . . 

1 

0 

7 

22 

' 41 

64 

90 

123 

160 

197 

228 


where t is the time in seconds, and s the distance moved from rest in 
feet Let A and B be two points on the curve OABC, the points being 
sufficiently near to one another to warrant the assumption that the part 
AB of the curve is straight. Drawing AD perpendicular to the ordinate 
through B, BD is the space covered during the interval of time AD, and 
the mean velocity during that interval is BD-r AD. In Fig. 453 AD 
is 2 seconds and BD is 26 feet, therefore the velocity at the time 
9 seconds, the middle of the interval AD, is 13 feet per second, and if 
the ordinate N P be made equal to 13 on the velocity scale, a point P on 
the velocity curve is determined. If equal intervals of- time be taken, it 
is only necessary to take the distance BD in the dividers and step it out 
a fixed number of times on the mid ordinate to obtain a point on the 
velocity curve. 

The velocity curve in Fig. 453 has been found by takiiig intervals of 
one second, and making the mid ordinate ten times the increase in space 
for each second. 
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The acc«.Ieration curve is determined in like manner from the velocity 
curve, NQ being made a fixed number of times FH, or, as has been done 

in Fig. 453, tlie mid . 
ordinate lias been 
made four times the 
increase in velocity 
for each second. 

, Conversely, the 
velocity curve may 
be determined from 
the acceleration 
curve, and the space 
curve from the 
velocity curve, be- 
ginning in each case 
at the zero point. 

T h e s t u d e n t 

should work out the foregoing example carefully to, say, the following 
scales : — Time, 1 inch to 2 seconds ; space, 1 inch to 50 feet ; velocity, 
1 inch to 5 feet per second ; and acceleration, Finch to 1 foot per second 
per second. 

The properties of the curves on a time base which have been made 
use of ill the foregoing example are applied in a slightly different manner 
in Fig. 454. Suppose the velocity curve to be given. Divide the diagram 
into vertical strips 

A, B, C, etc., and dj 

draw the mid ordi- 
nates shown by 
dotted lines. Pro- 
ject the mid ordi- 
nate points of the 
velocity curve on to 
the vertical through 
O, thus obtaining 
the points a, c, 
etc. Choose a pole 
P on the time base, 
and join P to a, h, 
c, etc. Starting at 
O, draw across the strips A, B, C, etc., continuous lines parallel to Pa, 
PZ), Pc, etc., respectively; a fair curve through the junctions of these 
lines will be the space-time curve. 

Choose a pole on the time base, and draw Pja^, PiZ>|, P-jC^, etc,, 
parallel to the portions of the velocity curve across the strips A, B, C, etc., 
respectively, to meet the vertical line through O at a^, 5^, c^, etc. Plori- 
zontal lines from a^, etc., to cut the mid ordinates of the strips 

A, B, C, etc,, respectively, determines points on the acceleration curve. 

The relations between the different scales are found as follows. Let 
the interval of time A be U seconds, and at the end of that interval let 
the increase in space be Ss feet, and the increase in velocity 8v feet per 
second. At the middle of the interval A let the velocity he v feet per 
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second, and tlie acceleration /feet per second per second. Let tlie scales 
be-^-space, 1 incli to I feet ; velocity, 1 incli to m feet per second ; accel- 
eration, 1 incli to ??. feet per second per second; and time, 1 incli to 
O' seconds. Also let OP=/> inches, and inches. 


Then from the 

simple geometry 

of the figure 



Ss \ 

Bt 

V 

= - 

Bs 
or ■ 


V 

• (1) 


1“ 

a 

m 

Bt 

1 

mp 

also 

Bv ^ 

Bt 

f 

= - -MTj 

Bv 


= A . 

• (2) 


m ' 

' 1 

n 

Bt 

m 

•nPi ' 

but ^ = 

= V (approximately) , 

027 

. . . (3), and— =/ (approximately) . . . (4). 


Therefore froiii (1) and (3) - = and from (2) and (4) = -1- . Hence 

^ ^ ^ ' Z mp ' m npi 

if g, p, and, say, m are given, I and n can be found, or if Z, n, and q 
are given, p and ^2 can be found. 

255. Angular Motion Diagrams. — In the preceding Articles of this 
chapter only linear distance or displacement, linear velocity, and linear 
acceleration have been referred to, but all that has been said about the 
relations between these also applies to the relations betw^een angular dis- 
placement, angular velocity, and angular acceleration. Angular displace- 
ment, measured in radians, angular velocity in radians per second, and 
angular acceleration in radians per second per second, may be plotted on 
a straight time base, and angular velocity, angular acceleration, and time 
may be plotted on a straight base representing angular displacements, 
exactly as for linear motion. 

256. Examples. — (1) The tractive force on a car weighing 10 tons is 
P lbs., and there is a uniform resistance K lbs., so that the unbalanced 
effort F is P- R lbs. Values of F at intervals of 2 seconds are given in 
the second coluinn of the table below. The car is at rest when the time 
Z is 0. It is required to determine the acceleration / of the speed of the 
car in feet per second per second, the velocity -w of the car in feet per 
second, and the distance s travelled from the starting point in feet at 
each of the given times t. 


Time 

Sec. 

IJn- '■ 
balanced 
Effort (F). 
Lbs. 

Accelera- 
tion (/). 
Feet per 
Sec. 

per Sec. 

Mean 

Accelera- 

tion 

during 

Interval. 

Increase 

in 

Velocity 

during 

Interval. 

Velocity 

( v ;). 

Feet per 
Sec. 

Mean 

Velocity 

during 

Interval. 

Distance 

moved 

during 

Interval. 

Distance 
moved 
from 
Start («). 
Feet. 

0 

■■ 2 

4 

6 

8 

10 

12 

14 

10 

18 

20 

610 

570 

508 

416 

310 

292 

255 

2 G 0 

300 

309 

330 

0'877 

0*819 

0*730 

0*598 

0*446 

0*420 

0*367 

0*374 

0*431 

0*444 

0*474 

V 1 

0*848 
0*775 
' 0*664 
0*522 
0*433 
0*893 
0*370 
0*402 
0*438 
0*459 

1*696 

1*550 

1*328 

1*044 

0*866 

0*786 

0*740 

0*804 

0*876 

0*918 

0 

1 *696 
3*246 
4*574 
5*618 
6*484 
7*270 
8*010 
8*814 

9 -GOO 
10*608 

0*848 
2-471 
3*910 
5*096 
6*051 
6-877 
' 7-640 
8 :* 412 ' 
9-252 
10-149 

1*70 

4*94 

7-82 

10 -19 
12-10 
13*75 
15*28 
16*82 
18*50 
20*30 

0 

1*70 

6*64 

14*46 

.. 24*65 

36*75 

50*50 

65*78 

82-60 

101-10 

121*40 
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The acceleration /is calculated from the formula 

■’ 22400 

The mean acceleration during any interval is half the sum of the 
accelerations at the beginning and end of the interval. 

The increase in the velocity during any interval is the mean accelera- 
tion during the interval multiplied by 2, the length; of the interval in 

seconds. , 

The velocity v at the end of any interval is the sum of all the interval 
increases of velocity up to and including that interval. 

The meanjelocity during any interval is half the sum of the velocities 
at the beginning and end of the interval. 

The distance moved during any interval is the mean velocity during 
the interval multiplied by 2, the length of the interval in seconds. 

The distance moved from the start at the end of any interval is the 
sum of all the distances moved during the intervals up to and including 
that interval 
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Fig* 455. 



The results are shown plotted on a time base in Fig. 455, and Fy /, 
and V are shown plotted on a space base in Fig. 456. 
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(2) A body ^^^eighing 1 ton is lifted vertically by a rope, there being 
a damped spring balance to indicate the pulling force F of the rope. 
There is a constant frictional resistance of 1000 lbs. to the motion of the 
body. When the body has been lifted x feet from its position of rest, 
the pulling force in lbs. is automatically recorded, and is given In the 
second column of the table below. It is required to find the velocity v of 
the body in feet per second for the given values of also the time t in 
seconds to rise the distance x. 


ms- 
tan ce 


0 

10 

20 

30 

40 

50 

60 

70 


Effort 
(F). , 

' Lbs.' 

Un- 

balanced 

Effort 

(U). 

Lbs. 

Mean 

Valne 

ofP 

diirin«’ 

Interval. 

Increase 

in 

Kinetic 
Energy 
during 
Interval. 
Ft. -lbs. 

Total 

Kinetic 

Energy, 

K. 

Velocity 

(v). 

Feet per 
Sec. 

Time 

over 

Interval. 

Sec. 

Time 
from 
Start (0. 
Sec. 

5580 

5450 

5260 

5020 

4810 

4600 

4430 

4270 

2340 

2210 

2020 

1780 

1570 

1360 

1190 

1030 

2275 
2115 i 
1900 
1675 
1465 
1275 
1110 

22.750 
21,150 
19,000 

16.750 
14,650 

12.750 
11,100 

0 

22,750 I 

43.900 

62.900 
79,650 
94,300 

107,050 

118,150 

0 

25-57 
35-53 
42-52 
47-85 
52-07 
55*48 
58-28 ’ 

0-782 
i 0-327 
! 0256 

1 0*221 
! 0*200 

1 0-186 

1 0-176 

0 

0-78 

111 

1-37 

1*59 

179 

1-97 

215 


Unbalanced effort, P == F - (2240 + 1000) = F -- 3240. 

The mean value of P during any interval is half the sum of 
of P at the beginning and end of that interval. 

The increase in the kinetic energy of the body during any 
the work done by P 
during that interval, 
namely, the mean 
value of P during the 
interval multiplied by 
10 . - 

K, the total kinetic 
energy in the body at 
the end of any interval, 
is the sum of all the in- 
terval increases of kin- 
etic energy up to and 
including that interval. 


the values 
interval is 


1000 - 


500- 
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Fig. 457. 


The time taken over any interval is 10, the distance moved, divided 
by the mean velocity during the interval. The mean velocity during an 
interval is taken as half the sum of the velocities at the beginning and 
end of that interval. 

The time taken from the start to the end of any interval is the sum 
of all the interval times up to and including that interval. 

The results are shown plotted on a distance base in Fig. 457. 
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257. ’Tlie Bull Engine. — Towards the end of the^ eighteenth' century 
William Bull invented a simple form of pumping-engine, which was 
developed and improved by Ms son Edward Bull and Richard Trevithick. 
This engine is now antiquated, but in its working it presents an exceed^ 
ingly interesting problem in mechanics, which will now be considered. 

The engine has an inverted cylinder ad (Eig. 458) placed directly over 
the pump well, and this piston-rod is attached directly to the pump rods 
or “pit work. The up stroke is performed by the steam acting on the 
under side of the piston, but during this stroke no water is pumped, the 
work done by the steam, over and above that required to overcome the 
friction appearing in the energy of the raised heavy pitwork. During 
the down stroke the steam is led from the lower to the upper end of the 
cylinder, thus produc- 
ing equilibrium on the 
piston, and the descent 
of the heavy pitw^ork 
raises the water. 

During the up 
stroke the steam is 
used expansively, and 
the end of the stroke 
is reached when the 
work done by the 
steam is equal to 
the work done on the 
resistance. The dia- 
gram ACDEFB to the 
right in Fig. 458 shows 
the effective pressure 
per square inch on the piston during the up stroke, AB being the 
length of the stroke. AH represents the total resistance, per square 
inch of piston, due to the weight of the piston, piston-rod, and pitwork, 
and the resistance of friction. HEK, the resistance line, is parallel 
to AB, and cuts the expansion curve at E. When the piston has 
moved to N, the effective pressure on the piston exactly balances the 
resistance, and from A to N the wmrk done by the steam is represented 
by the area ACDEN, while the work done on the resistance is repre- 
sented by the area AHEN. The excess work, represented by the area 
IICDE, is stored in the rising masses as kinetic energy, and the 
speed of the piston increases as it moves from A to N. Above N the 
effective pressure on the piston will continue to diminish as the piston 
rises, until the position B is reached, when it comes to rest. 

The velocity curve ALB maybe constructed as in the second example 
of the preceding Article, and the point B where this curve cuts the line 
of stroke AB determines the end of the up stroke. 

A similar problem is presented during the down stroke of the piston. 
Referring to ' the diagram ■ to the left of Fig. 458, the effort A^^C^ is the 
weight of the pitwork, etc. (per square inch of piston), and the effort line 
CiEjF| is parallel to A^B,, the line of stroke. The resistance at 

the beginning of the stroke, is due to the head of water, the size of the 
pump, and the resistance of the valves. As the speed increases the 
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friction of the water in the pipes will increase the resistance, and the line 
HiJ will not be parallel to To stop the dowiiw^ard motion, the 

steam under the piston is shut in when the piston reaches the point M, 
and the resistance then increases, as shown by the line JEiK^, due to the 
compression of the steam on the lower side of the piston. In constructing 
the curve JEj^Kp it must be remembered that while the steam below the 
piston is being compressed the steam above is expanding, and this must 
be allo'wed for, so that JEiK^ may show the effective increase in the 
resistance. The velocity curve AjL^Bj is determined as before. 

Daring the up stroke the steam above the piston is exhausted into 
the condenser. To prevent damage to the cylinder in the event of the 
prearranged stroke being exceeded, there are buffer beams against which 
the cross-head strikes. 

Exercises XVIIa. 

1. An effort-space diagram is drawn to the scales, 1 inch to 60 lbs. and 1| 
indies to 1 foot. The length of the diagram is 2*3 inches, and its area is 2*45 
square inches. How many ft.-lbs. of work does the area of the diagram repre- 
sent, and what is the space average of the effort ? 

2. A body weighing 80 lbs. is moved from rest in a horizontal direction by 
an effort which varies uniformly from 112 lbs. at the beginning to 40 lbs. when 
the body has moved 8 feet. There is a uniform horizontal resistance of 60 lbs. 
Represent this by a diagram to the scales, 1 inch to 50 lbs., and 1 inch to 2 feet. 
Calculate the kinetic energy and the velocity of the body when it has moved 
8 feet. Find also the maximum velocity. 

3. In an effort-time diagram, the effort being the unbalanced effort, the 
length of the diagram is 5 inches, and represents 80 seconds. The scale for the 
effort is 1 inch to 100 lbs., and the area of the diagram is 12 square inches. If 
the weight of the body upon which the effort acts is 5 tons, what is the increase 
in its velocity, in miles per hour, in the time represented by the length of the 
diagram? 

4. The pressure on the piston of a direct acting steam-engine is 150 lbs. per 
square inch for the first three-tenths of the stroke, and for the remainder of the 
stroke the pressure varies inversely as the distance of the piston from the be- 
ginning of the stroke. Draw on the same base, (a) the pressure-space diagram, 
ib) the pressure-time diagram, assuming an infinite connecting-rod, (c) the pressure- 
rime diagram, taking the length of the connecting-rod twice the stroke of the 
piston. Find the mean pressure in lbs, per square inch of piston from each 
diagram. Assume that the crank is rotating at a uniform speed. 

5. A certain acceleration diagram on a time base has an area of 2*1 square 
inches. The base is 3*5 inches long, and represents 17*5 seconds. The accelera- 
tion scale is 1 inch to 5 feet per second per second. If the velocity is 8 feet per 
second at the beginning, what is the velocity at the end of the 17*5 seconds 1 

6. In a diagram representing the unbalanced effort on a body weighing 800 
lbs., the effort scale is 1 inch to 100 lbs. If the effort curve is also the accelera- 
tion curve, and the acceleration scale is x inches to 10 feet per second per second, 
find X, 

7. The tangent at a certain point of a certain velocity curve on a time base is 
inclined at 35° to the base (tan. 35° =0*7). If the time scale is 1 inch to 5 
seconds, and^ the velocity scale is 1 inch to 20 feet per second, what is the 
acceleration in feet per second per second at the point considered. 

8. The area of an acceleration diagram on a space base was measured with a 
planimeter and found to be 7’85 square inches. The base ON of the diagram was 
4 inches long, and represented 20 feet. The acceleration scale was 1 inch to 10 
feet per second per second, and the velocity at 0 was 2 feet per second. 
Calculate the velocity at N. 

9. At a particular point on the curve of a velocity-space diagram the inclina- 
tion of the tangent is 30°. The ordinate of the point represents a velocity of 7 
feet per second, and the sub-normal measures 1*35 inches. If the distance scale 
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is 1 inch to 10 feet, what is the acceleration, in feet per second per second, at the 
position considered? 

10. An electric street car was found to have moved from rest 66, 245, 490, 
and 750 feet in 5, 10, 15, and 20 seconds respectively from the start. Construct 
on a time base the displacement, velocity, and acceleration curves, and state the 
velocities in miles per hour, and the accelerations in miles per hour per second 
at the times 5, 10, 15, and 20 seconds from the start. \^Enrjineermg Neim, OQt, 
14, 1897, and .Durley’s “ Kinematics of Machinery,” p. 47.] 

11. The angolar position (in radians) of a rocking shaft at any time t (in 
seconds) is measured from a fixed position. Successive positions at intervals of 
■gV second have been determined as follows : — 


t 

0*0 

0*02 

0*04 

0*06 

0-08 

0*10 

0*12 

0*14 

0*16 

0*18 

e 

0*106 

0*208 

0*337 

1 0-487 

0*651 

0*819 

0-978 

1*111 ’ 

1*201 

1*222 


Kind the change of angular position during the first interval from 4=0*0 
to 4=0*02. Calculate the mean angular velocity during this interval in radians 
per second, and, on a time base, set this up as an ordinate at the middle of 
the interval Eepeat this for the other intervals, tabulating the results, and 
drawing the curve showing approximately angular velocity and time. In the 
same way find a curve showing angular acceleration and time. 

Read off angular velocity in radians per second, and angular acceleration in 
radians per second per second, when 0*075 second. 

A wheel keyed to the shaft weighs 720 lbs., and has a radius of gyration of 
1*5 feet. What is the torque tending to fracture the shaft when j 5=:0*16 
second? ^ [^R*] 

12. A weight W of 1000 lbs. is made to move along a horizontal plane. The 
frictional resistance R is uniform and equal to 100 lbs. The driving force R in 
lbs. varies uniformly, and is given by the formula P = Q(10 ■-a;),^where ir is the 
distance moved in feet from the starting point. Determine in each of the 
following oases (a) the distance moved in feet by W before coming to rest, (5) 
the maximum velocity of W in feet per second, (c) the distance in feet of W 
from the starting point when its velocity is a maximum, [d) the acceleration in 
feet per second per second when W is 2 feet from the starting jjoint. Case I. 
Q = 15; Case 11. Q = 20; Case III. Q = 30. 

13. A body A weighing 1000 lbs. is moved horizontally by a force P lbs. 
which is equal to 200 lbs. for the first 2 feet, and afterwards varies according 
to the law P;r;=400, where x is the distance moved from the start ing point. The 
frictional resistance R is constant, and equal to 100 lbs. Determine (a) the 
distance moved by A, in feet, before coming to rest ; (5) the maximum velocity 
of A, in feet per second ; (c) the distance of A from the starting point, in feet, 
when its velocity is a maximum ; {d) the acceleration, in feet per second per 
second, when A is 3 feet from the, starting point. Plot P — R, and the velocity, 
on a space base. 

14. A body weighing 1610 lbs. is lifted vertically by a rope, there bemg a 
damped spring balance to indicate the pulling force F lb. of the rope. There is 
a constant frictional resistance of 740 lbs. to the motion of the body. When the 
body has been lifted x feet from its position of rest, the pulling force is automati- 
cally recorded as follows : — 


X 1 


, 11 

; 20 

34 

45 

65 

66 

76 

. , 1 

F 1 

:4010 

3915 

3763 

3532 

3366 

3208 

3100 

o 

o 


Using squared paper, find the velocity v feet per second for values of x of 10, 
30, 50, 70, and draw a curve showing the probable values of v for all values of x 
up to 80. In what time does the body get from £C=46 to a;=55 ? In what time 
does it get from a;=0 to 
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16. A body weighing 322 lb. is lifted by a force F lb. which alters. When 
the body has risen through the distance a; feet, the force in lb. for the several 
values of x is as follows (or would be if the body rose as far) 



0 

1 

2 

3 

4 

5'5 

7 

9 

11 

12-5 

14 

17 

20 

F 

i': 1 

540 

540 

540' j 

530 

500 

460 

310 

' 220 

190 

190 

190 

190 

190 


Using squared paper, find the velocity in each position and the time taken 
by the body to get to each position counting from x=0, the velocity then being 
5 feet per second. ^ [B.E.j 

16. A tram-car, weighing 15 tons, suddenly has the electric current cut off. 

At that instant the speed of the car was 16 miles per hour. Beckoning* time 
from that instant, the following velocities, V (miles per hour), and times, t (seconds), 
were noted. V=.16, V=14, i = 9*3. V=12, ^ = 21. ¥=10, t = 

Calculate the average value of the retarding force, and find the average velocity 
from i5 = 0 to t = S5. Also find the distance travelled between these times. 

If the law of resistance be F (lb.)=a+6V4-c¥^, where V is in miles per hour 
as before, indicate the method by which values of a, h, and c could be found 
from the above observations. Also calculate the relation between V and T (the 
time taken to come to rest from velocity V) for such tests. What is T when V 
is very large ? [B.E.] 

17. During the up stroke of the piston of a Bull engine the effective pressure 
p of the steam on the piston, in lbs. per square inch, varies, as shown in the 
following table, where x is the distance of the piston from the bottom of its 
stroke in feet ; the piston will however not rise so high as 10 feet. The weight 


X 

0-0 

0‘5 

l-o 

. ■' 

1'5 

2-0 

2-5 

3-0 

3-5 

4*0 

4*5 

5-0 

6*0 

7-0 

8-0 

9-0 

10-0 

P 

55 

54 

53*5 

53 

41 

34 

28 

24 

21 

18 

16 

12*5 

10’5 

8*5 

7 

6 


of the piston, piston-rod, and “ pitwork” amounts to 22 lbs. per square inch of 
piston, and the frictional resistances are equivalent to 2 lbs. per square inch 
of piston. Draw the velocity curve for the piston on a stroke base, and find the 
length of the stroke. Find the time taken to make one up stroke, and draw the 
velocity curve on a time base. 

258, Simple Harmonic Motion. — A (Fig. 459) is a point ■wliicli is 
moving with a uniform velocity V along the circumference of the circle 
BACD, a is another point •which is 
moving backward and forward along the 
diameter BOO of the same circle in such 
a manner that Att is always perpendicular 
to BC ; in other words, a is the projection 
of A on BC. Under these circumstances, 
the point has simple harmonic motion. 

Let A and A, be two positions, near 
to one another, of the point which is moving 
round the circle, and n and correspond- 
ing positions of the point which has simple 
harmonic motion. Let ^ be the velocity of a 
at a, and the velocity of a at along BOO. Let0^r. = .r, and 

angle BOA == B, Besolving Y, the velocity of A, parallel and perpendicular 
to BOG, it is evident that the component parallel to BOO is equal to t;, 



the velocity of a, and 


= V sin ^ ~ 


Also 




■4 
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The 7Man velocity of a between a and % is + and the time. taken 
to travel from a to ai is , If / is the mean accelera' 

X { fin _! nn fin 


tion of a between a and a,,/™ ~ ^ ^ — fi ™ 4- scX 

Now if AA| is made indefinitely small, becomes equal to a:, and/ 
becomes the acceleration of a at a. Hence/— 

7'^ 

If / be plotted on the space base BOG, the straight line /^0« is the 
result, the maximum values of /being at B and C where ^ = r. At the 
centre O, where £C = 0, /==0. At B and C, = and at O, has its 
maximum value, and is there equal to V. 

When A is at B or C, A and a coincide, and / for a becomes the 

radial acceleration of A, namely, a result which has been proved in 
another way in Art. 21, p, 17. 

Since the acceleration of the point a is directly proportional to its 
displacement from its middle position, this property may be used as a 
test of simple harmonic motion. In fact, the 
definition of simple harmonic motion is better 
given as the motion which a point has when its c . B 

acceleration is proportional to its displacement 
from its middle position, because this includes • j . ■ 

the case of a point oscillating in a curved path (Fig. 460),' where the arc 
OB or the are 00 = and tlie a?'c Oa ^ x. 

A complete oscillation or vibration is a movement from one end of 
the path to the other and back again. The time of a complete oscillation 
is called the periodio twie. If V is in /eet per second, / in feet per 
second per second, r in feet, and t, the periodic time, in seconds, then 

, 2wr' ■, j. Y^x 
^ = _,and/=-^- = -^. 

Referring again to Fig. 459, Aa = ?*sin (9, but ?; = Ysin 6, therefore if 
the velocity scale he chosen so that r represents V, then Aa will represent 


sr~^T"tv 


rxCT 


^,1 

I 

/ii; ^ 




0 8 P louyu 


\ \\/ 


Fig. 46X.-- 

V on that scale, and the circle BACD will be the velocity diagram on 
the space base BOG for the point which has simple harmonic motion. 

Again ,/= ; therefore if the acceleration scale be so chosen that r 
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represents — , Oa or a* will represent/ on tliat scale- This also follows 

from Art. 253 , p. 287 , because x is the sub-normal of the velocity curve 

on a space base. 

461 shows the velocity v and acceleration f plotted on a time 
base. The cons tractions are obvious, and clearly shown in the figure. 

259. Forces giving a Body Simple Harmonic Motion. — If a body 
w-eigliing W lbs. has simple harmonic motion along the line BOG (Fig. 
4-62) tinder the action of a force P, then since acceleration is proportional 

to the force producing it, and using the notation and results of the 

P YH ^ P V2 iwh 

precedingArticle,^ = -^^,andwhena?- ^ . 

The force P must always act towards the centre O, so that while the 
body is moving towards O, P is an effoi’t, 
but when the body is moving away from O, 

.P becomes a resistance. 

The force diagram on a space base is 
evidently a straight line one, like the ac- 
celeration diagram. In moving from B to 
O the work done by the effort is represented 
by the area of the triangle BhO, and is stored 
up in the body as kinetic energy, to be given 
out again in overcoming the resistance in 
moving from 0 to C, the work done on the resistance from O to C being 
represented by the area of the triangle OcC. 

The foregoing results may be applied to the case of a body which has 
angular harmonic motion. Let O, A (Fig. 463 ) ^ ^ 

be a bar upon which is mounted a mass M, 
the weight of the rod O^A and the mass M 
being W, and let the whole body oscillate with 
harmonic motion about an axis 0^ perpen- 
dicular to the plane of the paper. Let Oj^A be 
the central position, and OiB, making an angle 
6 with O.A, any other position. Let Ic be the 
radius of gyration of the whole body about 
the axis O,, and let P be a force acting on the 
body at a distance from equal to Jc and 
in the direction of motion, which will give the harmonic motion. 

Applying the formula ^ =: to this case, r = arc OB - IcO. Hence 

gt 






Fig. 463. 


P 

W 




and .P/^=: 


W" 

iTrWm 47r2I(9 


of the body about the axis Oj. 


, where I is the moment of inertia 


of the force P about the axis O 


The product Bh is the turning moment 


then T 


47r2I6> 


If T denotes this turning moment, 
If the force which give;^ harmonic motion to the body 


be a force Q acting as shown, R being the perpendicular distance of its 


line of action from 0^ then T 
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For example, take the ease of the simple pendulum (Fig. 464), where 
a small body of weight w swings in a ver tical plane in a |^p 
small arc of a circle of radius/. T =* • 0|lSr = sin | j\^ 

Since $ is a small angle, sin 0 may be taken equal to j j \\ 

also I ==?#, hence , i , 

T = i /'e -V 

therefore ! ' I ' 

01 t =27!- /I, ,'l I 'l. 

a welhknow'ii result, which may be proved in other 
ways. ■ . , 

Exercises XVIIb. 

1. A body of 60 lb. has a simple vibration, the total length of a swing being 

3 feet ; there are 200 complete vibrations (or double swings) per minute ; calculate 
the forces which act on the body at the ends of a swing, and show on a diagram 
to scale what force acts upon the body in every position. ^ [B.E.] 

2. A weight of 5 lbs. is supported by a spring. The stiffness of the spring is 

such that putting on or taking off a weight of 1 lb. produces a downw'ard or 
upward motion of O’OI foot. What is the time of a complete oscillation, neglect- 
ing the mass of the spring ? [B.E.] 

3. A weight of 10 lbs. suspended by a spiral spring makes 107 complete 
vertical oscillations in 1 minute. What weight applied gradually will lengthen 
the spring 1 inch ? 

4. A U tube (Fig. 465) of uniform bore contains a liquid which fills a length 
of 2 feet of the tube. Find the time of a complete 

oscillation of the liquid in the tube. Ifl Iffll 

6. A steel wire 0*16 inch diameter fixed at its upper - I i-- 

end and guided at the lower end has a wheel weighing ~ r " ~ I" 

12’3 lbs. fixed to it near its free end and 40 inches - J I- 

from its fixed end, as shown in Fig. 466. The wheel is | | 

turned through a small angle and then liberated, and it i I 

is then found to make 4 complete oscillations in 6 | || 

seconds. Taking the modulus of rigidity of the wire as 11 1 ij M!lTrr'''!"TrrT]lg 

13,000,000 lbs. per square inch, calculate the radius of ® 

gyration of the wheel about its axis. 

6. A fly-wheel weighs 6 tons, and its radius of gyra- FiG. 465. FlG. 466. ■ 
tion is 6*30 feet. It is at the end of a shaft 40 feet 

long, 5 inches diameter, modulus of rigidity of material 12,000,000 lbs. per square 
inch, what is the natural time of torsional vibration of the system, neglecting the 
inertia of the shaft itself ? [ilF.] 

7. A fly-wheel weighs 5 tons, and has a radius of gyration of 6 feet. It is at 

one end of a shaft, the other end of which is fixed. It is found that a torque of 
200,000 Ib.-feet is sufficient to turn the wheel through 1®. If the wheel is twisted 
slightly and then released, how many vibrations per minute will it make ? [B.E.] 

5. A uniform circular plate, 1 foot in diameter, and weighing 4 lbs., is hung 

in a horizontal plane by three fine parallel cords from the ceiling, and when set 
into small torsional vibrations about a vertical axis is found to have a period of 
3 seconds. A body, whose moment of inertia is required, is laid horizontally 
across it, and the period is then found to be 5 seconds, the weight of the body 
being 6 lbs. Find the moment of inertia of the body about the axis of oscilla- 
tion. rinsfc.C.E,] 


CHAPTER XVIII 


PISTON OR SLIDER AND CONNECTING-ROD 
VELOCITY AND ACCELERATION DIAGRAMS 

260. Piston or Slider Velocity Diagrams. —In the direct-acting 
engine the reciprocating motion of the piston is converted into the rotary 
motion of the crank shaft by means of the crank and connecting-rod. In 
what follows it is really the motion of the cross-head which is studied, 
but the piston and cross-head have exactly the same motion. Eeferring 
to Fig. 467, A is the axis of the cross-head pin, AB the axis of the con- 
necting-rod, B the axis of the crank pin, BC the crank, and C the axis of 
the crank shaft. The line of stroke of the piston when produced is 
assumed to pass through C. Let be the instantaneous centre for the 



connecting-rod when in the position shown. Let V l:)e the linear velocity 

of the crank pin, and the velocity of the cross-head, then 

Through 0 draw CD' perpendicular to AC. Make CB' — Y to any 
convenient velocity scale, and draw B'D' parallel to AB to meet CD' at D', 

then, since the triangles OiAB and CD'B' are similar, = ~ 

CB Oj_B . Y^y 

therefore CD'=^v. Since Y, the velocity of the crank pin, is usually 
uniform, it is generally convenient to select the velocity scale such that 
CB=^ V, then if AB be produced to meet CD' at D, CD — a Drawing 
DE parallel to the line of stroke to meet AE perpendicular to the line of 
stroke at E determines a point on the piston velocity-space curve. If Od 
(on the crank) be made equal to CD, then c? is a point on the polar 
velocity curve for the piston. A point on another form of the polar 
velocity curve is obtained by making Ba (on the crank produced) = CD. 

300 
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Tlie diagram to tiie riglit m Fig. 467 - shows the velocity of the 
piston, during one stroke, plotted on a crank angle, or time base. 

If the connecting-rod is of infinite length, AB becomes parallel to the 
line of stroke, BD is perpendicular to CD, and v is equal to V sin B. If V 
is constant the piston has simple harmonic motion, and the velocity-space 
and the velocity-time diagrams for the piston are the same as those shown 
in Fig. 461, p. 297. The polar velocity diagram becomes a circle 
described on the crank as diameter ’when the latter is perpendicular to the 
line of stroke. 

The arrangement shown in Fig. 468 is the equivalent of an infinite 
connecting-rod. This 
arrangement . is , fre- 
quently found in steam 
pumps, one rod M being 
the steam piston-rod, | N 
and the other N the 
pump plunger. The 
crank in this case must 
be an overhung one, or 
the crank shaft must 
be divided to allow the 




»C 1 I M 


3 [ 




Fig. 468. 


B'ig. 469. 

slotted piece KL to pass. If the slotted piece 

have two slots at right angles, as shown in Fig. 469, the crank may be 
placed any where on the shaft without altering the shaft in any way. 

261. Piston or Slider Acceleration.— Since CD (Figs. 467 and 
470) represents the piston velocity if CB represents the crank pin 
velocity, it follows that since acceleration is rate of increase of velocity, 
the velocity of the point D along CD will be the rate , of increase of CD, 
and will therefore be the piston acceleration. 

Consider the point D as a point in the connecting-rod produced, then 
D must be moving at the 
instant in a direction per- 
pendicular to CD with a 

velocity equal to V • 

This velocity may be found 
by construction as follow^s. 

On OD make OB' -OB. 

Draw B'C' perpendicular to 
OD and equal to BC. Join 
OC' and produce it to meet 
DE, a perpendicular to OD, 

at E, then DE — V • ^5 . 

OB 

If DE be resolved into components DF along AB, and DH along 
CD, then DH is the velocity of D along CD, and therefore represents 
the piston acceleration. Draw CK parallel to OD to meet AB at K, and 
draw KL perpendicular to AB to meet AC at L, then it will be shown 
that CL — DH. The triangles CKB and OBD are similar, and 

CK_OD_OD ^ DE DE 

BC OB OB' B'O' BO* 
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tliei-ofoiv GK=r)E. The triangles OKL and DEH are similar, because 
tlie sides of OKL are respectively perirendicular to the sides of DEH, and 

= y'*', blit CK = DE, therefore CL = DH. If, therefore, the point O 

O.I\. jJ III ■ 

is accessible, OL, tlie piston acceleration, is found by drawing CK parallel 
to 0.1), and KL perpendicular to AB. But for a considerable portion of 
tlie motion of tlie piston the point Ois 
either at an inconvenient distance or 
is quite inaccessible, and some other 
construction for finding the point K is 
desirable. 

What is generally known as Klem\^ 
construe, tion is the most convenient 
for finding IvL. .Klein’s construction 
is as follows. On AB as a diameter 
describe a circle. With centre B and 
radius BD describe another circle, 
cutting the former at M and K. Join MIST, 
with the line KL of the former construction. 



Fig. 471. 


found by the first construction, 


BK^BC 
BD OB 


The line MN coincides 
For, referring to K as 


, because the triangles CBK and 


Also, 

are similar, therefore 


because the triangles CBD and OBA 

AB’ 


OBD are similar. _ 

OB 

BK^BD 
BD AB’ 

K as found by Klein’s construction, 

BK„BK„BM_BD 
BD BM AB AB 

For the sake of clearness, the essential lines of Klein’s construction 
are shown separately in Fig. 471. 

262. Piston Acceleration at Ends of Stroke.—When the piston is 
at either end of its stroke the crank and connecting-rod are in a straight 


, or BK- AB = BD^. Referring now to 


or BK- AB=:BD2as before. 



line, and Klein’s construction gives the result shown in Fig. 472 for the 
outer end of the stroke, and the result shown in Fig. 473 for the inner 
end. Referring to Fig. 472, the angular velocity of the connecting-rod 
in this position is V/7, and A has an acceleration in the direction AO due 
to this and equal to W/Z. Also the angular velocity of the crank is V/r, 
and in the position shown A has an acceleration in the direction AC due 
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to this and equal to YV-n . Hence the ■ total acceleration of A in the ' 
direction AC is equal to Y^h + VV^. ' Referring" to Fig. 473, it follows 
in the same wary that the acceleration of A in the direction G.A is equal 

to Yhr Y'^/L Hence /= ± “ 0 ~ ^ 

the ratio of the length of the connecting-rod to the length of the crank ; 
the plus sign applies to the outer and the xninus sign to the inner end 
of the stroke. For example, if Y = 10 feet per second, r — 10 inches, and 

Z = 50 inches, /= ± — 144 feet per second per second at the 

outer end, and 96 feet per second per second at the inner end of the stroke. 

263. Piston Acceleration Diagrams.— Having shown how the piston 
acceleration may be determined at any point of the stroke, the results for 
a number of points may be plotted, and acceleration curves obtained 
corresponding to the piston velocity curves described in Art. 260, Fig. 
474 shows the various piston acceleration curves for the case where the 
length of the connecting-rod is times the length of the crank. 
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/ \&a€e Carve. 

/ \-\ 

1 \Time Curve. 


i 


— rC'''3 4 /s 6 V J 1 


1 : \ 3 4 5 6 



L 1 ; 1 

' X \/\ 
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264. Piston Acceleration Scale. — It was shown in Art. 261 that 
BK • AB — BD^ (Fig. 471), and when the piston is at the outer end 

of its stroke (Fig. 472) this becomes BL • AB = BC^ or BL — — -™ . Now 

A B 


CL - BC + BL, therefore CL - BC + : 




But it was showui in Art. 262 that the piston acceleration at the outer 
end of the stroke is equal to 

y-Yl + b=/- Hence if CL = /; Bcfl + b = -Yl + b or BC=I!. 

r \ nj * \ nj r \ nj r 

Therefore the scale on which CL wull measure the acceleration of 

ys 

the piston is one on which a length equal to BC represents , the 

radial acceleration of the crank pin. For examjxle, if BC on the drawing 
measures 2 J inches (on a full size scale), and if Y — 10*5 feet per second, 

Y^ 10*5^ ■ ' ' K ■ 

and f — 9 inches = 0*75 foot, then — = .^_ = 147 feet per second per 

second, and the acceleration scale is such that 1 inch represents 
1474-2*5 — 58*8 feet per second per second, or 100 feet per second per 
second is represented by 100 4- 58*8 = 1*7 inches. 
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265. Position of Piston for Maximum Velocity and 'Zero Ac- 
celeration.— -Still assuming that the velocity of the crank pin is uniform, 
t is evident that when CD (Figs. 467 
aid 470) ceases to incimse, the position 
or maximum velocity and zero accelera- 
ion of piston has been reached, and 
his will obviously happen when the 
mgle ODA is a right angle (Fig. 475). 

^0 direct geometrical construction has 
ret been found for drawing the figure 
>0 that the angle ODA may be a right 
mgle, but by analysis it may be shown 
hat when ODA is a right angle, $, the 
mgle ACB, is given by the equation 

sin® 0 - 0 __ ^ + ^^4 _ 0^ 

vhich is a cubic equation in sin^ $. Mr. 

4. A. Burls * has solved this equation 
or a considerable number of values of n, 
ind placed the results in a table, of 
which the following is an abstract : — 



n 

8 -~r 

e 

n 

s-f-r 

6 

n 

s-^r 

0 

1*0 

2-0000 

O / // 

90 0 0 

2*0 

0-8474 

o / // 

67 42 0 

6-0 

0*9218 

o / // 

80 47 40 

M 

1*0530 

64 57 50 

2*5 

0-8550 

70 43 46 

7-0 

0-9321 

82 3 3 

1*144 

1-0000 

64 5 11 

3-0 

0*8674 1 

73 10 31 

8*0 

0-9389 

82 56 30 

1*2 

0*9564 

63 35 5 

4-0 

0-8906 

76 43 24 

9-0 

0-9468 

83 4.7 12 

1*5 ; 

.0*8681 

64 20 38 

5-0 

0*9085 

79 6 34 

10*0 

0*9524 

84 24 59 


s is the distance of the piston from the outer end of its stroke when 
i'cis velocity is a maximum or its acceleration zero. 


- = w-f 1 ■ 
r 


VI *“ sin2 0 ~ _ g|j^2 0 ^ 


^ Students are referred to Mr. Burls^ paper for the complete discussion 
or this problem. 

For practical purposes, ivhen has values common in direct-acting 
engines, it is usually sufficient to assume that the position of the piston 
for maximum velocity and zero acceleration is that for which the crank 
and connecting-rod are at right angles to one another. 

Professor Unwin’s formula, f sin^ 6>r- 


or values oi n usual in practice, an extremely close approximation to 
the true value of 6. 

. -^^3;lytical BeterminatioE of Piston Velocity and Accelera- 
velocity and acceleration diagrams are most readily drawn 
by the accurate constructions which have been given in preceding Articles, 

* Proceedings Inst, vol. oxxxi. p. 338. 
t Ibid,, vol. exxv. p. 366. 


, gives, 
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but tlie velocity or acceleration of the piston for any position of the crank 
may be calculated by means of the formuliB now to be proved. 

Referring to Fig. 467, p. 300, it is readdy seen that 
V sm{d + 4>) sin d cos <^ + cos 6»sin ^ ^ , cos 0 sin <1. 

IT" A —'^Sin y-h p— 


But sin ^ ^ 


", and cos = 


' sin- ™ ~ Jnr - sin^ 0, 

n ^ 


Therefore =sin d-i- ^ ^ a , sin 2ig 

^ ~ sin- 9 2 - sin‘'^ 9 

For values of n usual in direct-acting engines it will be sufficiently 

accurate to take ^# - sm‘^ = then y^T^sin 6> -{- approxi- 

mately. 

From this approximate expression for v the acceleration / is found 
as follows : — 


accurate to take 


cos ^? + 


iit ’ 2n 

y cos2i9' 


V being constant, 


cos 9 + -- 


267. Angular Velocity of Connecting-rod. — The connecting-rod has 
a motion of translation along with the piston, and also an angular motion, 
the angle 4> which it makes with the line of stroke changing from zero 
to a maximum, and back again to zero during one stroke of the piston. 
4> is evidently a maximum when the crank is perpendicular to the line of 
stroke, and it is zero when the crank is on the line of stroke. 

Referring to Fig 476, O is the instantaneous centre of the connect- 
ing-rod when in the position shown, and if BC represents V, the velocity 
of the crank pin, CD represents 

V, the velocity of the piston. 

Imagine a velocity equal to ^ p* ^ 

to be impressed on the connect- Y / 

ing-rod in the direction CA. — ’ 

The point A will now be at \ 

rest, and the connecting-rod will 

only have angular motion. The 

point B has now a velocity 

which is the resultant of the ^ 

velocities BC' perpendicular to Fig. 476. 

BC, and = V = BC, and C'D' 

parallel to CA, and-'ZJ^CD. This resultant will evidently be per- 
pendicular to A B and = BD. The angular velocity of AB in the 
given position is therefore equal to BD'/AB^BD/AB, and as AB is 
constant, the angular velocity is represented by BD. 

The foregoing result is also obvious when it is remembered that, at 
the instant considered, the connecting-rod is rotating about O, and its 
angular velocity about 0 is equal to BC70B=:BG/0B = BD/AB, and 
this will also be the rate of change of the angle <^. 

The angular velocity of AB may be plotted on the crank CB from 
the pole C, or on the piston or cross-head stroke as a base, but preferably 



r 
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on tile connecting-rod, as shown to the^ right in Fig. 477. The cross-head 
end of the connecting-rod is placed at C, and assumed to be at rest. The 



different values of </> corresjionding to different values of 9 are readily 
obtained by the construction shown, and which may be briefly described 
as follows. With C as centre, and radius equal to the length of the 
connecting-rod, measured on the linear scale, describe the arc Let 

CB be one position of the crank. Draw BB' parallel to CO' to meet 
0'3' at B'. Join CB', then angle B'C0' = ^. Dra-w BD parallel to B'C 
to meet the perpendicular to CO' from C at D. Then BD represents 
the angular velocity of the connecting-rod when the crank is at CB. 
Make, on B'C, B'E = BD. Then E is a point on a polar curve of angular 
velocity of connecting-rod. If CiZ==BD be marked off on B'C from C 
as a pole, then d is a point on another polar curve of angular velocity of 
connecting-rod. Observe that when BD is positive ITE is measured from 
the arc 0'3' on the side opposite to C, and when negative it is measured 
from the arc 0'3' towards C. Also for the other polar diagram, when BD 
is positive Cd is measured from 0 towards the arc 0'3', and when negative 
it is measured from G in the opposite direction. 

The construction for the angular velocity curve on a time base is 
obvious, and clearly sliown in the figure. 

The scale on which BD will measure the angular velocity of the 
connecting-rod is found as follows. Let BC, BD, and AB denote the 
lengths of these lines on the drawing, measured in inches on the full size 
scale. Let the scale for angular velocity be 1 inch to x radians per 
second, and let the linear scale of the drawdng be 1 inch to ^ feet. Also 
let r be the true radius of the crank in feet, and let Y be in feet per 
second. Then 

Angular velocity of connecting-rod _ BD - AB __ BD 
Angular velocity of crank ~ BC -f BC AB * 

But angular velocity of crank — therefore angular velocity of 

BD Y 
AB’r* 

But AB - n • BC — nrjy^ therefore w — 55.1^ , X r= BD * x. and there< 

n H 

foreif;=-~. 

nr^ 


connecting-rod = co 
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Referring to Fig. 467, 


and cos 4* = 


- siir 0 

7b 


BD _ sm (90 - ^) ^cos 0 
BO sin (90 ~ 4) 4' 

Therefore 


but sin 


4 .^ 


miO 

n 


BP Y ^ BD V ^ cos 0 V 
BO AB t ?^•BG r - mi- B 

26S, Angular Acceleration of Connecting-rod.— Referring to Fig. 
470, p. 301, just as DH or CL represents the rate of increase of CD, so 
DF or KL represents the rate of increase of BD, or the rate of increase 
of BD' (Fig. 476), and therefore KL/AB represents the angular accelera- 
tion of the connecting-rod. The figure GBKL (Fig.- 470) is a linear 
acceleration diagram, the scale of which was showm (Art. 264) to be such 
that BC represents VY'/*, the linear acceleration of B in the direction BC. 
Hence if KL and BG be measured in inches, and r and nr are the true 


lengths in feet of the crank and connecting-rod respectively, angular 

KL KL 

acceleration of connecting-rod ~ a = — -r nr - — = , and since KL 

® BC r BC 717'^ 

is the only variable in the expression for a, KL will represent tx. on a 
certain scale. Let this scale be 1 inch to z radians per second per second, 
and let the linear scale of the drawing be 1 inch to y feet, then 


r nr-^ 


Y2 

KL ' If — r , and - 


vl^. 

■ 


The angular acceleration of the connecting-rod may be plotted in a 
manner similar to that described for the angular velocity in the preceding 
Article. • 

269. Case where Line of Stroke does not Intersect Axis of 
Crank Shaft. — The illustrations of the direct-acting engine mechanism 
which have been given in preceding Articles have shown the line of stroke 
passing through the axis of the crank shaft, and this is the usual arrange- 
ment, but in a single-acting engine, that is, an engine in wdiich all the 
w^ork is done on one side of the piston, there are advantages in arranging 
the mechanism as shown in Fig. 478, where pq, the line of stroke, when 
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new arrangement, but as the engine is single acting, the forces to be dealt 
with during the return stroke are much smaller. It is easy to show that 
the stroke of the piston is now greater than twice the radius of the crank. 
The 'Mead centres’’ still occur when the piston is at the ends of its 
stroke, but the two dead centres are no longer on the same diameter of the 
crank pin circle, and, as will be seen by reference to Fig. 478, the time 
taken for the return stroke is less than that taken for the for’ward stroke 
if the crank is turning nniforinly. 

The construction for determining the piston velocity and piston 
acceleration are unaltered, except that CL, the acceleration, is now shown 
on a line through C parallel to the line of stroke, instead of on the line 
of stroke. 

270. Inversions of the Direct-Acting Engine Mechanism.—What, 
in preceding Articles, has been called the direct-acting engine mechanism 
is also known as one form of the slider-cranh chain, namely, the turning 
sluler-emnh chain. The slider-crank chain consists of four parts, three 
Units and a hlocJc or slider. In the direct-acting engine mechanism 
(Fig. 479) the links are, the crank a, the connecting-rod c, and the 



frame h of the engine. The cross-head d is the block or slider, but the 
slider may include the piston-rod and piston, and, as in most internal 
combustion engines, the slider may consist of the piston only. 

Various mechanisms may be obtained from the slider-crank chain by 

the process of inversion, which 

involves the exchange of one 
fixed part or link for another. 

The oscillating engine mech- 
anism (Fig. 480) is obtained from 
the direct-acting engine mech- 
anism by making c the fixed link 
instead of h. The crank is still 
a, but the crank shaft is now at 
B instead of at C. The block d 
is now the cylinder which oscil- 
lates on trunnions at A. The 
link h oscillates with the cylinder, 
but the relative motion between 
d and b is still that of sliding ; in 
fact, the motion of any one link 
relative to that of any other link 



Fig. 481. 


of the chain is unaltered by the process of inversion. The oscillating engine 
mechanism is known as minging-Uock slider-cranh chain. 

The mechanism shown in Fig. 481 is known as the Whitworth quick 
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return motion or ^/turning-hloek sUdencrmk diain, and is obtained by 
making a tbe fixed link, c becomes a crank, the rotary motion of wHcli 
is communicated to A, but the angular velocities of b and c are unequal, 
except at two points during a revolution. This mechanism is used for 
driving the ram of a shaping machine or the ram of a slotting machine. 
The link or crank c is really a spur-wheel rotating about an axis at B, 
and carrying a pin A projecting from one side, on which fits the block 
which in turn fits in a slot formed in b The link h rotates about an axis 
at C, and carries a pin P, the position of which may be varied to suit the 
required stroke of the ram, which carries the cutting tool at one end. 
The reciprocating motion of the ram is obtained from 
the pin P through a connecting-rod. The line of 
stroke of the ram is shown passing through C, and 
cutting the circle described by the pin A at E and F. 

The pin A has uniform velocity, and the times of the 
forward or cutting stroke, and the return or idle 
stroke of the ram, are to one another as the arc 
EHF is to the arc FEE. 

The only other possible inversion of the slider- 
crank chain is that obtained by fixing the block d. 

This inversion, called the swinging slider-craiik^ is 
not very important, but one interesting application of 
it is found in the pendulum pump, shown in Fig. 482. 

The block d has become the steam cylinder, pump 
barrel, and frame. The link h has become the piston, 
piston-rod, and plunger. The connecting-rod c swings 
about a pin A fixed on the side of the steam cylinder. 

The crank a has become a fiy-wheel, which rotates 
about a pin B attached to the lower end of the swinging link c, and it 
also rotates about a pin C, which is attached to the sliding link b The 
stroke of the piston and plunger is evidently twice the radius of the 



crank a. 


Exercises XVIII. 


1. Construct the piston velocity diagrams, as shown in Fig. 467, p. 300, for 

the following cases (1) //r = a. , (2) Z/r=4‘5, (3) Z/r= 2, where length of con- 
necting-rod, and r = radius of crank. The three sets of diagrams to be drawn 
on the same corresponding bases, or, in the case of the polar diagrams, from the 
same pole, in order to show the differences due to variations in the value 
of llr- Take r=10 inches, velocity of cranky pin 10 feet per second, and linear 
scale J* Construct on the diagrams the velocity scale, showing feet per second. 
Take from the diagrams the values of v in feet per second when d = dS*", and 
state the results. . « , , - i 

2. In a direct-acting engine mechanism the radius of the crank is 10 inches, 
and the velocity of the crank pin 10 feet per second, find, by calculation, the 
answers to the queries in the following table ; — - 


/ (inches) 

$ (degrees) . 
ic (inches) . 

V (feet per second}! 


CO 

GO 

45 

45 

45 

45 

20 

.0 

20 

20 

80 

... 

30 

150 



30 

150 



? 

18 

? 

? 

2* 

18 

? 


2* 

18 

? 



? 

? 


? 

? 

? 

? 


where I is the length of the connecting-rod, $ the angle between the crank and 
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the inner dead centre radius, oj the distance of the piston from the outer end of 
its stroke, and the velocity of the piston. 

3. When the length of the connecting-rod is equal to that of the crank, show 
that the stroke of the piston is four times the length of the crank. Also, if the 
crank has uniform velocity, show that the piston has simple harmonic motion, 
and that the maximum velocity of the piston is twice the velocity of the 
crank pin. 

4. In a direct-acting engine the connecting-rod is 50 inches, and the crank 
10 inches long. If the crank makes 120 revolutions per minute, calculate the 
mean velocity of the piston, in feet per minute, also the velocity of the piston, 
in feet per minute, when the crank and connecting-rod are at right angles to 
one another. 

5. Estimate the greatest and least forward velocity of the piston of a loco- 
motive engine, relative to the rails, when the train is running at 50 miles per 
hour, the diameter of the driving wheels being 66 inches, the length of stroke 
27 inches, and the length of the engine connecting-rod 54 inches. [Inst.C.E.] 

6. Constructthe piston acceleration diagrams, as shown in Fig. 474, p. 303, 
for the following cases; — (l)J/r=oo, (2) Ijr — i’B, {d) llT~% where ^ = length of 
connecting-rod, and radius of crank. The three sets of diagrams to be 
drawn on the same corresponding bases, or, in the case of the polar diagrams, 
from the same pole, in order to show the differences due to variations in the 
value of Z/r. Take r=l0 inches, V = 10 feet per second, and linear scale 
Construct on the diagrams the acceleration scale, showing feet per second per 
second. Take from the diagrams the values of /, the piston acceleration, in feet 
per second per second, when 6 = 30°, and state the results. 

7. Same as preceding exercise, but for the following cases:— -(1) Z/r=l*l, 
(2)Z/r=M44, (3) Z/r=:l-2. 

8. If the acceleration of a piston is 350 feet per second per second when it 
has moved 4 inches from one end of its stroke, which is 24 inches, at what 
speed is the crank shaft running, in revolutions per minute ? Assume an 
infinite connecting-rod. 

9. In a direct-acting engine, Z=length of connecting-rod, r= radius of crank, 
n=llr, a; = distance of piston from outer end of stroke, V = velocity of crank pin, 

velocity of piston, and /= acceleration of piston. Show that — 

(1) when the crank is perpendicular to the line of stroke, 

+ «=V, and/=+^--==; 

(2) when the crank is at right angles to the connecting-rod, 


=n + 1 - 


(3) when,'u=:r, 


V 1 


and/= 




n{4:n^~ 6n^+ 1) 


V 2n^-i . r (2n2-l)» 

The upper sign in the value of /in each case applying to the “ in” stroke, and 
the lower sign to the “ out ” stroke. 

10. If (a is the angular velocity, and a the angular acceleration of the con- 
necting-rod, then, using the notation of Exercise 9, show that (1) when the 
crank and connecting-rod are in a straight line o)~Y}nr, and a = 0 ; (2) when the 

1 

crank is perpendicular to the line of stroke, w=0, and a =—:====. —i,; and 


(3) when the crank is perpendicular to the connecting-rod, 




and 




11. Construct the connecting-rod angular velocity diagrams, as shown in 

Fig. 477, p. 306, for the following cases:— -(1) (2) Z/?’ = 2, (3) Z/r==l, 

where Z=: length of connecting-rod, and r= radius of crank. Take r=10 inches, 
velocity of crank pin 10 feet per second, and linear scale Construct the 
angular velocity scale, showing radians per second. Take from the diagrams the 
values of w in radians per second when d=S0°, and state the results. 

12. In an ordinary steam-engme the stroke is 18 inches, the length of the 
connccting-rod is 36 inches, and the revolutions are 400 per minute. The 
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diameters of the crank shaft journal, the crank pin, and the cross-head pin are 
7|, 7|, and 5J inches^ respectively. Find the velocity of the piston and the 
velocity of rubbing of each journal in feet per minute in the position of the 
mechanism, for which the crank aim has turned through an angle of 30" from 
the inner dead centre. [U.Ii*] 

13. Taking the same cases and the same particulars as in Exercise 11, con- 
struct the connecting-rod acceleration diagrams, and construct the acceleration 
scale, showing radians per second per second. Take from the diagrams the values 
of a in radians per second per second when ^ = 76°, and state the results. 

14. In a direct-acting engine the line of stroke is at a perpendicular 
distance of 4 inches from the axis of the crank shaft. If the radius of the 
crank is 8 inches, and the length of the connecting-rod is 30 inches, find the 
length of the piston stroke. On the stroke of the piston as base, construct the 
piston velocity and piston acceleration curves for both the forward and return 
strokes. ^ The speed of the engine being 200 revolutions per minute, construct 
the velocity and acceleration scales. 

15. The table of a small planing machine is driven from a crank through a 
connecting-rod, which is 9 inches long. The axis of the crank shaft is 3 inches 
below the line of stroke. If the stroke of the table is ' 

6 inches, find the radius of the crank. Construct the s" -"tL ^ 

velocity curves for both the cutting and return strobes 

of the table, on a stroke base, the crank rotating uniformly , 

at 20 revolutions per minute. What are the velocities of (\ / _ i 

the table, in feet per minute, at mid-stroke (a) when cut- ^ / j 

ting, (5) when returning ? Also, what is the time ratio of p ob / ^ \ 1 

the cutting and return strokes. ^ ' \ 

16. In an oscillating engine the piston has a stroke of ^ ' A7<I?\‘\ 

6 feet, and the distance between the axis of the trunnions ^ 

and the axis of the shaft is 10 feet 6 inches. The shaft ^ Ev 
makes 35 revolutions per minute. Find {a) the maximum 
angular velocity of the cylinder in radians per second, O ' -F^=Ji 
(6) the piston speed in feet per minute at mid-stroke, and rjv 

(c) the mean piston speed in feet per minute. ' r ' ' 

17. Fig. 483 shows the swinging- block slider-crank chain [ 4 ' 

as applied to a shaping machine. The pinion E drives the v / 

wheel F, which rotates on the fixed pin B, and carries the ? ^ 

pin 0, The pin 0 carries the block S, which works in the 

slot of the levex ddf which oscillates about the fixed pin 

A. The upper end of the lever dd carries a pin H, from 

which a connecting-rod transmits motion to the ram carry- BTg. 483. 

ing the cutting tool. The stroke of the ram is varied by 

altering the distance of the pin 0 from B. For the given dimensions find the 

length of the stroke of the ram. Construct on a stroke base the velocity curves 

for the cutting and return strokes. The wheel F makes 20 revolutions per minute. 

What is the time ratio of ihe cutting and return strokes ? 

18. Referring to the Whitworth quick return motion, shown in BTg. 481, 
p. 304 BC = 1J inches, AB = 5 inche.s, OF =6 inches, and the connecting-rod to the 
rarn is 16 inches long. The line of stroke passes through C, and is perpendicular 
to BC. The driving wheel makes 15 revolutions per minute. Construct on a 
stroke base the tool velocity curves for the cutting and return strokes. What 
is the time ratio of the cutting and return strokes ? 

19. A and B (Fig, 484) are fixed centres. The crank BC revolves uniformly 

with an angular velocity of 10 radians per second about the centre B. The end 
0 is pivoted to a block, which can slide along AD. AD revolves about the 
centre A. The point E moves along EA. Determine the velocity of sliding at 
both C and E when BC is at right angles to AB, and find also the maximum 
velocity of E. Show how the mechanism can be applied as a quick return 
motion for a shaping machine, and determine the ratio between the times of 
cutting and return, [U.L.] 

20. The crank AB (Fig. 485) rotates uniformly at 150 revolutions per minute. 

The end D of the rod BD" is constrained to move in the straight line GIL The 
end E of the rod CE moves on the straight line EK. Determine the velocity of 
the point E for the given position of the mechanism. Indicate how you would 
determine the acceleration of the point E. [U.L.] 
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21.. In a horizontal steam-engine the indicator reducing gear consists of a 
radial arm AB suspended from a fixed centre A above the line of stroke; the 
end B of the radial arm is connected to the cross-head by a link BC, and the 
cord passes off from a sector fixed to the arm AB, its centre being A and the 
radius AD. If, for any position of the gear, a vertical line drawn through A 

AN 

cuts the link BC in N, show that ^ gives the ratio of the piston speed to the 

cord speed. [U.L.] 

22. In the four-bar mechanism shown in the sketch (Fig. 486), the bar A is a 
fixed bar ; the bars B and D rotate about the fixed centres OAB and OAD, and 
they are coupled together at their outer ends by the bar C ; the bar B revolves 
in a clockwise direction, with uniform velocity round its fixed axis OAB at 50 
revolutions per minute. Find in any way you please the positions of the bar 
D for twelve equidistant positions of the bar B during one complete revolution, 
and draw up a table showing (1) angle turned through by the bar B, in degrees ; 




Fig. 486. J-IG. 487. 

(2) turned through by the bar D, in degrees ; (3) mean angular velocity of 

the bar D, in radios per second, during each interval ; (4) mean angular accelera- 
tion oi the bar D, in radians per second per second. Draw curves showing 
angular velocity and angular acceleration at any time. The lengths of the bars 
are 15, so, 25. and 35 inches respectively. [B.E,] 

23. The diagram (Fig. 487) shows a radial valve gear. The crank GP turns 
uniformly at 12 radians per second, and is pinned at P to the rod PE, the point 
Q m this rod being guided in the circular path SS, centre T. For the position 
of the mechanism shown in the diagram, determine and measure the velocities 
and accelerations of the points B and V. [B 1 1 


CHAPTER XIX 

PISTON AND CRANK EFFORT DIAGRAMS 


271, Piston Effort Diagrams.—An engine or macliine worked bj 
fluid pressure lias usually a piston or ram which receives reciprocating 
motion in a cylinder. When the piston or ram is single-acting, the 
pressure of the fluid introduced into the cylinder causes the piston or ram 
to move outwards, and the return stroke is usually performed either by 
the energy stored up in a fly-wheel, or by the pressure of the fluid in 
another cylinder, through intermediate mechanism. In this case the 
effort on the piston or ram at any instant is simply the force exerted on 
it by the fluid in the cylinder at that instant. When the piston is 
double-acting, the fluid is admitted into the cylinder on opposite sides of 
the piston alternately, and after doing its work it is allowed to escape. 
In this case the effort on the piston at any instant is the difference 
betw^een the forces exerted by the fluid on the opposite sides of the 
piston at that instant. 

When the fluid used is water, the. pressure which it exerts is practi- 
cally constant throughout the stroke, and the eflfort is thei’etoi'e constant, 
and the effort diagram is a rectangle whose length represents the length 
of the stroke of the piston or ram. 

In heat engines and in machines worked by compressed air the 
pressure of the fluid is generally variable throughout the stroke. In 
such cases the actual effort on the piston is obtained from iniUeaior 
diagrams^ which are simply the records 
of self-registering pressure-gauges, 
which show the pressure of the fluid 
at every point of the stroke of the 
piston. If the engine is double-acting 
t-wo indicator diagrams are required, 
one for each side of the piston. The 
indicator diagram shows the intensity 
of the pressure of the fluid, generally 
in lbs. per square inch. 

Let and p .2 be the intensities of 
the pressures on the front and back 
of the piston respectively at any in- 
stant, and let and ag be the effective 
areas of the front and back of the 
piston respectively, then the effort on 
the piston at the instant considered 
is If then the effort is In double- 

acting engines is not generally equal to on account of the presence 

of the piston-rod on one side. 

^ MS 
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The upper part of Fig. 488 shows a pair of indicator diagrams from 
tlie c.ylinder of a vertical steam-engine. The full line diagram, is from 
the top end, while the dotted line diagram is from the bottom end of the 
cylinder. 

Tim eifective pressure on the piston at any point of the stroke is 
shown by the vertical distance between the top of one diagram and the 
bottom of the other at that point. If this vertical distance be plotted on 
a straight l)ase for a sufficient number of points in the stroke, a diagram is 
obtained which shows more clearly the effort on the piston during the 
stroke. In Fig. 488 the full line diagram on the base XX is the effort 
diagram for the down stroke, while the dotted line diagram is the effort 
diagram for the up stroke. Where the effort is negative, the diagram is 
below' the base XX. 

272. Eeduction of Indicator Diagrams to same Effort Scale. — It 
was stated in the preceding Article, in referring to the indicator diagrams 
given in Fig. 488, that the effective pressure on the piston at any point of 
the stroke is shown by the vertical distance between the top of one 
diagram and the bottom of the other at that point. This, how'ever, is 
only true when the effective areas of the top and bottom of the piston 
are equal, and when the pressure scales of the tw^o diagrams are the 
same. If the pressure scales are the same, but the areas are unequal,' 
then either the ordinates of the diagram for the smaller area of piston 
inust be reduced in the ratio of the smaller to the larger area, or the 
ordinates of the diagram for the larger area of piston must be enlarged 
in the ratio of the larger to the smaller area. 

The diagrams of Fig. 488 are repeated in Fig. 489, and the diagram 
for the bottom of the piston is shown cor- 
rected to the thicker dotted line diagram 
to allow for the area of the piston-rod on 
the under side. The effective force on the 
piston at any point of the dowm stroke is 
now represented by the vertical distance 
hetw’-een the top of the full line diagram 
and the bottom of the thicker dotted line 
diagram at that point, and the effective 
force at any point of the up stroke is represented by the vertical distance 
between the top of the thicker dotted line diagram and the bottom of the 
full line diagram at that point. If the original indicator diagrams are not 
to the same pressure scale, it will of course he necessary to bring them to 
the same scale, in addition to correcting one of them for the difference 
between the areas of the top and bottom of the piston. 

The indicator diagrams from the different cylinders of a compound 
or triple expansion engine are generally to different pressure scales ; also 
when the strokes of the different pistons are the same, wffiich is generally 
the case, their areas are different. Hence it is evident that in order that 
the effort diagram for one piston may be comparable with the effort 
diagram for another piston, the pressure scales must be the same, and 
their ordinates must be such as to give equivalent pressures on pistons of 
the same area. ; 

Let A be an indicator diagram for one side of a piston, the effective 
area of that side being and let be the pressure scale of this diagram 





Fig. 489. 
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ill lbs. per square incH per inch. Also let B be an indicator diagium for 
the other side of the same piston, or for one side of another jjiston, the 
effective area of that side being and letjo^be the pressure scale of tliis 
diagram in lbs. per square inch per inch. Then in constructing piston 
effort diagrams which shall he comparable, either the ordinates of I> 

must be multiplied by or the ordinates of A must be multiplied by 
a^p.2 

273. Correction of Piston Effort Diagrams for Weight of Recip- 
rocating Parts in Yertical Engines. — In a vertical engine the weight of 
the piston, piston-rod, cross-head, and a part of the connecting-rod 
increases the effort during the down stroke, and diminishes it during the 
up stroke by an amount equal to that weight. Let to equal the weight 
of the reciprocating parts in lbs. per square inch of piston, then the 
effort due to the fluid pressure per square inch of piston must be in- 




creased by an amount w for the down stroke, and the effort diagram 
is altered, as shown in Fig. 490, by lowering the base line from XX a 
distance equal to to on the force scale, and the effort diagram for the up 
stroke is corrected, as shown in Fig. 491, by raising the base line from 
XX an equal amount. 

Frequently half the weight of the connecting-rod is reckoned as 
belonging to the reciprocating parts. 

274. Forces due to Inertia of Reciprocating Parts. — The deter- 
mination of the acceleration of the piston was fully discussed in Arts. 
261 to 265. Let / denote the acceleration of the piston in feet per 
second per second, W the total weight of the reciprocating parts, in lbs., 
and P the force, in lbs., required to produce the acceleration /, then 


W 


and 'P = 


w 

9 


. It was shown in Art. 262 that, at the ends of 


the stroke, /- — (^1+-^ 


where Y is the velocity of the crank pin in 


feet per second, and n is the ratio of the length of. the connecting-rod to 
r, the radius of the crank, the plus sign applying to the outer, and the 
minus sign to the inner, end of the stroke. Hence, at the ends of the 
WV^ / 1\ 

stroke, P = ( 1 ± - If to is the weight of the reciprocating parts, m 

!bs. per square inch of piston, and p is the accelerating force, in lbs. per 
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square iiicli of piston, then p 

urn 


and a,t the ends of the stroke 




gr 




After the point of zero acceleration is passed, the 

acceleration is of course negative, or the accelerating force reve?:ses. 

275. Correction of Piston Effort Diagrams for Inertia Forces. — 
Prom the beginning of the stroke of the piston up to the point of maxi- 
nmni velocity, or zero acceleration, part of the effort on the piston, as 
determined in preceding Articles, is required to accelerate the piston and 
the other reciprocating parts, and that part is therefore not available at 
the cross-head for transmission to the crank pin. The work done by that 
part of the steam pressure which is not transmitted to the cross-head is 
stored up in the reciprocating parts as kinetic energy. After the piston 
has reached its point of maximum velocity its velocity diminishes, and 
the kinetic energy in the reciprocating parts is given out, appearing as 
work done at the cross-head. During the latter part of the stroke, there- 
fore, the effort due to the steam pressure is supplemented by the effort 
due to the retarding or negative accelerating force. 

The necessary correction of the piston efert diagram due to the inertia 
forces is made as shown in Figs. 492 and 493, where the full line diagram 



on the straight base AB is th-e piston effort diagram due to the steam 
pressure, and AaC6B is the accelerating force diagram on the same base 
AB. The curve a' Oh' is the curve got, say, by Klein^s construction (Art- 
261), and the curve aOh is obtained by altering the ordinates in the ratio 
of Ka' to Ka. The length Ka is measured with the pressure or effort 

scale to represent p== “^ the accelerating force per square inch of 

piston at the beginning of the forward or in stroke. The curve aOh 
is the new base of the effort diagram. The corrected diagrams are shown 
constructed on straight bases below the others. 

It is evident that the forces due to the inertia of the reciprocating 
parts do not affect either the work done or the mean effort during a complete 
.stroke. 

276. Crank Effort. — Beferring to Fig. 494, if P is the effort on the 
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cross-head, Q, the thrust or pull on the connecting-rod, is equal to P/cos<^. 
At the crank pin the force Q produces a thrust or pull on the crank and 
a force T tangential to the path of the crank pin equal toOsin(d + d.l 

Hence, T= — — - = P(sm R -t- cos 0 tan ^). 

If n is the ratio of the length of the connecting-rod to the radius of 


the crank, then tan <^) and therefore 

sJTl — Sill*" (/ 

^ sin^cosS ) / / sin 20 ) 

^ r = P|sin 0 -I }• = P<[ sin 0 + 

T is called the cranh pin effmi.. The moment of T about C, namely, 
Tr, where r is the radius of * 
the crank, is called the 
effort, but as r is constant, 
it follows that the crank 
effort is pro];)ortional to T, . 

If Ch be made equal to P, 

and M be drawn parallel IR 
to AB to meet Qd at c7, 

where Qd is perpendicular to the line of stroke, then 


Fic4. 494. 


Cb sin (90° - cos <{> ’ 

, T &m(0 + cl>) . ■ Qd T ■ ^ ; 

but p ~ , therefore ^ = p • Hence, since CZ> is equal to P, Cd 

must be equal to T. The construction for determining the cmnk effort 
from the piston or cross-head effort is therefore extremely simple, and if 
it be compared with the construction proved in Art. 260 for finding the 
piston velocity from the crank pin. velocity, it will be seen that the con- 
structions are identical. In fact, the construction and formula for the 
crank effort may be deduced at once from the construction and formula 
for piston velocity by the principle of work. 

277. Crank Effort Diagrams.^ — The construction of diagrams which 
shall show the crank effort for any position of the crank will be readily 
understood by reference to Fig. 495. In the polar curves of crank effort, 
the effort found by the construction or by the formula of the preceding 
Article is marked off, either on the crank from the centre of the crank shaft, 
or on the crank produced from the path of the crank pin. The most 
useful crank effort diagram is the ^‘rectangular diagram,” in which the 
base is a straight line representing the circumference of the circle described 
by the crank pin, and the ordinates, perpendicular to that, base, represent 
the crank effort. 

If the base of the rectangular diagram of crank effort be made equal 
to the circumference of the circle described by the crank pin, then, friction 
being neglected, the area of the crank effort diagram for one revolution 
will be equal to the sum of the areas of the piston effort diagrams, but 
practically all that is to be learned from the rectangular crank effort 
diagram can be learned from it, whatever be the length taken for the base. 

The principal use of the rectangular crank effort diagram is to show 
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tlie liuctixatioa of energy, which is discussed in the next Article, and for 
this the length of the base is immaterial 

, Piston. Effort Down Stro ke 

Up Stroke ^ \ 


Polar curves^ 
of Crank Effort' 




f ] 1 


. '^ase ^pirw. 

V 


Ch = Aa 


Rectan/jular Curve 
s/ of Crank Effort. 




Pin. 495. 

The maximum crank effort can evidently be found from either the 
polar or rectangular curves. The maximum crank effort is also the 
maximum torque on the crank shaft, and this is of great importance in 
designing the shaft. 

If T„i is the mean effort on the crank pin and P,,,, is the mean effort on 
the piston, during one revolution, then, since the work done at the crank 
pin is equal to the work done on the piston in the same time, friction 
being neglected, 

op 

27rrT,,-2P„,x2r, or = 

When there are two or more cranks on a shaft, the total turning 
effort on the shaft at any instant is the sum of the turning efforts on the 
separate cranks at that instant, and the total effort may be considered as 
acting on any one of the cranks. Hence a diagram of total turning effort 
may be constructed by adding to the ordinates of the effort diagram for 
one crank the corresponding ordinates of the g 

elfort diagrams for the other cranks, corre- 
spending ordinates being those which show’ /\\ \ 
the efforts on the separate cranks at the same V\\\\ 
instant. 

Fig. 496 shows the relative povsitions of — 4^2 

three cranks on the same shaft, and Fig. 497 
shows how the rectangular crank effort diagrams zz^ / f / \ 
for these three cranks may be combined to give / \ 

a total turning effort diagram. It will be 
observed in Fig, 497, that in order to bring * 

the corresponding ordinates together the effort Iho. 496. 

diagrams for cranks Ho, 2 and Ho. 3 have been moved forward distances 
corresponding to the respective angles which these cranks w’ould have to 
move through to overtake Ho. 1 crank. It is obvious that the crank 
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effort diagrams for tlie separate cranks must be to tlie- same effort scale 
before tiiey can be combined into one effort diagram in tbe manner 



sbown in Pig* 497. Tlie mean total effort is of course ecpial to tbe 
sum of tlie mean efforts for tlie separate cranks. 

278. Fluctuation of Energy.— When the direct-acting emgine niecha- 
nisni is used to tra.nsmit tlie work done on a piston to a shaft, the turning 
effort on the shaft is very variable when only one crank is used, and when 
two or more cranks, incliiiecf to one another, and connected to ditieieut 
pistons are used, the turning effort on the shaft, although much more 
nearly uniform, is still variable. This want of uniformity in tlie turning 
effort on the crank shaft is a characteristic of all heat engines having 
reciprocating pistons, and the result of this is that, except in the very 
improbable case in which the moment of the resistance to the turning of 
the shaft varies so that at every instant it is equal to the turning moment, 
the supply of energy to the shaft over certain intervals must be greater, 
while over other intervals the supply must be less than that required by 


the resistance 

In most cases in practice the resistance to the rotation of the crank 
shaft of an engine may be considered to be uniform during a complete 
period or cycle, and the resistance reduced to the crank pin nmy therefore 
be considered as equal to the mean effort on the crank pin during a 

period or cycle. _ , „ ^ i ov 

Fig. 498 shows a rectangular diagram of crank eitort on a base UA, 
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represent tlie resistance reduced to tlie crank pin. In tke upper part of 
Fig. 498, LMK is a straight line parallel to OX, .while in the lower part 
LMX is a curved line. In each case the work done by the effort is 
represented by the area between the effort curve and the base, and the 
work done on the resistance is repi’esented by the area between the 
resistance line and the base. It will be noticed that the points 
A, B, G, D, E, and F are the points where the effort is equal to the 
resistance. 

Let K denote the kinetic energy in the moving parts when the crank 
pin is at A, then while the crank pin moves from A to B the ivork done 
by the effort is greater than that required by the resistance by the 
amount represented by the area and therefore the kinetic energy in 
the moving parts when the crank pin reaches B is K -f AgtiiUj while 
the crank pin moves from B to C the work done by the effort is less than 
that required by the resistance by the amount represented by the area 
and therefore the kinetic energy in the moving parts when the crank pin 
reaches G is K + ai - Similarly, the values of the kinetic energy in the 
moving parts when the crank pin reaches D, E, and F are, K + -h ag, 

K + % - ag + Ug - , and K ■+• -ag + ag- respectively. BetAveen 

O and X" the Velocity of the crank pin will be a maximum at that point 
where the kinetic energy of the moving parts is greatest, and the velocity 
will be a minimum at that point where the kinetic energy is least. 

The difference between the kinetic energy of the moving parts at the 
points of maximum and minimum speed is called the fluctuation of energy. 

The ratio which the fluctuation of energy bears to the wmrk done per 
cycle is called the eoeflideni of fluctuation of eney^gy. In an ordinary steam- 
engine the cycle takes place in one revolution, while in an internal com- 
bustion engine working on the Otto cycle, the cycle covers two revolutions 
of the crank shaft. 

Bef erring to Fig. 498, suppose that OX represents the distance 
travelled by the crank pin during one cycle, and suppose that F is the 
point of maximum speed, and G the point of minimum speed. Let the 
area between the effort curve and the base equal a, then the fluctuation 
of energy is represented by ag - and the coefficient of fluctuation 

of energy is equal to , 

a 

279. Fluctuation of Energy in Gas-Engines. — In a single-cylinder, 
single-acting gas-engine working on the “ Otto cycle,’' the operations 
performed during a cycle are as follows : — 

First Stroke . — The piston moves outwards, and draws in the charge of 
air and gas. This is the charging or suction stroke. 

Second Stroke.— Tho piston moves inwards and compresses the charge. 
This is the compression stroke. 

Third Stroke.— Tho compressed charge is ignited, an explosion takes 
place, and the piston is driven outwards by the expansive force of the 
products of combustion. This is the working stroke. 

Fourth Stroke . — The piston moves inw^ards and expels the products 
of combustion. This is the exhaust stroke. 

The indicator diagram is shown in Fig. 499, but' the suction and 
exhaust pressures are shown exaggerated for the sake of clearness. 
Fig. 500 shows the diagram as continuous on a four-stroke base. 



2 X 60^^ 
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All the work delivered to the crank shaft during a cycle is delivered 
during the working stroke, and the work done in the cylinder during the 
other strokes comes from the dy- wheel. 

The ductuatioii of energy is obtained from the rectangular crank 


Working Exhaust 


Summ 


Compression 
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effort diagram as in a steam-engine, but the diagram must be constructed 
for a complete cycle. The net work done on the useful resistance at the 
crank shaft and on the friction of the engine is represented by the shaded 
area in the working stroke in Fig. 500, minus the shaded areas ^ in the 
other strokes. The maximum speed of the crank shaft is ap|:>roximately 
at the end of the working stroke, and the minimum speed is approxi- 
mately at the beginning of that stroke. Hence the fluctuation of energy 
is approximately equal to the work done during the working stroke, 
minus 1-wth of the net work done during a cycle, wdiere is the number 
of strokes during a cycle. 

If the engine is governed on the “ hit or miss ” principle, the governor 
acts by cutting off the gas, and there is no explosion and no effective wmrk 
done for at least two revolutions after the completion of an effective cycle. 
The complete cycle then takes a number of revolutions, which is a simple 
multiple of two. 

280. Fly-wheels. — The function of a fly-wheel is to reduce the fluc^ 
tuation of speed due to the fluctuation of energy during the period or 
cycle of the working of a machine. If over an interval the supply of 
energy to a machine is greater than the resistance requires, the moving 
parts increase in speed, and their kinetic energy therefore increases by 
an amount equal to the surplus energy ; and if over another interval the 
supply of energy is less than the resistance requires, the moving parts 
decrease in speed, and their kinetic energy therefore decreases by an 
amount equal to the deficiency in the supply of energy.^ In most cases 
where' a fly-wdieel is used it is usual to neglect the kinetic energy of all 
the moving parts other than the fly-wheel, so that over any interval the 
difference between the energy supplied and the energy required is equal 
to the change in the kinetic energy of the fly-wflieeL 

If R is the radius of gyration of the fly-wflieel, in feet ; v the velocity, 
in feet per second, of a point at a distance R froin the axis ; w the 
angular velocity in radians per second ; N the speed in revolutions per 
minute ; W the weight of the wheel in lbs. ; and K, its kinetic energy 
in ft. -lbs., then 


Fig. 499. 


Fig. 500. 
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energy of a given wheel is therefore equal to the square of the speed, in 
whatever way that speed maybe stated, multiplied by a constant, and 
for certain problems this simple rule is useful. 

If I is the moment of inertia of the "wheel, in lb. and foot units, then 
I = WR2 and from this and the foregoing formulae the following formulse 
^•1 11^ 1 ir I'"' 

are readily deduced, namely, iv = ~ . 

If during a period or cycle of the working of a machine the minimum 
and maximum speeds of the hy-wheel are iST^ and ^2 revolutions per 


0 - 


minute respectively, then the fluctuation of energy is ^Q 2 g\'- 

The difference between the maximum and minimum speeds is called 
the fiuduatio 7 i of speed, and the ratio of the fluctuation of speed to the 
mean speed is called the eoeficient of fluctuation of speed.^ If N is the 
mean speed in revolutions per minute, and c is the coefficient of fluctua- 
tion of speed, then c = It is usual to assume that the mean 

speed is the arithmetical mean of the maximum and minimum speeds, so 
that 2N - Kg + Hence - K? - (Kg + K^) (Kg K^) - 2cK2. 

If U denotes the work done per period or cycle in ft -lbs., and It 
denotes the coefficient of fluctuation of energy, then the fluctuation of 
. 47r2WR2rK2 47r2IcN2 

energy is /rU, and JcU - — 

If H is the horse-po'wer of an engine, then the work per revolution 

oonnoo' 

is where K is the speed in revolutions per minute. 

The following are some values of c, the coefficient of fluctuation of 
speed, found in practice 

Pumps, and shearing and punching machines . . . . 0*05 to 0*03 

Flour-mills . ’ . 0*04 to 0*03 

Looms, paper- making machines, and ordinary machine tools . 0*03 to 0*02f 

Spinning machinery 0*02 to 0*01 

Dynamos . . . . . . . . . . . 0*007 


Exercises XIX. 

1. The piston of a steam-engine is 30 inches in diameter, and the stroke is 
40 inches. Instead of a piston-rod there is a trunk 12 inches in diameter which 
works through the front end of 


the cylinder. The indicator dia- 
grams for this engine are given in 
Fig. 601. The full line diagram 
is from the back end, and the 
dotted line diagram from the 
front end of the cylinder. The 
pressures marked are in lbs. per 
square inch. Beproduce these 
diagrams, making the length 6 
inches, and the pressure scale 
1 inch to 20 lbs. per square inch. 

Reconstruct the diagrams on a 
straight base to show effective pres- 
sure on the piston, in lhs> per square 
inch of the larger face of the piston. 

What is the effective pressure in lbs. per square inch of the larger face of the 
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piston at tbe middle of the forward stroke? Compute the horse- power of this 
engine when the speed is 80 revolutions per minute, 

2. Indicator diagrams from the cylinders of a horizontal tandem compound 
steam-engine are given in Bdg. 502. Diameter of H.P. cylinder, 24 inches. 
Diameter of L.P. cylinder, 46 inches. Stroke of pistons, 6 feet. Diameter of 


H.P. Ci^lirukr 


LP. Culinder 




Fig. 502. 

piston-rod AB, 5J inches. Diameter of piston-rod CD, 4| inches. Construct 
on a straight base 4 inches long the combined piston effort diagrams for the 
forward and return strokes, showing the combined effort on the two pistons per 
square inch of the back of the low-pressure piston. Effort scale, 1 inch to 
30 lbs. Compute the horse-power of this engine when the speed is 50 revolu- 
tions per minute. . . , 

3. The piston of an engine, and all the parts rigidly connected to it, weigh 
400 lbs., and the stroke is 20 inches. The crank shaft makes 150 revolutions 
per minute. Assuming an infinite connecting-rod, determine the difference 
between the total effective pressure on the piston and the thrust on the cross- 
head pin, (u) at the beginning of the stroke, (6) at 5 inches from the beginning 

of the stroke. , . . b. ^ 4 . 

4 In a steam-engine the piston at the beginning of its stroke is exposed to 
a total pressure of 2000 lbs., but the inertia is such that the thrust of the piston- 
rod at the cross-head is only 1600 lbs. The speed of the engine is now raised 
until it becomes half as great again as before, while the pressure is unchanged : 
what is the thrust of the piston-rod ? ■ [Inst.C.E.J 

5. In the engine referred to in Exercise 2, the total weight of the recipro- 
cating parts is 6700 lbs. The length of the connecting-rod is 15 feet, and the 
speed of the crank shaft 50 revolutions per minute. Construct on a stroke base 
4 inches long the diagram of accelerating force per square inch oi the back ot 

the low-pressure piston, the force scale to be 1 inch to 30 lbs. .. a 

6. In a direct-acting steam-engine the stroke is 2 feet, the connecting-rocl 
4 feet long, the piston 14 inches diameter, the weight of the reciprocating 

300 lbs., and the revolutions 180 per minute. At the commencement of the 
down stroke the difference of pressure per square inch on the two sideaof the 
piston is 40 lbs. (acting downwards) ; at the end of the down stroke the d^erence 
is 10 lbs. (acting upwards). Find the effective pressure transmitted to the crank 
pin in these positions. If the steam pressure remained unaltered, at what speed 
would the engine have to run in order to make the effective pressure at the end 
of the stroke zero, and what would then be the effective pressure at the commence- 
ment of the stroke? „ 

7. Construct the polar and rectangular diagrams of crank effort for a direct- 

acting steam-engine in which the effective pressure on th^piston is 50 lbs. per 
square inch throughout each stroke, and determine t-h© coefficient of fluctuation 
of energy, (a) assuming an infinite connecting-rod, (6) taking the length or the 
connecting-rod 5 times the length of the crank. ^ t a 

8. To the left of Fig. 503 are shown the piston effort diagrams for a direct- 
acting steam-engine, the pressures bfdng in Ib^ per square inch. 

polar^and rectangular diagrams of crank effort, and 

Actuation of energy, also the ratio of the maximum torque to themean torque 
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on the crank shaft, (a)' with infinite connecting rod, (S) with connecting-rod 
45 inobes long. 

9. Referring to Fig. 503, cal« 
dilate T, the effort on the crank 
pin per square inch of piston 
when 0=75% when ^=135", and 
when 35=5 inches, assuming an 
infinite connecting-rod. 

10. Same as preceding exer- 
cise for both forward and return 
strokes, but taking the connect- 
ing-rod 45 inches long. 

11. The cylinder of a vertical 
steam-engine is 45 inches dia- 
meter, and the stroke is 4 feet. 

The connecting - rod is 8 feet 
long, and the effective weight of 
the'reciprocating parts is 10,000 lbs. The speed is 100 revolutions per minute. 
When the crank" is 30 degrees from the top dead point the steam pressure on the 
top of the piston is 190 lbs. per square inch, a-Jld on the bottom 85 lbs. per square 
inch. Find the effective force transmitted rjtlong the piston-rod and the turning 
moment on the crank shaft when the crank is in the above position. [U.L.] 

12. Construct the rectangular diagram of combined crank effort for a two- 
oylinder engine, the cylinders being of equal size, and the cranks at right angles 
to one another. The piston effort diagrams are given in Fig. 503, and the con- 
necting-rods are 45 inches long. Find the coefficient of fluctuation of energy 
for this engine under these conditions. 

13. Same as Exercise 12, except that the inertia of the reciprocating parts is to 
be taken into account, the weight of these parts being 
3 lbs. per square inch of piston. The engine is a 
horizontal one, running at 150 revolutions per minute. 

Stroke of piston, 20 inches. 

14. Considering Fig. 503 to refer to a vertical engine 
in which the weight of the reciprocating parts is 3 lbs. . 
per square inch of piston. Construct the rectangular 
diagram of crank effort, taking into account the weight 
and inertia of the reciprocating parts, and find the co- 
efficient of fluctuation of energy. Length of connect- 
ing-rod, 45 inches. Speed, 130 revolutions per minute. 

15. Show, {a) that wdth constant pressure P on the 
piston and infinite connecting-rod the polar crank 
effort diagrams for one revolution are two circles of 
radii r=|P, as shown in Fig. 504; (6) that with two cylinders of the same size, 
constant pressure P on each . 

piston, infinite connecting-rods, 
and two cranks at right angles, 
the polar diagram of combined 
crank effort for the two cranks j^qq. 
for one revolution is hounded 
by four arcs of circles of radii qq- 
R=r^2, the centres of the 
circles of radii R being situated 60- 
at the corners of a square of 
side=2r, as shown in Fig. 504. 40- 

16. The following par- 
ticulars* relate to a vertical 20- 
triple expansion steam-engine; 

Piameters of cylinders, 18, ,27, 
and 44 indies. Diameter of 
piston-rods, 4-75 inches. Stroke 
of pistons, IG inche.s. Length 

* Kindly supplied by the makers of the engine, Messrs. W. H. Allen. Son, and 
Co., Bedford." 
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^ The particulars for this exercise are taken from the Proceedings of the 
Institution of Mechanical Engineers^ 1901- 


of connecting-rods, 48 inches. Weight of reciprocating parts (including piston, 
piston-rod, and cross-head), high pressure, 1082 lbs.; intermediate pressure, 
1068 lbs. ; low pressure, 1523 lbs. Weight of each connecting-rod, 953 lbs. Angles 
between cranks, 12 u^. Sequence 

of cranks, ( 1 ) high pressure, ( 2 ) ' TTTTinTTTXT^ E-j 

intermediate pressure, (3) low 
pressure. Speed, 275 revolutions 
per minute. 

Indicator diagrams taken from 
the engine at | load are given in lo- 
Figs. 505, 506, and 507. The 

pressures are in lbs. per square o- . . 

inch above or below the pressure 

of the atmosphere. The dotted Intermediate Press arc. 

line diagrams are for the under 50 (], 

sides of the pistons. 

{a) Carefully enlarge the indicator diagrams, making the length of each 4 
inches, and take for pressure scales, 1 inch to 30 lbs. per square inch for the high 
pressure, 1 inch to 10 lbs. per 

square inch for the intermediate (“"] \ ' ] | | j j - 1 -py-| ^ j 

pressure, and 1 inch to 5 lbs. per 
square inch for the low pressure 
diagrams. 

(5) Reconstruct all the dia- 
grams except that for the top of 
the high pressure piston to show g 
pressures per square inch of the 
top of the higli pressure piston, q 
to a scale of 1 inch to 30 lbs. per 

square inch. [For example, the m — 

area of the bottom of the inter- 
mediate pressure piston is 2T8 Loio Pressure, 

times the area of the top of the 
high pressure piston, therefore 

the heights of the diagram for the bottom of the intermediate pressure piston 
must be enlarged 2T8 times to correct for area of piston, and they must be reduced 
in the ratio of 30 to 10 to correct for pressure scale. The height of the resultiug 
diagram will therefore be 2T8-r3, or 0'73 of the heights of the corresponding 
diagram in (a).] . ^ • 

(c) Reconstruct the diagrams in ( 6 ) on a straight base to show effective 
pressures on the respective pistons. 

[d) Correct the diagrams in (c) for the weight and inertia of the reciprocating 
parts, reduced to per square inch of the top of the high pressure piston, includ- 
ing in the weight of the reciprocating parts half the weight of connecting-rod. 

{e) Draw the p(.)lar and rectangular diagrams of crank effort for each crank, 
(/) Draw the polar and rectangular diagrams of combined crank effort. 

{g) Determine the mean combined crank effort in lbs. per square inch of the 
top of the high pressure piston. 

{h) Determine the positions of the high pressure crank, measured in degrees 
in direction of motion from the top dead centre, for minimum and maximum 

speeds. „ , . . t 

[i] Determine the coefficient of fluctuation of energy for this engine under 

the given conditions. 

17. The following particulars * refer to a 400 horse-power Crossley gas-engine. 
There are two cylinders, with their open ends facing one another and their 
connecting-rods working on a crank common to both. Diameter of cylinders, 
26 inches. Stroke of pistons, 3 feet. Length of connecting-rods, 6*707 feet. 
Speed of crank shaft, 150 revolutions per minute. 

Total weight of fly-wheel and accessories, two crank slabs, two balance 
weights, crank pin, equivalent rotating part for two connecting-rods, and engine 


Loio Pressure, 
Fig. 507. 
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shaft and armature of dynamo, 87,638 lbs. Moment of inertia of all rotating 
parts (units in lbs. and feet), 62,654. ^ 

Weight of reciprocating parts, including one piston, cross- head pm, and 
equivalent part for one connecting-rod, 2080 lbs. 

Indicator diagrams are given in Fig. 508. 

(1) Be-draw and enlarge the indicator diagrams, making the length of each, 
say, 4 inches, and take for the pressure scale, say, 1 inch to 80 lbs. per square 
inch. 

(2) Eeconstruot the enlarged indicator diagram of the “ A ” cylinder on a 
four-stroke base, and add the inertia force curves, as shown at (a), Fig. 509. 

(3) From (2) construct the indicator diagram corrected for inertia forces, as 
shown at (6), Fig. 509. 

(4) Do the same as in (2) and (3) for the indicator diagram of the “B” 
cylinder, but observe that the diagram of the “ B” cylinder must be moved one 
stroke forward in advance of that of the “ A ” cylinder, since the explosion 
in the “B” cylinder takes place one stroke in advance of that in the “A” 
cylinder. 

(5) Construct, on a base of equal angles of crank motion, the combined 
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twisting moment diagram, as in Fig. 610, in pound-feet per square inch of piston 
area. 

(6) Determine tiie coefficient of fluctuation of energy and the coefficient of 
fluctuation of speed. 


One revotiMon. 


revolution .. — 


/\ 
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' Average Turning Moment 
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Fig. 510. 

18. A fly-wheel, whose radius of gyration is 6 feet, weighs 4 tons. How 
many ft.-lbs. of energy will this vffieel take up in changing its speed from 99 to 
101 revolutions per minute? 

19. A certain fly-wheel gives out 6500 ft.-lbs. of kinetic energy in changing 
its speed from 170 to 168 revoh'tions per minute. What is the kinetic energy of 
this wheel when its speed is 172 revolutions per minute ? 

20. What must be the weight, in lbs., of a fly-wheel, 15 feet in diameter, 
whose mean speed is 120 revolutions per minute, if the total fluctuation of 
speed is 7 per cent, of the mean speed, and the energy taken up between the 
minimum and maximum speeds is 12 foot-tons? 

21. A steam-engine indicates 10 horse-power. The fluctuation of speed is 

of the mean speed, and tho mean speed is 100 revolutions per minute. The 

fluctuation of energy is of the work per revolution. What must be the 
weight of the fly-wheel for this engine, assuming that all the weight is concen- 
trated at a distance of 2 feet 3 inches from the axis of the wheel? 

22. Calculate the moment of inertia of a fly-wheel (in ton and foot units) 

which will give up 20,000 ft.-lbs. of energy as its speed changes from 130 to 128 
revolutions per minute. . 

23. The mean speed of a fly-wheel is 85 revolutions per minute, and the 
coefficient of fluctuation of sp“ed is What are the minimum and maximum 
speeds? If the coefficient of fluctuation of energy is 0*07 and the indicated 
horse-power Of the engine is 1600, what must be the moment of inertia of the 
fly-wheel (in ton and foot units) ? 

24. A cast-iron fly-wheel is in the form of a disc 6 inches thick an d^ 4 feet 

6 inches in diameter. Taking the weight of a cubic foot of cast-iron as 4r)0 lbs., 
what is the kinetic energy of this wheel in foot-tons when it is running at 200 
revolutions per minute ? ^ ^ ^ mt* 

25. A fly-wheel weighing 60 tons has a radius of gyration of 15 feet, ine 
indicated horse- power of the engine is 3000, the mean speed is 75 revolutions 
per minute, and the coeflicieut of fluctuation of energy is 0-06. What is the 

coefficient of fluctuation of speed? _ . • -u 

26. A 1000 hor-se-power engine, running at 240 revolutions per minute, has a 
wire-wound fly-wheel whose mass of 70 tons may be considered as concen- 
trated at a radius of 10 feet. Express the energy stored in this fly-wheel in 
terms of the work done per revolution. Steam being shut off, find the moment 
of resistance which will reduce the speed from 240 to 120 revolutions in 

two minutes. , m ^ 

27. An engine developing 80 horse-power has a fly-wheel 10 fc^t mean 
diameter, weighing 4000 lbs., and making 120 revolutions per minute. The load 
on the engine is reduced to 60 horse-power. Assuming that the governor fails 
to act. that the speed increases at a uniform rate, that the horse-power developed 
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in tlie cylinder is proportional to the speed, and that all the surplus energy is 
stored in the fly-wheel, find the horse-power developed and the speed at the 
end of one minute. 

28. A punching-machine needs 4 horse-power ; a fly-wheel upon the machine 

fluctuates in speed between 100 and 110 revolutions per minute; a hole is 
punched every three seconds, and this requires five-sijsths of the total energy 
given to the machine during the three seconds. Find the M and the I of this 
fly-wheel. “M” is the kinetic energy of the wheel at one revolution per 
minute. [B.E.] 

29. In a gas-engine using the Otto cycle the indicated horse-power is 8 and 

the speed is 264 revolutions per minute. Treating each fourth single stroke as 
effective and the resistance as uniform, find how many foot-pounds of energy must 
he stored in the fly-wheel, at mean speed, in order that the speed shall not vary 
by more than one-fortieth of its mean value. [Inst.G.E.] 

30. A gas-engine is provided wuth two fly-wheels, each weighing 11|- cwts.. 

and the radius of gyration of each is 1*87 feet. There is one working stroke in 
each four strokes. The diameter of the cylinder being 7J inches, the stroke 9 
inches, and the mean revolutions per minute 250. The mean pressure during 
the firing stroke is 88*7 lbs. per square inch, during the compression stroke 15T 
lbs., during the exhaust stroke 4’4 lbs., and during the suction stroke atmos- 
pheric. If the resistance overcome is constant, find the percentage variation of 
speed of the engine. [U.L.] 

31. A gas-engine drives a number of machines in a workshop. The 'work 

done on the piston during the working stroke is times the work done during 
the four strokes which make a complete cycle. The engine works for some 
time at 60 horse-pow’-er, and at a mean speed of 200 revolutions per minute. 
Immediately after an explosion in the working stroke has taken place, machines, 
which absorb 20 horse-power, are cut off, the speed at the instant being equal 
to the mean speed. Find the moment of inertia of the fly-wheel so that the 
change in velocity during the working stroke is not more than 4 per cent., 
and then find the number of revolutions per minute at the end of the fourth 
stroke. [U.L.] 
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281, function of a (rovemor. — The fimctioia of a governor is to 
regulate the mean speed of a machine or prime mover, or to keep the 
mean speed -within certain limits, the limits of variation depending on the 
nature of the work which the machine or prime mover has to do. The 
limits of variation of mean speed will also depend on the sensitiveness of 
the governor used. 

The function of the governor differs from that of the dy- wheel The 
fly-wheel limits the variation of speed, during a cycle, which may be per- 
formed during a fraction of a revolution or during several revolutions, hut 
the function of the fly-wheel is not to regulate the speed when a permanent 
change takes place in the load, or when the change in the load lasts for 
more than a cycle of operations of the machine or prime mover ; this is the 
function of the governor, w^hich should regulate the supply of power to 
the demand. For example, in a steam-engine the fly--wheel controls the 
variation of speed due to the difference between the effort on the crank 
pin and the resistance at the crank pin due to the load when the -work 
done by the effort, during a cycle, is equal to the work done on the 
resistance. . 

A change in the average resistance should be accompanied or followed 
as soon as possible by a corresponding change in the average effort which 
is effected by the governor altering the j)oint of cut off, or altering the 
initial pressure by operating a throttle valve. The governor of a recipro- 
cating steam-engine can only act during the period of admission of steam 
to the cylinder, and if a permanent change in the load occurs betw-een 
the periods of admission, the fly-wheel exerts a controlling influence on the 
speed until the governor can act. 

282. Eevolviiig Pendulum, —-In its simplest form the revolving 
pendulum consists of 

a small body A re- h Tb 

volving about a ver- — « 

tical axis OY, and / ' B ^ / 

suspended from a / h / / 

point B by a thread ’Tj < 

or slender rod. In ' a/- a A- 

Fig. 511 the point B ^ 

is on the axis OY, v W- y 

while in Figs. 512 

and 5 1 3 B is at some 511 , Picj. 512. Fia, 513. 

flxed distance from 

OY. When B is outside OY it rotates about OY with the same 
angular velocity as A by being on an arm fixed to a rotating spindle, 
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per minute, then 7i = - 


of which OY is the axis. If AB is a rod, there is a joint at B which per- 
mits of the free angular movement of AB about B in the plane AOY. 

As A revolves at a steady speed, AB describes the surface of a cone 
whose vertex is at O, where AB intersects OY, whose height is A, and 
whose base has a radius r. The forces acting on A in the plane AOY 
are, its weight W, the centrifugal force F, and the tension T in AB, and 
for steady motion these must balance one another. Hence, taking 

W(t)V 

moments about 0, FA = Wr. But F= , where w is the angular 

9 

velocity of A about OY, therefore and 

If g is in feet per second per second, and o> is in radians per second, 
then h is in feet. If A makes w revolutions per second, or N revolutions 
g __ 60 V 

'4^2 47r2N2* 

Eeferring to Figs. 512 and 513, where the point of suspension B is 
not on the axis OY, if the speed of rotation is given, the height li is found 
as above, but there is no simple for- 
mula for calculating ?vnor is there, so 
far as the writer is aware, any direct 
geometrical construction for fixing the 
position of AB. AB must therefore 
be fixed either by trial or by using 
a locus curve. Several locus curves 
may be used, but the one shown in 
Fig. 514 is probably the simplest. 

With centre B and radius equal to AB 
draw the arc DE, which must contain 
the point A. Draw PBp, QBg, etc., 
several positions of the axis of the 
arm AB, meeting the axis YY at p, 
q, etc. Make pX, q% etc., each equal to 
A. Draw horizontal lines through 1, 

2, etc., to meet PB, QB, etc., respec- 
tively. A fair curve drawn through 
the points thus determined will cut the arc DE at a point which is the 
position of A corresponding to the height A. 

283. Effect of Mass of Arm in Revolving Pendulum. — In obtaining 
the result li = g/co^ 



Fig. 514. 


in the preceding 
Article, the weight 
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be assumed to be^ 

Fig. 

616. 





of uniform cross 


Fig. 616. 


Fig. 

517. 



section, and to weigh w lbs. per foot of length. Its length a will be 
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measured from the centre of the ball A to the axis of the joint at B. 
The total weight of the arm is = W^, and the centre of gravity of the 
arm will be taken at the middle of the length a, 0 is the point where 
the axis of the arm AB intersects the vertical axis of revolution OY. 
In Fig. 515, B and 0 coincide. In Figs, 516 and 617, the joint B is 
on ah arm fixed to the vertical spindle, the axis of the joint B being at 
a horizontal distance c from OY. In Fig. 515, c is therefore = 0. 

For simplicity, in what follows attention will be directed in the first 
instance to Fig. 516. 

Consider an indefinitely small length dx of the arm afe a distance 
X from B. The centrifugal force df of this small length of arm is 

wt?a:co2(a-siii g + e) ^ Q inclination of AB to OY. The moment 

9 

of this centrifugal force about B is 

a; cos ddf^ 9:^dx + 

g g 

and the resultant moment about B of the centrifugal force of the whole 


to2cos< 9/ . ^ f'* , \ cos ^ , a%\ 

— — ^sin 6 J qMx + c J xdxj == — sin u + • -g 

Wifo^acos . n d\ 

- g 

Considering now all the forces acting on A and AB, and taking moments 
about B, 

- c cot 9) + sin 9 + ^= W(r - c) + . 

Inserting cot 9 = sin 9 = ’’-"-f , and cos 9 = , the equation of 


CAjsO/a^ . . 


equilibrium reduces to — ( W + ^ 




To make this 


apply to Fig. 517, it is only necessary to change c to -c. Hence the 
general equation is w = W + * 

W+Ill 

If c = 0 (Fig. 515), then — (^W + = W + ^, and li = ■ ^ 

'W+x 

Since — will generally he comparatively small, the equations for Fig. 
2 t 

515 may be taken as applying to Figs. 516 and 517 also. 

It will be seen that the effect of the mass of the arm AB is equivalent 
to increasing the centrifugal force of A by an amount due to an increase 

in its weight of ^ , and increasing the downward pull at A by an amount 

■'3 ■'■■■ 

W" 

equal to 




332 


APPLIED MECHANICS 

284. The Simple Conical Pendulum Go¥emor.— One of the earliest 
forms of the simple conical pendulum governor, as applied to a steam- 
engine, is shown in Fig. 518. ABC and are the arms, jointed 

together and to the vertical spindle HK at BB'. Links CD and C'D^ 
connect the arms to the sleeve E, which, while it rotates with the spindle 
HK, can slide up or down on it when the balls A and A' fall and rise 
with changes of speed. The sleeve E has a groove turned on it to receive 
the forked end of a lever, through which, and through other levers and 
links if necessary, the sliding motion of the sleeve is transmitted and 
converted into the motion of the throttle valve. The vertical spindle HK 
is driven by the engine ■which the governor has to control. To reduce the 
strain on the joint at BB', caused by the inertia of the balls when the 



angular velocity of the spindle changes, the arms AB and A'B' work in 
slots ill the curved arms ML and MN, which are fixed to the spindle at M. 

A later and more common form of the simple governor is that shown 
in Fig, 519, and to this the description just given will apply, except that 
the arms ML and MN are dispensed with, but the sleeve E is driven by 
a key on the spindle HK, which, however, does not interfere with the 
vertical sliding of the sleeve on the spindle. 

A modification of the design shown in Fig. 519, which makes the 
governor more sensitive, is that in which the axes of the joints at B and 
B^ are made to coincide and intersect the axis of the vertical spindle, as 
in Fig. 518, A still more sensitive form is that shown in Fig. 520, 
which is known as a crossed arm (jovermr. The three designs shown in 
Figs. 518, 519, and 520 correspond to the three forms of the simple 
conical pendulum shown in Figs. 511, 512, and 513, p. 329. 

Neglecting friction and the effects of the mass of the arms and sleeve, 
the formuljB connecting the speed with the height 7^. for the governors 
described in this Article are the same as for the simple conical pendulum, 

ct)^ 47r^N^* 

The following results are useful in connection with calculations on 
governors : — 

^ = 32-2. 6-6745. = 0-8156. 

a//-„ = 0-9031. ^=2936-3. ./:^= 54-187. 

' 47r-, ■■ 47r3' .. V 
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. 285; Loaded Governors.— The simple ' governor is improved, par- ' 
ticixlarly , as regards its power of overcoming frictional resistances, by 





Fig. 521. 

adding a central Aveight, which increases 
the downward piiil on the revolving 
balls without increasing their centri- 
fugal force. Fig. 521 shows a simple 
form of loaded governor. The central 
weight or load W is in the form of 
a disc Avith a central boss, which 
corresponds to the sleeve E in the 
illustrations of the preceding Article. 
The masses at the lower ends of the 
revolving arms, or pendulum weights, 
are in this case in the form of rollers, 
upon which the disc part of the central 
load rests, there being slots in the disc 
through which the revolving arms pass, 
as shown. 

Let W equal the total weight of 
the central load, and w the weight of 
each of the pendulum weights. The 
centrifugal force F of each pendulum 

weight is equal to and the down- 

Avard pull on each of these weights is 
w 

— -f tv^ hence, taking moments about 



m 

Tl 

^ i— 

— i— 

i 

_ 


the point of suspension of the arms, 
/W 

\ 9 


Fig. 522. 


+■ MMr = F7i = 


^ and therefore Ti ‘- 
9 




2io 


Comparing this with the corresponding result for the simple governor, it 
is seen that for the same speed the height of this loaded governor is 
greater than that of the simple governor in the ratio of W + 
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More frequently the central load is suspended from the penduluni 
weights by links, as in Fig. 522, which sho’ws the Porter governor^ 
so called from the’ name of its inventor. The particular governor shown 
in Fig. 522 is one made by Messrs. Tangyes of Birminghani. 

To determine the relation betiveen the height and speed in the Porter 
governor, consider the diagram Fig. 523. Let W 
equal the total weight of the central load, and the 
weight of each revolving ball. The central load will 
cause a tension in each suspension link equal to 

. This tension may be resolved at the centre 

2 cos u 

W 

of each bail into a vertical component and a 

horizontal component Q equal to ™ tan B, Taking 

A 

moments about B, the point of suspension of the 
pendulum arms, 


(l+w). 


+ ^Atan 6^=F/i, = — ---■ 
2 ff 



Let 


tan 6> = S: = 


then + 4.+ = 

7i \ 2 / 2/1 g 


rw 


and therefore 


(1 + 


to 



If r, — r, then 1, and h - ^ . 

When the pendulum arms and the 
suspension links are of equal length, and 
the axes of the joints at B and C either 524 . j'ig. 525. 

intersect the main axis (Fig. 524) or are at 

equal distances from that axis (Fig. 525), then g is equal to 1. In other 
cases, the value of g is best found by measuring r and on a diagram 
to scale. It should be noted that when g is not equal to 1, its value 
alters as the height h changes. 

286. Effect of Friction on Crovernors.— The frictional resistances 
of the various joints of the governor itself, and of the gear which the 
governor has to operate, may be reduced to a single force E acting on the 
sleeve in a. direction opposite to that of its motion. When the sleeve is 
rising, and the speed of the governor therefore increasing, E will act 
downwards, and in a loaded governor this will be equivalent to altering 
the central load from W to W + E. Again, when the sleeve is descending 
E will act upwards, and this will be equivalent to altering the central 
load from W to W- E. Hence for a loaded governor of the type shown 

in Fig. 521, h — , the plus ( + ) sign being used for 

increasing speed, and the minus ( - ) sign for decreasing speed 
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For the Porter governor, == Jl. 

W : ■ 


q~ h 


W ±^ + 10 
w 


. I 
0)2 


and wlieii 


The formulae just given for the Porter governor will also apply to the 
simple governor when the upper joints of the suspension links are at the 
centres of the pendulum weights, but W will 
then be the weight of the sleeve. If the 
suspension links are jointed to the pendulum 
arms, as shown in Fig. 526, then W + R must 

be changed to (W ±B.)~. The reason for the 

V 

foregoing statement will be obvious from the 
following considerations. Draw AC parallel 
to A'C'. Let T' be the tension in the 
suspension link when it is at A'O', and let 
T be the tension in that link when it is 
transferred to AC. Then since the moment 
of T' about B has to balance the moments 
of F and iv about B, also since the moment of 
T about B has to balance the moments of F and w about B, it follows 

that T'a must be equal to T^, or T = hence W + R at C' must become 

(W±R)fata 

If the speed of a governor and the lift of the sleeve, or the lift of the 
pendulum weights, be plotted, (1) neglecting friction, and (2) taking the 
friction into account, instructive curves, such 
as are shown in Fig. 527, are obtained. HK 
IS the lift of the sleeve When the sleeve is 
at Y the speed, say in revolutions per minute, 
is YL when friction is neglected, YLj when 
friction is considered and the sleeve is de- 
scending, and YLg when friction is considered 
and the sleeve is ascending. Preferably the 
speeds are measured from a vertical axis some distance to the left of HK 
in order that a larger scale may be used for the speeds, and so cause the 
points L„ L, and Lg to be further apart. The abscissae and ordinates of 
the curve ALB represent the speed and lift respectively when friction is 
neglected. The abscissm and ordinates of the curve AiL^B, represent 
the speed and lift respectively when friction is considered and the sleeve 
is descending. Lastly, the abscissa and ordinates of the curve A^LgBg 
represent the speed and lift respectively when friction is considered and 
the sleeve is ascending. 

. \ Sensitiveness of G-overnors.r-™The greater the change in the 

level of the revolving balls of a governor for a given percentage or 
fractional change in speed the greater is its sensitiveness, and the 
sensitiveness may be defined as the change in level of the revolving balls, 
due to a change of speed of, say, 1 per cent. 

Consider the case where the axis of the top joint intersects the main 
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axis , (Figs. 518, 521, . 52'2,.' 523, , and 524), and let the friction be 
neglected. In this case the change in the level of the revolving bails is 
the same as the change in the height h of the governor. If isytlie 
speed of the governor in revolutions per second when the height is \ 
then for the simple governor and also for the loaded governor li and % are 

connected by an eGj[uation of the form A = ^ , where c is a constant de- 
pending on the type of* governor and the various weights. Also, 
when friction is considered, c has one value for increasing speeds, and 
another value for decreasing speeds. Let the speed increase from n to 
xn. (If the increase in speed is 1 per cent., a* =1*01.) The height /& 
will decrease to 

where Ai = 4 • Hence, A - = AA = A - -r = A(^5~-^-’ \ 

This shows that the sensitiveness of the governor is directly proportional 
to the height A, and it follows from this investigation that the sensitive- 
ness of the loaded governor is the same as that of the swig)le governor when 
friction is neglected. 

Many writers of note state that, friction being neglected, the loaded 
governor is more sensitive than the unloaded governor, and it is therefore 
necessary that this point should be considered more fully. Take a 
simple governor in which the revolving balls each have a weight w;, and 
let this governor be converted into a loaded governor, say of the Porter 
type, by adding a central load of weight W, and for simplicity let 
the factor q (Art. 285) equal 1 j then for the unloaded governor 

= , and for the loaded governor A = . Now if these 

governors are run at the same speed, the height of the loaded governor 
will be — times the height of the unloaded governor, and under 


W 4* w 


to 


times as 


these circumstances the loaded governor would be 

sensitive as the unloaded governor; but what really happens in practice 
is that when the simple governor is replaced by a loaded governor the 
height h is about the same for both, and consequently the loaded governor 

is run about ^ — times as fast as the unloaded governor, and the 

one governor is then no more sensitive than the other when friction is 
neglected. 

Consider now the effect of friction on the sensitiveness of the 
governor. For the Porter governor, in its simplest form, it has been shown 


, where E is the force required at the sleeve 


w Aw^h 

to overcome the friction of the governor and the gear which it has to 
operate. For a given value of A there are evidently two values of n, 


namely, 


W-E + '^(? g 


and n. 


_ ; / W + E " g V ' ■ 

w 4^2^’ ' 2 /y 
Eeferring to the diagram Fig. 527j if is represented by the point L^, then 
712 represented by the point Lg . If the sleeve is at the level Y, it must 
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liave reaciied that level either,: by falling from a higher level, or by rising 
from a lower leveL Suppose that the sleeve reached the level Y by 
falling from a higher level, due to a diminution in speed, then its speed 
must he n^. Now suppose that the speed diminishes still further, the 
sleeve will again fall, but the friction to III not affect the sensifimtiess of 
the governor; the sensitiveness will be simply proportional to A, as has 
already been shown. Next, suppose that instead of the speed diminish- 
ing to less than it begins to increase after coming down to then 
there can be no change in the level of the sleeve until the speed has 
increased to 7i ^ . If after the speed has increased to 
increasing, the sleeve will continue to rise, and the sensitiveness will again 
he unaffected hy the friction. 

If 71 is the mean speed == and represented by the point L 

(Fig. 527), then is the coefficient of fluctuation of speed of the 

governor when the direction of the motion of the sleeve is reveimd, Mxtl 
the smaller this coefficient is, the more sensitive is the governor. 

The value of the expression for a Porter governor of the 

simplest form is found as follows 




hY+n+w 


j ^ 

iiT^h ’ 


"4 


'W-R + w 




-V 




JL 

4:7r% 


(see footnote), hence 


1 + 


R 


n JW + w 

If W be increased, the term 


V'- 


E 




If. 


E 


W + w 

increases, therefore the value of 


W + to W + w 

decreases, and the term 


n.y - 71- 


I decreases as W 


R 

'W+w ^ ^ 

increases. Hence, considering the effect of friction on a loaded governor, 
the sensitiveness is greater the heavier the central load, and consequently 
the loaded governor is more sensitive than the unloaded governor when 
the pendulum weights are the same in both. But the unloaded governor 
may be made as sensitive as the loaded governor by increasing the 
pendulum weights. Let w-^ = weight of each ball of a simple or unloaded 
governor, w = weight of each ball of a loaded governor, and W = weight 
of central load. Then for the unloaded governor W = 0, and 


?Zo - n^ , 




E 


w. 


E 


W+w 
"W -p to. 


For the loaded governor --f “ 

Hence if ~ is the same for both governors, 

■ n-:. 

Note.— The mean ot the rising and falling speeds for a given level of sleeve, 
and for a given value of E, is not quite the same as the speed for i^ho same level 

when K=6, but as E is generally small compared with W + r 

duced by taking n as above may be neglected. 


, the error intro- 
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' 288. Effort -of GoYernors.— -By the effort old. governor is meant the 

force wliicJi it is capable of exerting at the sleeve for a given percentage 
or fractional change of speed. 

Consider first the effort of the Porter governor for which 
W + W! q 

CO- = . - , 

to h 


Let the speed increase from to to xoj, and let a force 


Q be applied at the sleeve in a downward direction, Q being j.nst sufficient 
to prevent the sleeve rising. This will evidently be equivalent to increasing 
the central load from W to W + Q. 

Let F = centrifugal force for two balls at the speed o). 

=: centrifugal force for two balls at the speed xo). 


F = 


2wco‘^r 


2(W-f«4 


Ti * 


“7" 


= 2(W + Q + ?^)~ 


Fi 


. F = - 1) - 

g 7 * h 


Therefore q = '^{x^ 
g 


If the force 
W + w 


Q be 




gradually diminished to zero, the sleeve will rise until % = 

and the average value of the effort on the sleeve during, the rise will 
oe -|Q, or -KW -h - 1) = P, and this is the resistance at the sleeve 
which this governor is capable of overcoming with an increase of speed 
from CO to x(i). For a decrease in' speed from w to xco it follows that P, 
now acting in the opposite direction, is equal to -|(W + ^^?j (l For 

a change of speed of 1 per cent. P = 0*01(W' + i'i?). 

Converting the Porter governor into an unloaded governor by 
removing the central load or making W = 0, it follows from the foregoing 
proof thit F — ^ 2 f;(x^ - 1), or - x^) ~ 0 ’01 to j for a change of speed of 
1 per cent If in the unloaded governor the sleeve is suspended, as in 
Fig. 526, then P, as just given, must be increased in the ratio of I : a, 
supposing that the suspension links and the pendulum arms are equally 
inclined to the main axis. 

It is evident that in order that the unloaded governor may have the 
same power as the loaded governor of the Porter type, — ^ = W + w, 

where is the weight of each ball of the unloaded governor. 

For the loaded governor of the type shown in Fig. 521, 

P = |(W + 2w)(cr2^I). 

289. Power of Governors. — By the power of a governor is meant the 
amount of work which it is capable of doing at the sleeve for a given per- 
centage or fractional change of speed. The work done at the sleeve is 
equal to the mean effort of the governor multiplied by the distance 
through which the sleeve moves for the given change of speed. Thus if 
P = mean effort, ^ = lift of sleeve, and IT = the power of the governor, 
then U = PA 

For the Porter governor (Fig. 524), P = |(W + w) {x^ - 1), 
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For the direct loaded governor (Fig. 521), P = |{W + 2 ( 0 ) {.r^ - 1 ), 

Ah = = k, U == P/fc = |(W + Jfc 

For the simple governor, (Pig. 526), except that B and C' are on the 

mainaxis, P = - 1 )1, = 

a \ J I . \ X'^ J I 




For a cliange in speed of 1 per cent. ^ 
For a change ill speed of 10 per cent. 




: 0-0004. 


= 0-0364. 


290. Diagrams of (jovernor Effort and Power. — The formnla 
obtained in the two preceding Articles will perhaps be better under- 
stood by reference to the 
diagrams of effort and 

power now to be de- 

scribed. Taking first the / 

simplest form of governor, y/ i 

namely, the simple conical /v i 

penduiuin; OAj (Fig. 528) / 

is one position of the pen- / 

dulnnijandOAgis a higher 

position. Let denote /// " 

the normal speed of the // 

governor in revolutions / / /% i 

per minute for the position ' / // '' / 

OAp and hTg the normal f- 

speed for the position ^ \ 

OAg. LetH[iA| = rjL5and jM / \ ' 

HgAg-rg, and let m— gdlflllllB — j — -Ih^ 

weight of one ball. k 

Make the vertical line 523 , 

aF;^ = centrifugal force of 

ball when its speed is and position Aj^. = c?/;]SrVij "where c 

is a constant. 

Make AgFg = centrifugal force of ball when its speed is Ng and posi- 
tion A 2 . AgFg^iJ^/^Njrg. Let also the centrifugal force for intermediate 
positions be plotted in the same way, and a fair curve F^Fg drawn 
through the points thus obtained. 

The work done by the centrifugal force while the ball moves from 
Ai to Ag is evidently represented by the area of the figure (jiF^FgAo • But 
as the speed has been assumed to be normal for each position of the ball, 
all the work done by the centrifugal force must' have been spent in rais- 
ing the ball against gravity. Draw the horizontal line to represent 
w to the same scale as was used in representing the centrifugal force. 
Complete the rectangle H^K^KgHg. The area of this rectangle will 
represent the work done in raising the ball through the height 


where c 
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; Hence the area of the rectangle is equal to the area of the 

figure 

Now vsuppose that Avheii the ball is at A^ the speed suddenly increases 
to Ng, and suppose that the ball is prevented from rising by a force S 
acting vertically downwards at Ajl- The centrifugal force will now be 
Make K|Li = 8 , then + the total downward 

force at A j . For equilibrium it is obvious that uF 3 x OH^ = H ^ L , x A^H^ . 
Next suppose that the force S is diminished so as to allow the ball to rise 
to Ag, then remembering that the speed during this change is N^, the 
centrifugal force will be directly proportional to the radius, and wilt 
therefore be represented by the ordinates of the straight line Fg^s , 
which when produced passes through H 2 . In order that there may be 
equilibrium in each position of the ball as it rises FJi^(tv + s)r, where s 
is the vertical effort at the centre of the ball when its distance from the 

axis is r, hence — = but ? is constant, therefore is constant, 
fli r h 

and to + s will be represented by tbe abscissm of the straight line 5 
which when produced passes through 0. The work done on the force s 
as the ball rises from A| to Ag is therefore represented by the area of the 
triangle K|LjK 2 . In the same time the wmrk done by the centrifugal 
force is represented by the area of the figure aFgFoAg, but the part of 
this, AF^F^Aq) represents the work done in raising w, therefore the 
external work done is represented by the area F^^FgFs- 

If straight lines OLoK^ and HgF^F^ be drawn, it is easy to show 
that the external work which the governor is capable of doing as the ball 
descends from Ag to A, is represented by either the area of the triangle 
K 1 L 2 K 2 or the area F^FgF^, 

If H^H 2 is the maximum or total lift of the balls, then for each ball 
the maximum poioer of the governor is represented by the area of the 
triangle when the ball is ascending, 

and by the area of the triangle KiLgKg when 
the ball is descending. But if the ascent from 
Hjl to H 2 is made in three steps (Fig. 529) 
instead of one, the external work done for each 
ball will only be that represented by the sum of 
the areas of the triangles shaded with mrtiml 
lines, and if the descent from to is made 
in three steps instead of one, the external work done for each ball 
will only be that represented by the sum of the areas of the triangles 
shaded with horkontall^XL^^, 

The horizontal widths of the triangles KiL^^Kg and at any 

given level measures the vertical effort s for each ball of the governor at 
the centre of the hall at that level, the width of the triangle K^LjK.> 
being the effort during ascent, and the width of the triangle K^LoKo 
being the effort during descent. The effort at the sleeve is got by multi- 
plying the effort at the balls by the ratio of the vertical motion of the 
balls to that of the sleeve. 

For the direct loaded governor (Fig. 521), the length (Fig. 528) 
IS made equal to 

2 



Fig. 529. 
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For the Porter governor, HiKi (Fig. 621) is made equal to + 

' . Ji 

where m is the ratio of the motion of the sleeve to the vertical motion of 
the balls. 

The ratio of the vertical motion of the balls to that of the sleeve is 



If the link occupies the position A!G 
V2 


Fig. 530. 


where A'C' is parallel to AO, then ~ x where Vg now denotes 

V 2 i 

the vertical velocity of O'. 


Exercises XX. 

1 . Plot on squared paper the height, in inches, and revolutions per minute, 
for a simple conical pendulum, from 30 to 120 revolutions per minute. Scales. — 
1 inch to 10 inches, and 1 inch to 20 revolutions per minute. 

2. If the arm of a simple conical pendulum is 15|- inches long, what will be 
its inclination to the axis when running at 50 revolutions per minute, and what 
will it be at 60 revolutions per minute ? Also, what will its speed be, in revolu- 
tions per minute, when its inclination to the axis is 30®, and what will it be when 
the inclination is 45® ? 

3. A simple conical pendulum is running at 60 revolutions per minute ; 
what is the decrease in height if the speed is increased 5 per cent., and what is 
the increase in height if the speed is decreased 5 per cent. ? 

4. Add to the diagram drawn in answer to Exercise 1 the curve showing 
the relation of height to speed for a conical pendulum when the weight of the 
arm is half the weight of the ball. Assume weight of arm per inch of length 
to be uniform. 

6. Referring to Figs. 511, 512, and 613, p. 329, the length of the arm AB is 
10 inches for Fig. 611, 8 inches for Fig. 512, and 12 inches for Fig. 513. The 
distance of B from the axis OY is 1 inch for Figs. 512 and 513, Starting in each 
case from the position in which the arm is inclined at 30® to the axis, calculate 
the percentage increase in speed for a rise of 1 inch in level of the balls. Draw 
the figures half full size for each position. . . , 

6. Find the answers to the preceding exercise when the weight of the arm is 
taken into account. The weiglit of the ball in each case is 6 lbs., and the weight 
of the arm is 1*75 lbs. for Fig. 511, 1*5 lbs. for Fig. 512, and 3 lbs. for Fig. 513. 

7. Draw the speed curves, as in Fig. 527, p. 335, for the pendulums of 

Exercise 5, (1) neglecting friction, (2) taking friction into account, the amount 
of the friction being equivalent to a vertical force of 1 lb. at the centre of each 
ball. The weight of each ball is 6 lbs. , 

8. In a direct loaded governor (Pig. 521, p. 333) the arms are 10 inches long. 
Each ball weighs 4 lbs., and the load is 76 lbs. The sleeve is in its lowest 
position when the arms are inclined at 27° to the axis, The lift of the sleeve is 
1 inch. What is the force of friction at the sleeve if the speed at the beginning 
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of the ascent from the lowest position is equal to the speed at the beginning of 
the descent from the highest position ? Also, what is the range of speed for this 
governor under these conditions ? 

9. Referring to the preceding exercise, if the friction is 4 lbs. at the sleeve, 

what must be the lift if the maximum descending speed is equal to the minimum 
ascending speed ? • 

10. In a Porter governor the arms and links are each 10 inches long, and 
the axes of the top and bottom joints intersect the main axis. Each ball weighs 
5 lbs., and the central load is 50 lbs. R, the force of friction at the sleeve, is 5 lbs. 
The inclination of the arms to the vertical is 30® and 45° in the lowest and 
highest positions respectively. Calculate the following : (1) The travel of the 
sleeve, in inches. (2) The speeds at the bottona, middle, and top of the travel of 
the sleeve, neglecting friction. (3) The speeds at the bottom, middle, and top 
of the upward travel of the sleeve, allowing for friction. (4) The speeds at the 
top, middle, and bottom of the downward travel of the sleeve, allowing for 
friction. 

Speeds to be in revolutions per minute. Plot the results as in Eig. 527, p. 335, 

11. The arms and links of a Porter governor are all 9 inches long, and the 
axes of the top and bottom joints are at a distance of 1 inch from the main axis. 
The balls weigh 5 lbs. each, and the central load is 55 lbs. The friction is 
equivalent to a force of 4 lbs. at the sleeve. The sleeve is in its lowest position 
when the arms are inclined at 30® to the vertical. Find the lift of the sleeve, in 
inches, when the speed at the beginning of the ascent from the lowest position is 
equal to the speed at the beginning of the descent from the highest position. 

12. Referring to the governor of the preceding exercise, if t is the radius of 
the circle described by the centres of the balls as they revolve, what are the 
extreme speeds in revolutions per minute corresponding to r=5 inches, and what 
is the range of speed between r=5 inches and r=6 inches ? 

13. The balls of a Porter governor weigh 4 lbs. each, the load on the governor 
is 40 lbs. , and the arms intersect on the axis. What height will this governor 
run at if it revolves at the rate of 240 revolutions per minute ? 

If the speed of the balls suddenly increases 2-| per cent., what 
pull will be exerted on the gearing attached to the governor? 

If the friction of the regulating apparatus is equal to a dead 
load on the governor of 5 lbs., by how much will the speed 
increase before the balls rise ? [U.L.] 

14. A spring- controlled governor is as shown in the sketch 

(Fig. 531), the fixed fulcrum of the arm being at F, and the 
weight of each ball being 5 lbs. There is no tension in the 
spring when the balls are at a radius of 3 inches. Neglecting 
the controlling effect of the balls and arms, draw the curve 
of controlling force. Find the speed at which the governor 
runs when the balls are at 5 inches radius, and find also the 
force on the sleeve if when the balls are in that position the speed is 10 per cent, 
higher. The spring extends 1 inch for 30 lbs. ISiiow on your curve, roughly, the 
controlling effect exercised by the balls. [U.L.] 

16. A spring-loaded governor is placed horizontally, as shown in Fig. 532. 
Let W be the weight of each of the balls in lbs. ; r the radius of the path of the 
balls ; I the length of each of the four arms ; 

U3 the angular velocity in radians per second. 

When the radius is zero, the tension in the spring 
is T lbs., and the force required to elongate the 
spring unit length is Q lbs. Show that 


a 


1 i 

1 „ 

'f s — 3 H 

ric: 

6"! 

.11 


1 ! 

l< f— — *« 






FlO. 531. 




glT+2Q(?- 



Fig. 532. 


If the rate of change of w with respect to r is to be 80 when w is 26 radians 
per second, r is 0’23 foot, and I is 1 foot, and the weight of each ball is 3 lbs., 
find the values of T and Q. [U-L.] 

16. A Wilson- Hartnell spring loaded governor is shown in Fig. 533. The 
maximum and minimum distances of the centres of the balls from the axis of 
the governor are 7 and 3*5 inches respectively, and the lengths of the arms 
of the bell crank levers, are 4*5 and 3*5 inches respectively. Each ball weighs 



GOTERNOES 


6 lbs. Tbe maximuiii load on the spring is 258 lbs. Neglecting the moment of 
the weight of each ball, and assuming that the ball and roller ends of the levers 


move in horizontal and vertical lines respectively, find (a) the maximum speed of 
the governor in revolutions per minute, and (6) the load on the spring at minimum 
speed, which is 270 revolutions per minute. 


CHAPTEE XXI 

BRAKES AND DYNAMOMETERS 


291. Brakes. — A. brake is an instrument for introducing an artificial 
resistance to tke motion of a macMne or moving body. Tlie object of 
introducing the artificial resistance is either to stop the machine or retard 
it, or prevent its speed increasing. In acting, the brake converts work 
into heat by means of friction. The friction may be between solids, or 
between solids and a fluid, or it nia}' be partly between solids and a 
fluid, and partly between the particles of the fluid. 

292. Band Brakes. — In a band brake, a band, generally of metal, 
embraces a portion of 
the circumference of a 
wheel, as shown at (a), 

Fig. 534. One end 
of the band is jointed 
to one arm of a lever, 
and the other end is 
either jointed to an- 
other arm of the same 
lever, or it is jointed 
to a pin fixed on the 
frame of the machine. 

The required re- 
sistance is produced 
by the friction between the band and the rim of the wheel, and wdien 
the brake is in action there are tensions T| and Tg in the straight parts 
BE and OF of the band respectively, of which is the greater, and the 
turning action of these forces on the lever is balanced by a force P applied 
to the lever at D. 



By Art. 243, p. 277, ^ = 

l -,2 

The resisting torque due to the action of the band on the wheel is 

(T, ~ T 2 )B, where R is the efiTective radius of the wheel, that is, the 

radius measured to the middle of the thickness of the band. 

Referring to (a), Pig. 534, and assuming that the arms AB and AC 

of the lever are perpendicular to BE and OF respectively, then, taking 

moments about A, the fulcrum of the lever, P x AD = To x AG - T. x AB. 

AO . ' ■ T . , „ . " , 

If -pg is made equal to-^, then P = 0, which means that once the brake 

xxilS *^2 

is in action it will remain in action without the application of any further 
effort on the lever. Again, if ^ is nearly equal to only a small 

344 ' ^ 
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effort will be required on the lever at D to keep the brake in full 

action. 

It is obvious that if AC is greater than AB, a downward motion of 
the end D of the lever will loosen the band from the wheel. 

AC T 

If the ratio ^ is made less than J , then, when the brake is in 

action, the force P must act downwards, as shown at (5), Fig. 6.34 ,■ but if 
this force be increased beyond what is sufficient to balance the turning 
action of Tj and on the lever, the end D will drop, and the band will 

be disengaged from tbe wheel. 

At (c). Fig. 534, the tight end of the band is shown anchored at A, 
the fulcrum of the lever. Here P x AD = x AC. At (d) the slack end 
of the band is shown anchored at A. Here P x AD^T^x A'B. Com- 
paring the arrangements at (r) and (d), it is obvious that, for the same 
effort P, the latter arrangement will require a larger leverage for P to 
prorluce the same resistance at the circumference of the wheel. 

293, Band and Block Brakes.— By lining the band of the brake 
discussed in the preceding Article with wood blocks, as shown in Fig. 535, 
a higher coefficient of fric- j 

tion is introduced, and the 
wear is confined to the wood 

blocks, which may easily be ° '' ' \ 

renewed from time to time. * •"""V 1 M[ \\ 
The ratio of the tensions 

Tq <ind T.„, at the ends of \ 1 01 { ( ® ) m 

the band is obtained as fol- ^ /Mm 

lows. Let there be blocks, 9 o- 0 -<{) yW 

each subtending an angle 2^ ( 

at the centre of the wheel. 

The first block at the tightest 

end. is shown separately at ... 

(a). The forces acting on ’ ’ • 

this block are Tq and Tj, the tensions in the band where it leaves the 
block, and R, the reaction of the wheel on the block ; the latter force is 
inclined to the normal at an angle as shown, when slipping is taking 
place, 4> being the friction angle. The triangle of forces for the block 
under consideration is shown at (6). 

From the triangle of forces it follows that 

sm{{90 -- 0) - <l^} Tj i '~ptan6> 

where p - tan ^ is the coefficient of friction between the block and the wheel. 

In like manner for the second block ==: ^ and for 

Tg 1 ~/x tan 0 


Fig. 535. 


all the blocks = 
■^1 


1 + p tan $ 

1 - p tan 6 ’ 


Hence 


> — p tan 0 }^ 
, 1 1 - /X tan 6 1 * 


294. Block Brakes. — In a block brake a block is pressed against the 
rim of a revolving wheel. This is the type of brake which is nearly 
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always used on railway trains, tram-cars; and veHcles on common roads. 
The block is made of a softer material than the rim or tyre of the wheel 
against which it is pressed, so that the w^ear is confined mainly to the 
block, which is easily renewed. When the block is made of wood, a hard 
and strong wood, such as elm, oak, or beech, should be used. For heavy 
and rapid running vehicles, cast-iron brake blocks are the most common. 

If P is the normal force pressing the brake block on the wheel whose 
radius is E, then the resisting torque set up by the brake on the wheel 
is fiPB. when the wheel is rotating. 

When a brake block is applied to a rolling wheel an additional load 
is thrown on the bearing or journal of the wheel or axle, but if two 
blocks are applied at opposite ends of a diameter of the wheel, there is no 
such additional load. The braking action is also doubled by the use of 
two blocks, and the two blocks may be operated by practically the same 
force wdiich will operate one. 

Fig. 536 shows the Milnes-Daimler differential block brake as used 
on motor omnibuses.* A is the brake drum fixed to the final driving 
shaft, BB are the brake blocks, C is a bracket fixed to the frame of the 
chassis, D is the operating lever, E is the pull-off spring, and F is the 
brake adjusting screw. 



Fig. 636. Fig. 537. 


Fig. 537 shows the James and Browne block brake, as used on motor 
cars.t A is the sprocket wheel and brake drum, BB are the brake blocks 
which act on the inside of the rim of the brake drum, G is an arm jointed to 
the frame of the chassis, D is the operating lever, and E is the pull-off spring. 

295. Action of Railway Brakes.—The block brakes used on the 
wheels of railway vehicles are found to be most effective when the forces 
pressing the brake blocks on the wheels just prevent the wheels from 
skidding on the rails. The explanation of this is that the coefficient of 
sliding friction between the wheels and the rails is less than that between 
the brake blocks and the wheels, and also that the coefficient of friction 
between the wheels and the rails just before skidding begins is greater 
than the coefficient of friction of skidding. 

For example, at a speed of 50 miles per hour the coefficient of sliding 

* Proceedings of the ImtiAution of Mechanical Engineers^ 1907, p 432. 
t Ihid., 1902, p. 730, 
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friction between a wheel and the rail may be, say, 0’05, while the co- 
efficient of friction between the brake block and the wheel when the wh«d 
is not skidding may be, say, 0-08. Let the weight on the wheel be 
10,000 lbs., and let the braking force on the block be 9000 lbs. If the 
wheel is skidding the resisting force is 10,000 x 0*05 == 500 lbs., and 
the work absorbed per foot of travel of train is 500 ftdbs. for this 
wheel. If, however, the wdieel is not skidding the resisting force is 
9000 X 0*08 = 720 lbs., and the work absorbed per foot of travel of 
train is 720 ft. -lbs. for this wheel. But in order that the resistance of 
7 20 lbs. due to the sliding of the rim of the wheel on the brake block 
may not lock the wffieel and make it skid, there must he a resistance to 
sliding of the wheel on the rail of not less than 720 lbs., and this force 
is greater than the 500 lbs. wffiich is the resistance to sliding when the 
wheel skids. Now, when the wheel is rolling, the part of the wheel in 
contact with the rail is for the instant at rest on the rail, and the co 
efficient of friction between the wheel and the rail before skidding 
commences may be, say, 0*15, and therefore the resistance before skidding 
commences must be 10,000x0*15 = 1500 lbs,, which gives an ample 
margin. 

The coefficients of sliding friction between the wheels and rails when 
the wheels skid, and between the wheels and the brake blocks when tlie 
wheels roll, are found to vary with the speed, being least at high speeds, 
and they increase as the speed decreases, as shown approximately in the 
following table 


Speed of sliding in miles \ 
per hour j 

60 

60 

40 

30 

20 

10 

0 

fx between wheels and rails 

0*04 

0*05 

i ■ 

0*06 

0*07 

009 

0-11 

i 

0’15 

between wheels and brake \ 
blocks j 

0*06 

0*08 

0-10 

0*13 

i 

0*17 j 

0*21 

0*25 


296. Dynamometers.— A dynamometer is an instrument for measuring 
the effort or torque exerted by or on a machine. The work done in a 
given time by the effort or torque is found by multiplying the effort by 
the distance moved in the given time by the point at which the effort 
acts, or by multiplying the torque by the circular measure of the angle 
described in the given time by the piece on which it acts. 

Dynamometers may be divided into two principal classes, namely, 
absorption dynamometers and transmission dynamometers. In an ab- 
sorption dynamometer the work done by the effort or torque is wasted by 
being converted into heat by means of friction. In a transmission dyna- 
mometer the work done by the effort or torque is transmitted through 
the dynamometer with only a small waste necessary to operate the 
instrument. 

297. Block Brake Dsrnamometer. — What is generally known as the 
Prony brake is a simple form of absorption dynamometer. In its simplest 
form the Prony brake consists of two blocks of w^ood clamped together 
with a pulley between them, the pulley being fixed to a revolving shaft ; 
one of the blocks has a lever attached to it, which carries a weight at its 





The nuts may be of the ordinary form, to be turned with a spanner, or 
they may be small hand- wheels, as shown. Between the nuts and the 
block A, and partly recessed in the block, are stiff helical springs, which 
serve to keep the pressure between the blocks and the pulley constant. 
The lower block B is extended to right and left to form a two-armed 
lever. A rod E, suspended from the right-hand end of the lever, carries 
the load W. A rod F, suspended from the other end of the lever, carries 
a weight, which balances the brake when unloaded. The rod F may also 
be extended and carry a piston to work in a dash-pot, to be presently 
described. H and K are stops to limit the motion of the lever. 

If E is the horizontal distance of the axis of the rod E from the axis 
of the shaft in feet, W the load in lbs., and N the speed of the shaft in 
revolutions per minute, then the horse-power absorbed by the dynamo- 
27rR'WN 

meter is ♦ It should be observed that it is not necessary to 

know the diameter of the pulley or the coefficient of friction between the 
brake blocks and the pulley in order to compute the horse-power absorbed. 

The great defect of this type of brake is that it is liable to violent 
oscillations when the driving torque on the shaft is not uniform, and even 
w^hen the driving torque is uniform, as in a steam turbine, variations in 
the coefficient of friction between the blocks and the pulley often cause 
great unsteadiness in the lever. 

To keep the coefficient of friction constant, the brake should be kept 
well lubricated with a stream of soapy water. The stream of water also 
serves to carry away the heat and keep the pulley and brake blocks cool. 
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In the brake shown in Fig. 538, the lubricating and cooling water enters 
at the top from the pipe P, and is distributed over the surface of the 
pulley by grooves formed in the rubbing surfaces of the blocks, and 
leaves by the pipe Q' at the bottom. Wooden shrouds L and M on the 
sides of the blocks prevent the water coming out at the sides. 

Oscillations of the brake may be damped by means of a dash-pot, 
such as that shown in Fig. 539. This dash-pot is a cylinder containing 
oil or winter, and a piston, which is attached to 
a rod suspended from and jointed freely to the 
lever of the brake. The piston may be about | ~ | 

l-16th inch smaller in diameter than the bore | | 

of the cylinder, and it should be thin at its 
edge. The oscillations of the lever are com- 
municated to the piston, but the motion of the E E| 

piston is retarded by the liquid in the cylinder, 
a portion of which must move from, one side 
of the piston to the other through the narrow 5^0 

passage round the edge of the piston as the 

latter moves. In this way the amplitude of the oscillations of the brake 
is considerably reduced. 

The brake should be balanced, w’hen unloaded, with the piston im- 
mersed in the liquid in the dash-pot. 

Instead of hanging the brake load on the end of the lever, the brake 
may be turned ^^end for end,” and the load end of the lever ] 3 e made to 
rest on a pedestal placed on the platform of a ■weighing-inachine. In 
many cases this is a very convenient arrangement. 

298. Use of Compensating Lever on Dynamometer. — When a band- 
block brake is used as a dynamometer, a compensating lever is often 
added. This lever provides a means of automatically adjusting the 
tension in the band to suit variations in the coefficient of friction 
between the brake blocks and the wheel. 

Referring to Fig. 540, ABC is the compensating lever jointed to the 
ends of the band at A and B, and D is the point of suspension of the brake 
load W. The hand is 
tightened by the screw 
at E, so that when the 

brake is in action the r 

compensating lever is i ~ / 

horizontal and in line — Pi'S • 

with D. l\ f ^ 

The action of the — ^ ^ m ^ 

compensating lever is as ir" W 
follows. Suppose that ^ -c=H 
the coefficient of friction 

between the brake blocks Fia. 540. 

and the whetd should 

increase, this will cause the wheel to carry the brake and its levers round 
with it until the lever ABC strikes the stop H. The points A and E 
will continue to move round with the wheel, but A will move faster than 
B, because the outer end of the lever is resting on the stop H ; the efect 
of this is obviously to slacken the brake strap and diminish the resist- 
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ance of friction, and so compensate for the increase in the coefficient of 
friction. A diininntion in the coefficient of friction will produce the 
opposite action, the compensating lever will strike the upper stop K, and 
the band will be tightened. 

When the compensating lever is floating between the stops, a load w, 
in addition to the weight of the lever ABC, may be required to balance 
the vertical components of the tensions in the band at A and B. The 
horizontal components of these tensions balance one another. 

If W is the load at D over and above that required to produce static 
balance when w is removed, and the whole brake is free to move about 
its axis, which is the axis of the wffieel, then when the brake is in action, 
with the compensating lever floating- and the loads W and w on, the 
driving torque is WE ~ icr. If, however, the compensating lever is not 
floating, but rests against one of the stops, the driving torque is 
WR - ± p(r 4* where p is the reaction of the stop on the com- 
pensating lever. The -f sign is to he taken when the lever is against 
the lower stop, and the - sign when the lever is against the upper stop. 

If N is the speed of the wheel in revolutions per minute, and if the 
forces are measured in lbs. and distances in feet, then the horse-power 

absorbed is . If the brake is carefully adjusted 

the force p should be small, and may then be neglected. 

299. Pullen’s Friction Brake Dynamometer. — A form of dyna- 





BRAKES AND DYNAMOMETERS, 


351 



engines, is shown in Fig. 541. This is a design by Prof. W. W. F. Piillen.* 
P is an ordinary cast4ron pulley, 6 inches in diameter, inouiited on 
the shaft of the motor to be tested. Small solid-drawn copper tubes C 
are bent to the shape shown. Small plates of brass M haying holes 
drilled in them are threaded over the copper tubes, and brazed on to them 
in the positions shown. The copper tubes are placed in position on the 
pulley, and are then embedded in while metal, plaster of Paris being 
used for moulds. The white metal is showm black in the sections. Two 
timber levers T are fitted over the white metal, and are held together by 
two bolts, one of which has a hand- wheel K for a nut, and between this 
hand-wheel and the upper lever there is a helical spring, which enables a 
practically constant pressure to be maintained between the white metal 
and the pulley when the dynamometer is in use. The rubbing, surface 
of the pulley is lubricated with oil from the sight-feed lubricator F, 
Water is circulated through the copper tubes, entering at J and leaving 
at L, The brake is retained in position on the pulley by small wooden 
ear-pieces E. The spring balance S is useful for measuring small 
variations of torque, but most of the load is put on by dead weights W. 
A dash-pot and any weight required to balance the parts may he con- 
nected at B. This brake easily absorbed 8 horse-powm' at 1000 revolu- 
tions per minute without undue heating. 

300. Rope Brake Dynamometer, — The simplest and most reliable 
form of absorption dynamometer is probably the rope brake, shown in 
Fig. 542. One, two, or more lengths of rope are passed once round the 
rim of the fly-wheel or the rim of 

a pulley fixed on the shaft. The $ d 

different lengths of rope are kept TrT 

in position by blocks of wood, as i ® ^ 

shown, the blocks being laced to B ^ 

the rope. The upper ends of the T 1 ‘ § 

several lengths of rope are united Q 

and attached to aspring balance B, 

while the other ends are united and r 

attached to the w^eight W. Let 

W - hanging weight, in lbs., in- fl h 

eluding portion of rope, Alii 
hook,etc.,hangingfromA. 

S = tension registered by spring f\\C 1 
balance, less the weight i 
of the rope, etc., betAveen ® 

A and the balance, in lbs. ^ 

B = effective radius of w^heel Q Plan of O 

= nominal radius of wheel || Weight. | 

+ radius of rope, in feet. 

N = number of revolutions of ^ 


Avheel per minute. Fig. 542. 

The effective resistance at radius R is W - S, and the brake horse- 
. , , 27rRN(W--S) 

power IS therefore = — ^000 
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Fig. 543. 


The whole of the work is couTerted into heat at the rubbing surfaces 
between the rope and the wheel. For small powers or for short trials 
the air in contact with the revolving wheel will carry away enough heat 
to keep the wheel sufficiently cool. For larger powers and long trials, 
however, it is necessary to cool the wheel rim with w^ater. For water 
cooling it is best to make the rim of the wheel of channel section, as showm 
in Fig. 543. The 
water is held in by 
centrifrugal force 
so long as the speed 
of rotation is not 
less than a certain 
criticahspeed. The 
centrifrugal force of a small mass of w^ater weighing id lbs. at a radius 

R feet and revolving at N revolutions per minute is ^ “ “y* 

When this mass of water is in its highest position the resultant force 
holding it to the rim of the wffieel is ¥ and the minimum speed at 
which the water will remain in contact with the wheel in its highest 

position is found by putting ¥~io, then FT 

During a long trial it is necessary to renew the cooling winter. This 
may be done by using two pipes, as shown in Fig. 543. One pipe D 
supplies cold water to the channel in the rim, and the other E scoops 
water out and ■ discharges it. J ust before stopping a trial the water 
supply is cut off, and the pipe E is turned over slightly so as to nearly 
touch the bottom of the channel and collect and discharge sufficient 
water to prevent an overflow from the channel w'hen the wffieel stops. 
The collecting end of the pipe E is flattened out so as to ’present a 
narrow slit to the water. 

301. Fan Brake Dynamometer. —One of the simplest and most con- 
venient of dynamometers for testing the output of small high-speed motors 
is a simple form of fan. This was first used by M. Renard, whose design 
for small powers consisted of a rectangular bar of ash, to which w^ere 



bolted two rectangular aluminium plates, the wooden bar being mounted 
on the shaft of the motor at right angles to its axis. Fig. 544 shows the 
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brake as made by Mr. W. G. Walker, and wMcli the writer has used suc- 
cessfully since the beginning of 1905 for testing peti^ol motors. 

With the exception of the plates E and F, which are made of aiu- 
miniuin, all the parts are made of steel. The arms AB and CD, of 
rectangular cross section, are clamped to the shaft of the motor by two 
bolts, as shown. The plates E and F are bolted to brackets H and K 
respectively, which are carried by the arms. The plates are equally dis- 
tant from the axis of the shaft, but the distance may be Varied according 
to the speed and power of the motor. Different sizes of plates may also 
be used. In the brake used by the author there are three sets of plates, 
the smallest being 6 inches x 6 inches, the intermediate size 8 J inches x 8| 
inches, and the largest 17 inches x 8| inches. With the smallest plates 
the distance of the outer edges from the axis of the shaft may he varied 
from 8 inches to 15 inches; with the intermediate size plates this distance 
is from 10| inches to 17| inches; and for the largest size, 19‘ inches to 
26 inches. 

The resistance is, of course, the pressure of the air on the plates and 
exposed parts of the arms, and this produces a pure torque, and there is 
no bending action on the shaft, except that due to the weight of the 
instrument, which is only about 9| lbs. with the smallest plates, and 
1 4"|- lbs. with the largest. The parts are also perfectly balanced. 

Once the instrument is calibrated it is only necessary to know the 
speed to determine the horse-power, since the power to drive the fan is 
proportional to the cube of the speed. For example, when the inter- 
mediate size plates are used, and the bracket pins are in the sixth holes 
from the inside, the brake horse-powmr is given by the formula, 

B.H.P, - 0*000, 000, 0038N3 == 38 X IQ-'W, 
where N is the speed in revolutions per minute. 

The resistance to the motion of the plates is proportional to the density 
and viscosity of the air. Now the density is proportional to the pressure, 
and inversely proportional to the absolute temperature, while the viscosity, 
according to some authorities, is proportional to the absolute temperature. 
Hence the resistance varies with the pressure only, and if the coefficient 
c in the equation B.H.P. = cN'^ is obtained experimen tally when the height 
of the barometer is 7^, then if, when a test is made, the ^height of the 
barometer is h\ the coefficient e should be multiplied by Klh, 

This dynamometer may be run for any length of time, as there is no 
heating effect on the instrument, the heat being carried away by the 
circulating air. 

The dynamometer having the dimensions given above may be used 
for i^ow^ers up to 20 horse-power. 

302. Eddy Current Brake Dynamometer. — In the eddy current 
hrcihe dynamometer the resisting torque is obtained without actual con- 
tact between the revolving and the floating elements. A system of field 
magnets, with alternate ])oles, is mounted on the floating portion of the 
brake, while the motor under test drives one or two copper discs past the 
pole kces, whose magnetic flux induces very large circulating currents, 
which, by their magnetic action, tend to retard the motor and absorb its 
energy in heating the discs. 

Brakes on this principle were constructed by Pasqualini in 1892, by 
Grau in 1900, by Siemens and Halske in 1901, and by others. These 

M 
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brakes, thougli convenient in laboratory use, did not become extensively 
employed owing to the skill required in fixing to the motor, and also to 
the suiali horso-power absorbed for a given size, and cost of apparatus. 
The great accuracy and convenience of the electrical control of the resist- 
ing torque, and also the cleanliness arising from the use of air instead of 
water to get rid of the heat, was, however, early recognised. 

Morris Lister, in 1905,* gave the theory of this apparatus, and 
showed how the design might be greatly improved and simplified. They 
showed also that there was a certain thickness of copper which ought to 
be used on the discs, and that it was just as bad to use too much as too 
little copper. 

Fig. 545 shows the Morris & Lister eddy current brake, f The brake 
may be mounted on its owm shaft in a frame, independent of the motor 
to be tested. In some cases, however, especially with electric motors, it 
is simpler to mount the brake direct on the shaft of the motor in place of 
the driving pulley, or, in the case of a petrol motor, in place of the fly- 
wheel. A is a* central cast-iron hush, to be secured to the shaft of the 
motor to he tested. On this bush are fitted two ball-bearings B, and 
two strong aluminium spiders C, carrying stout iron discs D, faced with 
sheet copper on the inner sides, and provided wfith cooling vanes E on the 
outer sides. On the ball-bearings and between the discs floats a strong 
alumiuiinn easting F, formed for carrying conveniently a number of fiat 
iron pole pieces H, arranged in pairs opposite one anotlier. Between each 
pair of poles is a stout iron core K, on which a coil L is slipped. These 
coils are so connected that the poles present alternately magnetised faces 
to each disc The central casting F has also two strong bosses M and N 
at the ends of its horizontal diameter. Into the boss M is inserted the 
main graduated lever P, on which slides the carrier for the weights W. 
Into the boss N is inserted the short counterpoise lever Q. The long lever 
is sometimes replaced by a short one provided with a hook for a spring 
balance. Further projections S from the central casting F at the top and 
bottom support the outside guards Tand the insulated terminals U, bywLich 
current is led into the windings from a source of continuous current supply. 

When the magnets are excited, the magnetic flux from each pole is 
compelled to cross the revolving copper disc in order to reach the iron 
disc behind it, and to return by the adjacent magnetic poles. The flux 
has then to cut the other copper disc twice in a similar manner before the 
magnetic circuit is completed. In this way large eddy or Foucault 
currents are generated in the copper discs, which then exert a resisting 
torque, the power corresponding to which is converted into heat in the 
discs. This heat is got rid of by means of the vanes E, which are set so 
as to induce a strong current of air. 

The discs have to be so supported on the spider as to prevent the 
passage of heat to the arms, and so to the framework of the brake or 
motor, and at the vsame time to allow them to expand while still keeping 
true. This is done by mica washers and slotted holes in the discs. The 
spiders also must be able to resist the attractive force on the discs, which 
is large, although it diminishes as the speed increases. 

* JourthoZ of the Institution of Mectrical Engineers, vol. xxxv. p. 445, 

t Made by Messrs. Morris & Lister, Ltd., Coventry. 


Section at OY. 
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By means of a special regulator, or other suitable regulating appliance, 
the exciting current can be increased until the lever floats, the weights 
having been previously placed to correspond with the required torque. The 
amount of electric power required for exciting the magnets is quite small. 
Thus a torque of 73 ft.-lb., which gives 14 horse-power at 1000 revolutions 
per minute, requires less than J kilowatt in the coils. The exciting 
current need not be measured. 


The power is computed by means 

1 1 1 P TX T> ^TT WRIST 

brake, namely, B.H.P. -= - 3300 ^- - 


of the formula used for the Proriy 


A good feature of the eddy current brake is that the resisting torque 
is practically consfaint oi’er a considerable range of speed (10 per cent, 
above or below' normal). Hence when testing petrol or other motors in, 
wdiich the eflbrt fluctuates, the lever does not oscillate but floats steadily, 
regardless of periodic fluctuations of speed. This constancy of torque 
at or near its rated speed occurs in a similar way to the maximum 
torque in an induction motor, and constitutes not the least of the 
advantages of this convenient and accurate type of absorption brake 
dynamometer. 

A small amount of power is used in overcoming the air resistance 
at the vanes E ; a portion of this resistance is communicated to the 
guards T on the floating element, but there remains a certain amounu 
w’hich is not communicated to the floating element, and is therefore not 
measured, but, if necessary, this may be allowed for by using a constant 
determined by experiment. The unmeasured resistance is, however, 
only a fraction of 1 per cent, of the total resistance. 

303. Epicyclic-Train Dynamometer. — One form of transmission 
dynamometer is shown in Fig. 546. AB is a lever, wdiich may turn round 
the fixed axle CD. Mounted on the lever, and turning freely on it, are 
two equal bevel wheels E and F, which gear with two equal bevel wheels 
.H and K, mounted on the axle, 
and turning freely on it. A 
wheel or pulley is secured to 
the boss L of the wheel H, 
and another wheel or pulley is 
secured to the boss M of the 
wheel K. The torque to be 
measured is transmitted from 
L to M, or from M to L through 
the wheels E and F. 

Let P bo the effort exerted 
by the teeth of the wdieel H on 
the teeth of the wheel E at a 
radius from the axis of CD, 
and suppose P to act down- 
wards. There will be an equal 
effort P at radius r from the axis 
of CD acting upwards on F from H. The torque on H is therefore 2 Pr. 
The wheel E in driving K will cause the latter to exert a downward 
force P at radius r from the axis of CD, and the wheel F in driving K 
will cause the latter to exert an upward force P at radius r from the axis 



Fig. 546. 
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of CD. These four forces acting on the wheels E and F will produce a 
torque on the lever AB equal to IPn Hence if the weight W on the 
lever is at a radius R from the axis of CD, WR«4P?*, and the torque 
transmitted from L to M is JWR. 

If the wheels H and K run at a speed of N revolutions per minute, 

1 1- WRx 27rN ttWRN ' 

then the horse- power transmitted is 

2 X douOO ooUOU 

When unloaded, the lever is balanced by the weight w. 

Stops SS limit the motion of the lever. 

304. Belt Dynamometers. — ^When a belt is transmitting power from 
one pulley to another the tangential effort on the driven pulley is equal 
to the difference between the tensions on the tight and slack sides of the 
belt. If T| and Tg are these tensions in pounds, and V is the speed of 
the belt in feet per minute, then the horse-power transmitted is 

(Ti-T,)V 

33000 * 

Several forms of dynamometer have been introduced for measuring 

- Tg directly -while the belt is running i one form is shown in Fig. 551, 
p. 362^ another is shown in Fig. 547. The latter illustration and the 


ElevaMon. 


Fig. 647. 

following description are taken from a paper by Mr. S. P. Watt in the 
Transactions of the American Society of Mechanical Engmeers, 1891. 

The dynamometer (Fig. 547) consists of a set of pulleys mounted on 
a suitable frame and disposed as follows. The pulleys A and C are fixed 
to the shaft a, and B and D are fixed to the shaft b. The pulleys E and 
F revolve freely as independent loose pulleys on the shaft g. The shalt 
g has a second shaft f fixed to it midway between the pulleys E and F. 
Shaft /constitutes a pivoting axis, parallel to the shafts a and b, for the shaft 
g, together with the frame K and the w^eight lever L, all rigidly connected. 
Only enough motion of L is allowed to determine the direction of action. 
Instead of the wmight of the lever L, the end of the lever could be con- 
nected to a small platform scale, and its tendency to rotate weighed. It 
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might be useful to Biake the frame between the pulleys adjustable at d 
and e in order to vary the tension of the dynamometer belt, or better still, 
it might be so constructed that the absolute tension could be noted at any 
time, whether working or at rest. The working of the apparatus is as 
follows. A driving belt from the source of power is put on the pulley A. 
The machine to be driven is belted from the pulley B. The d3maniometer 
belt passes from the lower side of the pulley C to the pulley F, around F 
to D, around D to E, around E back to C. It will be seen that C is a 
driving pulley, and D a driven pulley. When the system is at rest, the 
four strands of the dynamometer belt have the same tension. If now C 
revoh es and drives D, the tension of the belt from C around the loose 
pulley F to D will correspond to the tension of the taut side in a simple 
system of two pulleys, and the tension Tg of the belt from the lower side 
of D around F back to the lower side of C will correspond to the slack 
side. 

The difference of tension is the driving force P, and taking what 
actually occurs, . 


2Tt - 2L 


.2==:T5 _ T2 = P* 


Now P in pounds multiplied by the speed of the belt is foot-pounds deve- 
loped or consumed, ignoring friction. Let r be the radius of the position 
of pulleys E and F from the pivot /. Let I be the distance of the weight 
W from /, to balance the tendency of the frame K to rotate about / when 
working, then 

W? = r(2Ti - 2 T 2 ), or = T, - Tg = P. 


It is evident that should a Prony brake be put in place of the pulley E, 
the power developed by the motor to A could be determined. If a machine 
be driven from the pulley B, the power consumed could also be noted in 
the speed of belt and the position of the weight from the same formula. 
In the use of different belts as dynamometer belts the relative efficiency 
of such belts can readily be determined by the use of the brake attach- 
ment. It will also be seen that only one side of the belt comes in contact 
with the pulleys. 

305. Torsion Meters. — The introduction of the steam turbine, par- 
ticularly for the propulsion of ships, has created a demand for a means 
of measuring the power transmitted by the shaft, since there is no direct 
means of measuring the work done in the turbine. The power to be 
measured is generally very large, and' the ordinary forms of dynamometers 
are not suitable or convenient. In the case of the reciprocating engine 
the power developed in the cylinders is readily determined from the 
indicator diagrams, and if these be taken at any given load and also at no 
load, the actual power transmitted by the shaft at the given load can be 
determined with sufficient accuracy for most practical purposes. 

A number of instruments have been designed to measure the angle 
of twist of a given length of shaft transmitting power, and from this 
observation and the speed of the shaft, and certain particulars of the 
shaft itself, the power transmitted is readily computed. 
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From formulae proTCci in Art. 95, p. 80, and Art. 96, p. 81, the 

angular deflection of a shaft in degrees is, n - a solid shaft 

■ TT^C# ’ 

180 X 32Tif 

and for a hollow shaft, where T is the twisting moment, 


I the length of shaft considered, C the modulus of rigidity, the diameter 
of the solid shaft, D and d the external and internai diameters re- 

Evidently for a particular shaft T = ^ 


spectively of the hollow shaft. 


I • 


whore It is a constant to he determined experimentally for the particular 
shaft. In the absence of direct experiment on the shaft itself, k may be 
computed by assuming a value for 0 based on experiments on shafts 

or rods of similar material, then /c= _____ for a solid shaft, and 


It = - o ' s shaft. 

180 X o2 


180 X 32 


If force is in lbs. and linear dimensions in inches, then the horse- 
power transmitted at N revolutions per minute is. 




27rTN' 


■ l2 x 330661" 




, where \ = 


^rrh 


12 X 33000 12 X 33000Z I ’ ^ 12 x 33000 

is a constant for the particular shaft. 

Two types of torsion meters will now be illustrated and described, 
the particulars being taken from a paper by Mr. J. Hamilton Gibson, 
read before the North-East Coast Institution of Engineers and Ship- 
builders in January 1908. 

The main features of Fottingefs torsio7i 7iieter, which is a purely 
mechanical contrivance, are shown in Fig. 548. A is a disc secured 



directly to the shaft. B is another disc secured to the shaft at a distant 
section C through a stiff tube coaxial with but clear of the shaft. The 
motion of these two discs will be the same as that of the points on the 
shaft at which the connections are made, and which are at a distance I 
apart, and the relative angular motion of these discs will be the angle 
of twist of the length I of the shaft. 

The relative angular movement of the discs is magnified and recorded 
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by a pencil P, actuated by the system of levers shown, on paper placed 
round the fixed cylinder DE, which is coaxial with the shaft. When 
there is no torque on the shaft the pencil traces a line parallel to the 
ends of the cylinder carrying the paper, and this is the zero line of the 
diagram. When the shaft is transmitting power the pencil moves to the 
right or left of the zero line, depending on the direction of rotation of the 
shaft, and at the same time is carried imind with the shaft, describing 
a more or less wavy line whose ordinates represent the angular deflection 
of the shaft as it revolves. The ordinates of the line traced by the 
pencil are evidently arcs of circles, whose centresi lie on the zero line, 
and whose radii are equal to the length of the pencil lever. The cylinder 
carrying the paper can be moved to the left clear of the pencil, and 
the diagram can then be taken off and the mean torque determined. It 
is of course the mean torque which must be used in computing the horse- 
power. In the case of a turbine-driven shaft the torque is practically 
uniform. 

The Bems-Grih^on fiash-Ught torsion meter depends on the facts that 
the velocity of light is practically infinite, and that light travels in 
straight lines through air of uniform density. Two blank discs A and 
B are fixed on the shaft at a convenient distance apart, as shown in the 
oblique elevation at (a). Fig. 519. Each disc has near its periphery a 



Fig. 549. 


small radial slot, and these two slots are in the same radial plane when 
no power is being transmitted and there is no torque on the shaft 
{h\ (c), and (d), Fig. 549, are sectional plans, the planes of section going 
through the slots in the discs when in or near their highest positions. 
Behind the disc A is fixed^ on, say, one of the bearings of the shaft, a 
bright electric lamp C, masked, but having a slot cut in the mask directly 
opposite the slot in the disc A when the latter slot is in its highest 
position. At every revolution of the shaft a flash of light is projected 
through the slot in the disc A towards the disc B in a direction parallel 
to the shaft. Behind the disc B, on, say, another shaft bearing, is fitted 
the torque finder D, an instrument fitted with an eye-piece, and capable 
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of sliglit circumferential adjustment. The end of the eye-piece next the 
disc B is masked, except for a slot similar and opposite to the slot in 
the disc. When the four slots are- set in line, as shown at (Z>), Fig, 549, 
a flash of light is seen .at the eye-piece every revolution, and if the shaft 
revolves quickly enough the light will appear to be contiimous. This 
effect is apparent at any speed over 100 revolutions per ininute. At 
lower speeds the flash is seen to be intermittent, but this in nowise 
affects the accuracy and reliability of the result. 

Suppose now that the shaft is transmitting power. One disc lags 
behind the other, and although the slots in C, A, and D are still in line, 
the light is cut off by the displacement of the slot in B, due to the lag 
just mentioned. This cutting oft* of the light is clearly shown at (e). 
Now if the torque finder D be moved round by an amount equal to the 
lag of the disc B the slot in D will then be opposite to the slot in B 
when the slot in A is opposite to the slot in C, and the flash will now be 
received by D, as shown at (d). The torque finder is moved by operating 
a micrometer spindle, and by means of a scale and vernier the angular 
movement can be measured to the of a degree. 

The Bevis-Gibson torsion meter as just described, will evidently give 
the twist of the shaft at one definite point of each revolution, and in the 
case of turbine shafts, where the torque is practically uniform, this is 
all that is required. For reciprocating engines, 
where the torque varies considerably during each 
revolution, a simple modification enables the / ^ j A 

operator to take several readings, usually twelve, / ^ A. \ 

at definite points of a revolution. The discs are h--- 

perforated with slots arranged in the form of a \ i ^ I 

spiral, as shown in Fig. 550. The lamp and \ / ’ ^ / 

torque finder must be moved radially so as to bring 

them into line with each corresponding pair of 

slots in the discs. Plotting the readings on squared 

paper, the actual twisting moment diagram can be drawn, and from this 

the mean torque is readily found. 


1. The drum of a band brake is 18 inches in diameter. The band is inch 
thick, and it embraces three-quarters of the circumference of the drum. The 
hand lever is arranged as shown at (c), Fig. 634, p. 344. AO = 3 inches, and 
AD =18 inches. If the force P at the end of the lever is 40 lbs., and the co- 
efficient of friction between the band and the drum is 0*2, what is the resisting 
torque, in ft.-lbs., exerted on the brake drum ? 

2. In a band and block brake (Fig. 536, p. 346) the wheel is 24 inches in 
diameter, and the band is inch thick. There are twelve wood blocks, each 
2 inches thick, and each subtending an angle of 18 degrees at the centre of the 
wheel. The coefficient of friction between the blocks and the wheel is 0*35. 
The brake is operated bv means of a lever, arranged as shown at (d), Fig. f34, 
p. 344. AB = 4 inches, and AD = 24 inches. What force must be applied to the 
end D of the lever when a weight of 300 lbs. is being lowered at a uniform 
velocity, the weight being hung by a rope which is coiled round a barrel on the 
axle of the brake wheel, the effective diameter of the barrel being 20 inches ? 

3 A wheel 12 feet in diameter, rotating at the rate of one revolution in 
2 seconds, is acted on by a brake which applies normal pressures of 1 cwt. each 
at opposite ends of a diameter. If the coefficient of friction be 0*6, find (in 
horse-power) the rate at which work is being absorbed ? fInst.C.F.] 
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4. A bicycle and rider, weighing together 180 lbs., are travelling at the rate 
of 10 miles per hoar on the level. Supposing a brake is applied to the top of the 
front wheel, which is 30 inches in diameter, and this is the only resistance acting, 
how far will the bicycle travel before stopping if the pressure of the brake is 
20 lbs., and the ccefficient of friction is 0*5 f [Inst.C.E.] 

6. Continuous brakes are now capable of reducing the speed of a train 
3| miles an hour every second, and take 2 seconds to be applied ; show in a 
tabular form the length of an emergency stop at speeds of 3|, 7^, 15, 30, 46, 60 
miles per hour. Compare the retardation with gravity, and express the resisting 
force in lbs. per ton. [U.L.] 

6. If the force available on the block of the brake on a wheel of a railway 
vehicle is 90 per cent, of the weight on the wheel, and if the coefficients of sliding 
friction between the block and the wheel and between the wheel and the rail are, 
at 60 miles per hour, 0*06 and 0*04 respectively, what is the maximum resistance to 
the motion of the wheel, in lbs. per ton, when the brake is applied, {a) when the 
wheel does not skid, (5) when the wheel skids, at the above speed ? 

7. To determine the brake horse-power of a small de Laval steam turbine a 
Prony brake was used. The brake was placed on a pulley on the second-motion 
shaft, whose speed was 2992 revolutions per minute. The brake load at 18 inches 
from the axis was 5 lbs. Calculate the Vmake horse-power. 

8. The internal diameter of a fly-wheel rim, which is of channel section, is 
5 feet. Find the minimum speed, in revolutions per minute, at which the wheel 
will hold, without spilling, a layer of water 1 inch deep, 

9. The brake horse-power of a gas-engine is to be measured with a rope brake 
on the fly-wheel The diameter of the wheel is 5 feet, and the diameter of the 
rope is inch. At a speed of 183 revolutions per minute the hanging weight 
is 67 Jibs., and the spring balance indicates 4| lbs. What is the brake horse- 
power? 

10. In an epicyclic- train dynamometer of the form shown in Fig. 546, 
p. 356, the wheels on the axle CD run at 100 revolutions per minute. The weight 
W on the lever is 60 lbs., and its distance from the axis of the axle is 24 inches. 
Calculate the horse-power transmitted through the dynamometer. 

11. Fig. 551 shows a Froude and Thornycroft dynamometer for measuring 
the difference between the tensions on the tight and slack sides of a belt which 
is transmitting power from 
a pulley A to a pulley B. 

The T shaped lever has its 
fulcrum at D, and carries 
pulleys E and F. The 
diameters of the pulleys 
are such that the straight 
parts of the belt may be 
taken as horizontal. Ne- 
glecting the work lost in * 
friction in the instrument, 
show that the horse-power 

transmitted is given by the formula, where d is the diameter 

33000 X 2c 

of the pulley A, and N its speed in revolutions per minute, dimensions being in 
feet, and W in lbs. 

12. The horse-power of a marine steam turbine was found by observing that 
the angle of twist of a 20-feet length of the propeller shaft at 480 revolutions per 
minute was 1*75 degrees. The shaft, which was solid, had a diameter of 7 inches, 
and it was known that the modulus of rigidity of the material of the shaft was 
12,000,000 lbs. per square inch. Neglecting the effect of the end thrust, calculate 
the horse-power 
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BELT, ROPE, AND CHAIN GEARING 

306. Velocity Ratio in Belt Gearing. — If motion be transmitted 

from one pulley to another by means of a thin inextensible belt, and if 
there is no slipping between the belt and the rims of the pulleys, every 
part of the belt will have the same velocity, and the outer surfaces 
of the rims of the pulleys will have the same velocity as the belt. 
Hence if ' ^ and be . ' 

the diameters of the z' — V 

driver and follower re- fL d, ^ - A,- hI A, h - A,- -4t 

spectively, and if the ^ J 

driver makes re- ■ . ^ ^ 

VOlutiOM in a pven gg2_ gg3_ 

time, 'while the follower 

makes revolutions in the same time, then , and 

^ = This formula is true, whether the belt is ‘‘open,” as in Fig. 

iSi ci^ 

552, or “crossed,” as in Fig. 553 ; but the direction of the rotation will 
not be the same in these two cases. With an open belt the pulleys 
rotate in the same direction, while with a crossed belt they rotate in 
opposite directions. 

307. Effect of Thickness of Belt on Velocity Ratio. — When a thick 
belt is bent over a pulley its inner surface is compressed and its outer 
surface is stretched, but the surface midway between these tw'o remains 
of the same length. It follows, therefore, that the velocity of the inner 
surface of the belt in contact with the pulley must be less than the 
velocity of the middle surface of the belt, and it is only the middle sur- 
face of the belt which has the same velocity at every point. The effec- 
tive radius of a pulley is therefore its nominal radius plus half the 
thickness of the, belt, and using the notation of the preceding Article, 

where if is the thickness of the belt. 

308. Length of Belt connecting Two Pulleys.— Referring to Figs. 
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?( 7 r + 2<l )) « 4- (f>y The length of belt in contact with the smaller 

piilley is -(tt ± where the sign applies to the crossed 

belt (Fig. 554), and the - sign to the open belt (Fig. 555). The in- 
clination of the straight portions of the belt to the line of centres is <j>, 
and the length of each straight portion is ccos< 5 t. Hence if I is the 
total length of the belt, 


: = d(^ + <^.) + ± ^) + cos <j> 

==SD 4- cO + ±d} + 2e cos cj> 

A 


sin = 


D 


cos = 1 - 2 sin- 


2 ^ 


If (f> is a small angle, then, approximately, 4> — sin and 
Jsin^=sini. 

Hence approximately 

/= ^(D + <-/;) + sin <^.(D ± ci:) + 2c(l - 2 sin2 1) 


= |(D + ,i) + 


(E±^ + 2c- 


==-(D + r?)-f >±li:^4-2c,^ where the + sign applies to 


(i>±4^ 

'Zc 4c 

the crossed belt, and the - sign to the open belt. 

Eeferring to the crossed belt (Fig. 554), it is evident that if D + t? 
is constant, and c is fixed, <ji> .will remain the same, and therefore I is 
constant, • 

309. Stepped Pulleys. — Two or more pulleys of different diameters 
placed side by side form a stepped pulley, A stepped pulley is, however, 
generally cast in one piece. 

A pair of stepped pulleys and one belt form a common arrangement 
for driving a shaft or spindle at different speeds from a. shaft rotating at 
a fixed speed. Fig. 556 shows a pair of stepped pulleys mounted on shafts 
A and E, whose axes are parallel and at a distance c apart. Let the speed 
of A be N revolutions 

, -i5::zr~'= 

“iC 


per minute, and let it 
be required to make B 


rotate at jSTq 
N g revolutions per 
minute as may be ne- 
cessary. Each pulley 
will require three steps. 
Let the diameters of 
the pulley on A be Dp 




h 


TJa 


1^2 


Ub 


]d3 


Fig. nr.6. 


Dg, and Dg , and let the diameters of the pulley on 
B be dp do, and dg. The following equations can be stated at once, viz. 


d, 


N 

"K' 


d. 


N 


and 

D, 


■ A value may now Le selected for one 
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of the diameters, say Dp' then dj 


Having fixed Dj and dp no 


other diameters can be selected arbitrarily. The other rliameters nmst 

d N d. N 

not only satisfy the equations ^ and , but they must l)e 

such that the same belt will be equally tight when placed on eorrespond- 
ing pairs of steps. This gives rise to two cases, (1) belt crossed, (2) belt 
open. 

For a crossed belt it was shown in the preceding Article that if 
the sum of the diameters of the pulleys is not altered, the length of the 
belt will be the same. Therefore, for a crossed belt, having fixed Dj and 
di , Dj + is known, and 02 + Dg + dg must be equal to D| + dp 

The sum of a pair of diameters being known, and also the ratio of the 
one to the other, the diameters can be easily found. 

Coming now to the case where the belt is an open one, Dj and dj are 
determined as before, then the length of the belt is 


Then for Df> and 


I = ^(Da + eh) + + 2e, 


ND 

but therefore 

^ No 




+ 2c = ?, 


a quadratic equation from which 






1(1 + Wo)}, 


where = 


If N2 = N, thenDs-'— 

The solution of the quadratic equation may be avoided, and a result 
sufficiently accurate in most cases obtained, by first finding values for D2 and 
dr on the assumption that the belt is crossed, that is, D2 + d, = Dx + di* 
Let the diflference betw^een the values of Dg and do thus found be equal 

to a, then approximately ^(Dg + dg) 4- ^ + 2c = Z, a simple equation from 

which Do + do can easily be found. Use this more exact value of Dg + dg, 

together with ^ accurate value of Do-dg, which 

D2. JN 2 ■ \2 ' 

is to be substituted in the equation ^{^2 + *^ 2 ) "b - - ^—-'2- + ic = Z. The 

value of D^ + cZo found from this simple equation is then used, together 

with the equation ^2 ^2' 

310. Forms of Bims of Pulleys.— The rim of a pulley for a flat belt 
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is either straight or convex on the outside of its cross section. At first 
sight it would seem as if the belt would remain on the straight rim more 
readily than on the convex one, and that it would be still more secure 
from falling off if the section of the rim were concave on the outside, 
but experiment shows that a fiat belt tends to run on the largest diameter 
of the pulley. Consider' a belt on a conical pulley (Fig. 55/). Each 
part of the belt as it approaches the pulley receives a set towards the 
base or larger end of the cone, so that each part of the belt as it passes 



on to the pulley is a little nearer the base than the part in front of it ; 
but once in contact with the pulley, it remains in contact without slip- 
ping until it leaves on the other side. The result is, therefore, that the 
belt ultimately reaches the highest part, and to prevent it falling off a 
similar pulley is placed, as shown by the dotted lines. From this the 
form shown in Fig. 558 is obtained. 

The straight rim is used when it is necessary to move the belt from 
one part of the rim to another, as in the case where a pulley drives a 
pair of fast and loose pulleys. 

It must be borne in mind, however, that the convex section of rim 
only helps to keep the belt on the pulley when the belt and pulley rotate 
together. If the belt should slip through the resistance being too great, 
it will fall off the pulley more readily if the rim is convex than if it is 
straight. 

For hemp or cotton ropes the pulley rim has V shaped grooves, as 
shown in Fig. 559, the angle of the V being generally about 45\ The 
rope does not rest on the bottom of the groove, but on its sides only, 
so that it is wedged in, causing the resistance to slipping to be much 
greater. 

For wire ropes the design is altered so that the rope rests on the 
bottom of the groove, as shown in Fig. 560. The resistance to slipping 
is increased, and the wear of the rope reduced by lining the bottom of 
the groove with some material softer than metal, such as leather, wood, or 
tarred oakum. 

311. East and Loose Pulleys. — The motion of a shaft driven from 
another by belt gearing may be stopped or reversed 
without affecting the motion of the driving shaft by 
using a combination of fast and loose pulleys. A “ fast ” 
pulley is one which is fixed to the shaft, while a “loose ” 
pulley is one which can turn freely on the shaft. Fig. 561 
shows a pair of such pulleys, F being the fast pulley 
secured to the shaft by a key K, and L is a loose pulley. 

When the belt is on F the shaft A revolves, and when 
the belt is shifted to L the motion of A is stopped. Fig-. 561. 

The belt is shifted from one pulley to the other by pressing on one edge 
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of that part of the belt which is advancing towards the pulley by means 
of a fork, which should be as close to the fast and loose pulleys as 
possible. 

Examples of the use of fast and loose pulleys are shown in Figs. 562 
and 563. These arrangements of belt gearing are very frequently found 
in connection with machin e tools. 


AB is a driving 
a counter- shaft. 


shaft, 
E is 


and CD 
a broad 


Ad 


M 


xq 


Mffll 


PB q 


pD d 


L, ^ 4 


lll> 


Fig 562. 


Fig. 663. 


pulley fixed on AB. L, and Lg 
are loose pulleys, and F is a fast 
pulley. The machine is driven 
by a belt from the stepped pul- 
ley G. An open belt H and a 
crossed belt K pass from tlie 
pulley E to the pulleys on CD, 
as shown. MN is a rod carrying 
forks, by means of which the 
belts H and K may be shifted 
simultaneously. When the belts are in the position shown, CD is at rest. 
If MN be moved to the right K will remain on L 2 , H will embrace F, and 
CD will rotate in the same direction as AB. By shifting the belts to the 
left of the position shown, CD is made to rotate in the opposite direction 
to AB. A modification of the arrangement just described, to give a quick 
return motion, is shown in Fig. 563. The latter arrangement may be 
used to get fast or slow motion as desired, in the same direction, by having 
both belts open or both crossed. 

In the arrangements of fast and loose pulleys shown in Figs. 562 and 
563, the loose pulleys have a width not less than twice the width of 
the belt. By using a suitable form of belt-shifting gear the loose pulleys 
may be of the ordinary width, and then not only is space saved on the 
shaft, but only one belt has to be shifted at a time. ^ Fig. 564 shows 
such an arrangement. Lj and Lg are loose pulleys, while and F^ are 
fast pulleys. The belt forks are attached 


to levers A^^B, 
pins at C^ and C 2 


mounted on fixed 
These levers are provided 


and AqB- 


with projecting pins at B, and B.^, which enter 
into slots in a disc DE, keyed to a spindle F. 

The lower parts of the slots in DE are con- 
centric with F, and the upper parts are more 
or less radial. In the position shown, both 
belts are on the loose pulleys. If the disc 
DE be turned in the direction of the arrow H 
the lever A^B^ remains at rest, because the 
pin at Bj remains in that part of the slot 
which is concentric with F, hut the pin at Bg 
will be pushed to the right by the upper part 
of the right-hand slot, and the belt which was 
on L 2 will be shifted to Fg. By moving DE 
from the position shown in the direction of 
the arrow K the lever AgB^ will remain at rest, and the lever A^Bi will 
be moved so as to shift the belt which was on L;| to F^. 



Fig. 564. 
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. ■ 312. Belt Cjearing for Non-Parallel Bliafts.-™-Motion may be ^trans- 
mitted directly from one shaft to another when the axes are not in the 
same plane by means of a belt and two ^ 

pulleys, one pulley on each shaft, provided 
that the pulleys are so arranged that the 
middle point of the width of the belt where j \ 

it leaves one pulley is in the central plane V 
of the other pulley. In other words, the 

centre line of each of the straight portions v ® j 

of the belt must be in the central plane of ^ 

the pulley towards which it is travelling. 

An example is shown in Fig. 565, where the Fig. 565 . 

axes of the two shafts are at right angles to 

one another, but not in the same plane. The arrangement of the two pulleys 
mentioned above is only pos- 

sible when the motion is in one ^^ ■''' 1^''''''^.^ 

direction; if the direction of 
the motion be reversed, the 

belt comes olf the pulleys. \yH 

When it is not possible f' ■ / 

or eonvenient to arrange the Vi!i!F* I'fk* 

' pulleys on non -parallel shafts, . ; /, /^/ f\yu) i|’ 

so as to permit of the one- [ / A 

driving the other directly, 1 ^ ®| 

one or more guide pulleys 1 hJm / ! 

may be introduced. The 1/ 1 

guide pulleys must be placed j ||||lPi^ ! 

so that all the straight por- I » 

tions of the belt comply A-'"' ' 

with the condition already TTm 

stated. Fig. 566 shows two 

pulleys A and B, whose central planes intersect in the line CD. Any 
convenient points E and F are taken in 

CD, and tangents EH, EK, FL, and FM ^ ^L, 

are drawn to A and B. Guide pulleys N pj ^xa "p; 
and 0, touching these tangents as shown, iJ Ly vA 

and having for their central planes the |l nj \ 

planes HEK and LFM respectively, will I i 

serve to guide the belt between the pulleys I \\ 

A and B. As arranged in Fig. 566, the rni 
belt may run in either direction. 

Another example of the use of guide 
pulleys is shown in Fig. 567. Fig. 567. 

313. Straining or Jockey Pulleys. — A. belt passing round two pulleys 
may be tightened without shortening it by placing * — 
a third pulley on the slack part of the belt, that v. 

is, the part which runs from the driving pulley to \ A 

fche following pulley, as shown in Fig. 568. This q Vb^Vf C j 
third pulley, which is called a siraining^ tighten- / \p|/ 

ing^ or jochey pulley., runs in bearings which ^ 
ar^a loaded with a weight to press the pulley on 568. 




Fig. 566. 


Fig. 567. 
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tiie belt, or the desired pressure may he obtained by means of an 
adjusting screw. ^ . 

The use of a jockey pulley also permits of two pulleys, differing con- 
siderably ill diameteiy being placed much closen together by imjreasing 
the arc of .contact of the belt on the smaller pulley. 

314. Power Transmitted by Belts. — When a belt is transmitting 
power from one pulley AB (Fig. 569) to another CD, the motion being 
in the direction of the arrows, the tension in the por- 
tion BD is greater than the tension in the portion 
AC. BD is called the tight side, and AC the slack 
side of the belt. Let ~ the tension on the tight 
side, and T 2 =^the tension on the slack side, then 




= P is the driving force at the rim of the 



Fig. '569. 


pulley CD. If V is the velocity of the belt in feet 
per minute, v the velocity in feet per second, and H the horse-power trans- 
PV P-y 

mitted, then H == 5 — — ~ — TTj where P is in lbs. 

33000 5o0 


The ratio of to when the belt is on the point of slipping was 
discussed in Art. 243, p. 277. For most practical cases may be taken 
equal to 2 T 2 . 

If h is the breadth of the belt, and t its thickness, both in inches, and 
/ the working stress in lbs, per square inch, then T^ = htf, and if To = ??Tj, 

where n is a fraction, P = (1 - ?/-)Tj^ = (1 - 7i)htf, 


Hence H = (I" 


550 


For leather belts, / is generally from 200 to 350. 

315. Effect of Centrifugal Tension on Power Transmitted by 
Belts. — In Art. 92, p. 7.6, it was shown that a thin hoop revolving has 
a tensile stress in it due to centrifugal force, and the demonstration there 
given is applicable to a belt running on a pulley. If is the stress on a 
■ belt, in lbs. per square inch, due to centrifugal force, the weight of 
a cubic inch of the belt in lbs., ?; its velocity in feet per second, then 

/ = where ty is the weight in lbs. of a portion of the belt 

9 g 

12 inches long and 1 square inch in section. For leather, to may be 
taken at 0*4 lb. 

The total tension on the tight side of the belt is now T-, -j- />//, = i^(f, 
and />??(/ -/i). The total tension on the slack side is + and 


= Ti - T, = (1 - n)T, = 6<(1 - «)(/-/i) = m - «) (/- -j') • 

9 / 


Hence H = 


Py 


550" 


550 


this is of the form H = ay - 


and x = 

550 550^ 


dR 


To find when H is a maximum, a - Bey®, and H will he a 


maximum 


when — is, when 3cy® = a, or putting in 


Be’ 




Bto 





■ 



•M 


m 


the values of a and e. H is a maximum when v 
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Inserting the value v~ 


\/ in the formula for the horse-power, 


Hn 


^1-w) 

"""'"550 


if \/ 


/1l. 

ZlD 


H will foe zero when/fo = 


tVV' 


,3 


that is, when == 0 or -y = 


V an 


19 

g\ ^ w 

316. Power Transmitted by Wire Eopes.— The principles involved 
in the determination of the power transmitted by a wire rope are the same 
as for a leather belt, font in the case of the wire rope it is necessary to allow 
for the stress due to the bending of the wires to the circle of the pulley. 
Let d = diameter of each wire of the rope in inches. 

D ~ diameter of pulley in inches. 

'D~ velocity of rope in feet per second. 

/= maximum .working stress in wire in lbs. per square inch, 
and = stresses in tight and slack portions of rope respectively in lbs. 

per square inch, neglecting the stresses due to centrifugal 
force and bending. 




wdiere ~ = 


(see Art. 243, p. 277), 


= weight of 


1 linear foot of rope per square inch net section 

in lbs. 

E - modulus of elasticity of wire in lbs. per square inch. 

H = horse-power transmitted per square inch of net section of rope. 

Stress due to centrifugal force * 




» . ‘Eld 


therefore /i =/“" 


Stress due to bending = (Art. 109, p. 103), 

Ed 

Driving force per square inch net section of rope 
=/i -A =/i(l - «) = (/- ^ - y) (1 -n). 

Hence H =3 ^ . 


lOV^' 

9 ‘ 


550 


The maximum working stress should not exceed 25,000 lbs. per 
square inch, iv may be taken equal to 4’ 16, w-hich makes the weight of 
the rope per foot of length equal to 3'27Aj^, where is the number of 
wires in the rope. 

The maximum horse-power and the speed at which the horse-po^ver is 
a maximum may be determined in the same way as for a leather belt 
(Art. 315). 

It will generally be found that the speed at which the horse-power is 
a maximum is greater than the safe rim speed for the pulleys. 

The tensions in the rope are regulated by the amount of sag given to 
the tight and slack portions of the rope between the pulleys. 

317 Chain Crearing.-— Motion may be transmitted from one shaft to 
another, the axes of the shafts being parallel, by means of a chain with 
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Fig. 670. 

range from Rj/r^ 


links of suitable form which embrace toothed wheels, called 
wheels, carried by the shafts. Fig. 570 shows a simple form of chain and 
the form of sprocket wheel to gear with it. 

The first point to notice about chain 
gearing is that the pitch line of the sprocket 
wheel is a polygon, whose sides are equal to 
the pitch of the links of the chain. Generally 
the links are all of the same pitch, but in 
some forms of chain the links are alternately 
of long and short pitch, and the pitch poly- 
gon of the sprocket wheel has then an equal 
number of long and short sides alternating. 

It follows that the velocity ratio in chain 
gearing is not constant, and if R| and Rg 
are the radii of the circumscribed circles of 
the pitch polygons of two sprocket wheels 
connected by a chain, and if and 
are the I'adii of the inscribed circles of 
the same polygons, then the velocity ratio may 
to rp'Rg- 

An inspection of Fig. 570 will show that if the outlines of tlie teeth 
of the sprocket wheel are arcs of circles described from the angular 
points of the pitch polygon with radii equal to the pitch of the chain less 
the radius of the pin, the pins will just touch the faces of the teeth as 
they come into or go out of gear, and if the outlines be arcs of circles of 
a slightly smaller radius, as shown at a, the pins will clear the teeth as 
they come into or go out of gear. 

A second point to notice about chain gearing is that there is practically 
no tension on the slack portion of the chain, and therefore the work trans- 
mitted is equal to the tension on the tight or driving portion multiplied 
by the distance through which it travels. 

A third point about chain gearing is that in general the full tension 
on the driving portion of the chain is supported by only one tooth at a 
time on each wheel Although the chain may have exactly the same 
pitch as the teeth when new, the pitch of the chain soon increases 
because of the wear of the pins and their bearings in the links of the 
chain, and to a small extent by the permanent stretch of the links. To 
permit of the lengthening of the pitch of the chain the space between the 
teeth must be wider than the diameter of the 
pins, as shown in Fig. 571, which also shows 
that the load is carried by one tooth when the 
pitch of the chain is only slightly greater than 
the pitch of the teeth. 

A consequence of the load being carried 
by one tooth at a time on each wheel is that 
there is considerable friction and probable 
jarring as each tooth in turn takes up the 
load. The friction may however be reduced 
by providing the pins with rollers. 

The objection to ordinary chain gear- 
lixg Just mentioned is overcome in the J^&iwldls cKdin, shown in 
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Fig. 572. The teetli of the wheels in this design are wedge-shaped, and 
the links have wedge-shaped projections which gear with the teeth, as 
shown. When the chain 
is new one edge of a wedge 
on one link and the op- 
posite edge of the adjacent 
wedge on the next link 
bear on the front of one 
tooth and on the back 
of the next respectively, 
but when the pitch of 
the chain has increased 
through wear, the contact 
is as shown in Fig. 572, 

With this chain there is 
no nibbing of the links 
on the faces of the teeth 
as they come into or go 
out of gear. 



Fig. 572. 


Exercises XXII. 

1. A belt -fV inch thick drives a pulley 15 inches diameter, which makes 800 
revolutions per minute. Find the speed of the belt in feet per minute, (a) 
neglecting the* thickness of the belt, (&) taking the thickness of the belt into 
account. Express the difference between the two results as a percentage of 
the second. 

2. Two pulleys are connected by a belt. The sum of the diameters of the 
pulleys is 36*5 inches, and while the one makes 50 revolutions the other makes 
200 revolutions. Find the diameters of the pulleys. 

3. A train of pulleys is shown in Fig. 573. B and C are fixed on one shaft, 
and D and E are fixed on another 
shaft. The diameters of the pub 
leys, in inches, are, A = 30, B = l,5, 

C = 50, D = 16, E=35, and F=12. 

A runs at 80 revolutions per 
minute. Ifind the speed of F, 

(а) neglecting thickness of belts, FiG. 573. 

(б) taking thickness of belts as 

1 % inch. Express the difference between the answers {a\ and (&) as a percentage 
of answer {h). 

4. A shaft running at 200 revolutions per minute carries a pulley 50 inches 
diameter, which drives a dynamo at 1200 revolutions per minute by means of a 
belt ^ inch thick. Allowing for the thickness of the belt and a slip of 4 per 
cent , determine the diameter of the pulley on the dynamo. 

6. A pulley 36 inches diameter is connected to a pulley 18 inches diameter 
by a crossed belt. The distance between the axes of the pulleys is 48 inches. 
Calculate the length of the belt in inches, (a) by the exact formula, (5) by the 
approximate formula (Art. 308). 

6. Same as preceding exercise, except that the belt is an open one. 

7. A pulley 50 inches diameter is connected to a pulley 10 inches diameter 
by an open belt. The distan'^e between the axes of the pnlle.vs is 45 inches. 
Calculate the length of the belt in inches, (a) by the exact formula, (d) by the 
approximate formula (Art. 308). Express the difference between the two results 
as a percentage of the first,. What will the results be for a crossed belt? 

8. Referring to the stepped pulleys shown in Fig. 556, p. 364, 1)i = 36 inches, 
(^1 = 12 inches, D 2 =c? 2 ’ IBs, c= 4k inches. The belt is an open one. Find 
Dg, Ds, and ds, and also the length of the belt I, all in inches, 

9. Referring to Fig. 556, p, 364. The shaft A runs at a constant speed of 
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200 revolutions per minute. The stepped pulleys are to be designed so that the 
shaft B may'be driven at 600, 300, or 100 revolutions per minute as required. 

= 30 inches, 0=50 inches. Find the other diameters and the length of the 
belt, which is an open one. 

10. Find the answers to the preceding exercise when a crossed belt is used, 

11. A cone pulley AE (Fig. 574) drives the cone pulley ae by means of an 
open belt. Diameter at A = diameter at e=16 

inches. Diameter at a = diameter at E=:8 inches. ^ — __ 

The slant side of AE is straight. Find the Cl A iB !c |D ELlx 

diameters at 5, c, and c?, so that the belt may j \ i j 

be equally tight in each position. Draw the j , 

pulley ar. to scale, half size for diameters, and k- j’ ]’ H+t- f’ 3o" 
Jth size for widths. j j I i i 

12. Taking the dimensions given in Fig. 574, r j 

and in the preceding exercise, except that the |Hn. 'b !c Id. elJ^ 

slant side of AE is no longer straight, determine j < i 

the diameters at B, h, C, c, D, and d for an open 

belt, so that the speed ratios when the belt is FiC, 574. 

at Aa, B6, Cc, Dc^, and Ee in turn may be in 

geometrical progression. Draw the pulley ae to scale, half size for diameters, 
and Ith size for widths. 

13. A belt drives a pulley 4 feet in diameter at 100 revolutions per minute, 
and transmits 3|- horse-power. Assuming that the tension on the tight side is 
twice that 6n the slack side, find these tensions. 

14. GivenH = 5, V=:3000, andTj-l-STa, iindTjandTa. 

15“’20-. In the exer- ' 

cises given in the an- 
nexed table H = horse- Exercise 15 16 17 18 19 20 

power transmitted by a ■ 

belt. V= speed of belt " 

in feet per minute. H .. ... 25 100 20 60 

Tj = tension on tight y 3000 2800 2500 3000 3500 

side. T 2 = tension on Ti-r-T 2 2 2 If 2 2 2 

slack side. 5= breadth of 5 " 5 9 ... ... 5 10 

belt in inches. thick- t -s^ itr I A i f 

ness of belt in inches. / 300 350 400 300 ... 350 

/=working stress in lbs. 

per square inch, w the ^ 

weight of 12 cubic inches of belt is to be taken at 0*4 lb. Find the unknowm 
quantities in each case, (1) neglecting centrifugal tension, (2) taking centrifugal 
tension into account. 

21. Taking the data of Exercise 16, with the exception of V, determine the 
maximum horse-power which may be transmitted, taking into account the 
centrifugal tension. 

22. Given Ti=:2T2, /=360, and w=0'4, calculate the horse-power H, per 
square inch of belt section, taking into account the centrifug^ tension, at 
intervals of 10 feet per second, between the values of v which make H = 0. Plot 
the results on squared paper. Scales.— 1 inch =5 horse-power, and 1 inch =20 
feet per second. Determine H and i:? for the highest point of the curve. 

23. Show that when a belt is transmitting the maximum power, the centri- 
fugal stress is one-third of the greatest stress. 

24. A countershaft, which runs at 300 revolutions per minute, is required^ to 
transmit 10 horse-power from a main line shaft to a machine. The driving 
pulley of the machine shaft is 12 inches in diameter. The main shaft runs at 
100 revolutions per minute, and the machine shaft at 900 revolutions per minute. 
The diameter of the main shaft pulley is 3 feet. Assuming the coefficient of 
friction between the belt and its pulley to be 0*3 in each case, and the belt | inch 
thick, determine the width of each* belt, taking account of the centrifugal 
tensions. The weight of a cubic inch of belt may be taken as 0*035 lb., and the 
tension per square inch as 350 lbs. Prove the formulm you u.se. 

26. Find the maximum horse-power which can be transmitted 
rope 1 inch in diameter at a speed of 70 feet per second if 
with a pull of 5700 lbs., and it is desired to 
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angle of the groove in which the rope runs is 60“, and the coefficient of friction 
may betaken as 0*25, and the rope is in contact with the pulley for half the 
circumference. Find also the centrifugal tension in the rope if the fly-wheel is 
10 feet in diameter, and the reduction in the horse-power transmitted due to this 
tension. Weight of rope for 1 foot of length =0*28 lb. [B.E.] 

26. Calculate the horse-power transmitted by a wire rope under the following 
conditions. The driving pulley is 12 feet in diameter, and it runs at 150 revolu- 
tions per minute. The rope consists of six strands, each strand having seven 
wires, and each wire having a diameter of 0*064 inch. The rope embraces half 
the circumference of the pulley, and the coefficient of friction between the rope 
and the pulley is 0*25. The weight of the rope is 0*56 lb. per foot of length. The 
working stress is 2 1 000 lbs. per square inch of wire section, and the modulus of 
elasticity B is 29,000,000 lbs. per square inch. 

27. If the bending stress is not to exceed 12,000 lbs. per square inch, find the 
minimum diameter of the driving pulley for a wire rope made up of wires 
No. 15 I.S.W.G-. (0*072 inch diameter), the modulus of elasticity of the wire being 
29,000,000 lbs. per square inch. 

28. Adhering to the conditions given in Exercise 26, except as regards the 
speed of the pulley, determine the velocity of the rope, in feet per second, when 
the horse-power transmitted is a maximum, and find the maximum horse-power. 

29. A wire rope made up of 72 wires each 0*048 inch diameter is used to 
transmit power. Taking the maximum working stress in the wires at 25,000 lbs. 
per square inch, the bending stress at 13,000 lbs. per square inch, w=4*16, and 
n = 0'4, plot the horse-power transmitted, and v the velocity of the rope in feet 
per second, between the limits u=0. and ^=200. State the maximum horse- 
power and the corresponding value of v. Scales. — Horse-power, 1 inch to 40 
horse-power ; velocity, 1 inch to 40 feet per second. 

30. A chain of uniform pitch transmits motion from a sprocket wheel having 
15 teeth to another having 10 teeth. What is the mean velocity ratio ? Express 
the difference between the possible maximum and the possible minimum velocity 
ratio as a percentage of the mean. 



CHAPTER XXIII 

TOOTHED GEARING 


31 B. Definitions Belating to Toothed Wheels. — pitch surfaces : 

of two toothed wheels which gear with one another are the surfaces of 
two imaginary friction wheels which have the same axes, and which 
would have the same relative angular velocities as the toothed w heels if 
one was to drive the other by rolling contact. 

A section of a pitch surface by a plane at right angles to its axis is ; 

called a pitch line^ ox a pitch circle, if the section should be a circle, which 
it is in most cases. 

The pitch of the teeth is the distance from a point on one tooth to tlie 
corresponding point on the next, measured along the pitch line. In the [ 
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case of a circular wheel whose pitch circle has a diameter d, and which 
has n teeth of pitch p, it is obvious that np^'ird. The pitch just defined 
is the circumferenUal or circular pitch, and is equal to the circumference 
of the pitch circle divided by the number of teeth. If the diameter of 
the pitch circle be divided by the number of teeth, the result is called the 
diametral pitch. If p' denote the diametral pitch, theii np'^^d and 
= In the designing of machine-cut toothed wdieels it is usual to 

arrange that j?' is a simple fraction of the form where m is a whole 

number, then w is the number of teeth in the per inch of diameter, 

and the number m is frequently called the diametral pitch. 

When the term pitch is used wuthout qualification, circular pitch is to 
be understood. 


The part of a tooth beyond the pitch surface is called the point or 
addendum, and the part within the pitch surface is called the root. The 

876 ' - . ■ 
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acting surface of the addendum is called the fciee^ and the acting surface 
of the root is called the Jiank. Circles con- 
centric with the pitch circles, and passing 
through the tops and bottoms of the teeth, 
are called the addendum circle and root circle 
respectively. In the case of an internal wheel 
the addendum is inside and the root is outside 
the pitch surface. 

In a mortice lolieel (Fig. 576) the teeth are 
made of wood, and have tenons formed on them 
which fit into mortices in the rim of the wheel. The teeth in this case 
are called cogs. The wood used is generally hornbeam or beech. 

319. Ordinary Proportions of Teeth. — The following proportions 
represent average practice for cast-iron teeth. Pitch = == arc ABC (Fig. 
575). Thickness = AB = 0*4 7p. Width of space = BC ~0-53p. Total 
height = e = 0*72^. Height beyond pitch line-- a = 0*3j9. Depth within 
pitch line-c-0‘4p. Width to 3y?. For heavy mill-gearing the 
width is sometimes as great as 5j?. 

The cogs of mortice wheels have a thickness = 0*6^9, and the iron teeth 
which gear with them have a thickness = 0*4j9, so that there is no side 
clearance when the teeth are new. 

320. Freauency of Oontact of a Pair of Teeth.— -If ^2 

the numbers of teeth on two wheels A and B which gear with one 
another, then the ratio of their angular velocities is as Ng is to Nj. Let 

and ?^2 be the quotients got by dividing and ISTg respectively by their 
greatest common divisor, then if a particular tooth on A gears with a 
particular tooth on B, the same pair will again come, in contact after 
revolutions of A and revolutions of B. Also one tooth on A will in 
turn gear with % teeth on B, and one tooth on B will in turn gear with 
teeth on A. For example, if A has 60 teeth and B has 20, the same pair of 
teeth will come in contact after every revolution of A or after every three 
revolutions of B. Also a particular tooth on A will come in contact with 
only one particular tooth on B, and a particular tooth on B will come in 
contact in turn with three particular teeth on A. If the number of teeth 
on A be increased to 61, the velocity ratio will be altered to a small 
extent only, but the same pair of teeth will now^ only come in contact 
after 20 revolutions of A or 61 revolutions of B. Also each tooth on 
one wheel will now’' come in contact in turn with every tooth of the other 
wheel. The extra tooth added in this case is called a hunting tooth or 
hunting cog. The effect of the hunting cog is to cause the teeth to wear 
more uniformly. 

321. Condition to be Fulfilled by the Curves of the Teeth of Wheels 
in order that they may Work correctly. — Two toothed wheels, in gear 
with one another, are said to wmrk correctly when the ratio of their 
angular velocities is exactly the same at every instant avS that of their 
pitch surfaces working in rolling contact without slipping. 

In Fig. 577, and 0^ are the centres of two toothed wheels whose 
pitcii lines PQ and PB are in contact at P. The shaded curves represent 
portions of two teeth, one on each wheel, which are in contact at the 
point alo a being the point on the tooth of the one wheel wiiich is in 
contact with the point h on the tooth of the other. In geometry it is 
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sKown that when two curves touch one another they have a coinnion 
normal Let be the common normal of the curves of the teeth at 
ab, and let and O2M2 be the perpendiculars from the centres of the 
wheels on to this common normal The point a moves in a circle aA 



whose centre is Oj, and the point b moves in a circle whose centre is 
Og. At the instant that the points a and h are in contact the point a is 
moving in the direction ac, the tangent to the circle aA at a, and the 
point b is moving in the direction ady the tangent to the circle at b. 
Let Vj and V2 be the linear velocities of a md b respectively in the 
directions in which they are moving at the instant when they are in 
contact. Make ae = v-^ and Now, although the points a and Z> are 

moving in dilferent lines with different velocities, the components of 
these velocities in the direction MjMg must be the same, otherwise the 
points a and b would move relatively to each other along the line 
but for a small movement of the wheels so long as the teeth remain in 
contact the only possible relative motion of a and h is in a direction 
perpendicular to M^Mo. Therefore if ce be drawn at right angles to 
MjM 2 it will pass through and will be the component velocity 

of a and also of h in the direction M^M2. Hence the ratio of the angular 
velocities of the two wheels must be 


OjMi * O2M2 OiM'i OjS’ 

where S is the point of intersection of the lines OjOg and MjM2 . But 
with roiling contact between the pitch lines PQ and PR the ratio of the 


angular velocities of the two wheels would be equal to 


o;p 


O.P 

67P‘ 


Therefore if 


, the point S must coincide with the point P. 


O2S 
O^S" 

The condition to be fulfilled by the curves of the teeth is therefore as 
follows. The commo 7 i normal to the curves of the teeth in contact must 
pass through the pitch pointy the pitch point being the point of contact of 
the pitch lines. 

Another way of proving that the common normal to the curves of the 
teeth should pass through the pitch point is as follows. The relative 
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motion of two teeth in gear will not be altered if one of the pitch circles 
is considered to be at rest and the other pitch circle is supposed to roll 
on the first. Let the pitch circle PQ (Fig, 577) be at rest, and let the 
pitch circle PR roll on PQ. The direction of the motion of the point h is 
perpendicular to P^, because, in the position considered, h is rotating 
about P, and in order that the pure rolling of PR on PQ may not be 
interfered with, and in order that the two teeth in gear may remain in 
contact, the direction of the motion of h must be tangential to the curves 
of the teeth at a or h. Therefore the common normal to the curves of 
the teeth passes through P. 

322. Gycloidal Teeth. — Let APB and CPD (Fig. 578) be the pitch 
circles of two wheels. Let the outline of the fiank of a tooth on APB be 
a portion of the liypocycloid aQ/;, described by 
the rolling of the circle PQR on the inside of 
the pitch circle APB. Let the outline of the 
face of a tooth on CPD be a portion of the 
epicycloid cQc?, described by the rolling of the 
circle PQR on the outside of the pitch circle 
CPD. Next let the face cQ be brought round 
so as to touch the flank r/Q, and let Q be the 
point of contact. The point Q must be on 
the rolling circle PQR when the latter touches 
both pitch circles, because the normal to the 
liypocycloid at Q must pass through the point of contact of the rolling 
circle and the circle APB when the former is describing that part of the 
hypocycloid at Q, also the normal to the epicycloid at Q must pass 
through the point of contact of the rolling circle and the circle CPD when 
the former is describing that part of the epicycloid at Q, therefore, since 
the two normals coincide, the rolling circle vrhen it passes through Q must 
touch both pitch circles. 

Since the common normal to the curves aQh and cQd, at their point of 
contact Q, passes through the pitch point P, the wheels will wmrk correctly 
if the faces of the teeth on one are epicycloids and the flanks of the teeth 
on the other are liypocycloids, described hy the same rolling circle. 

It is evidently not necessary that the flanks of the teeth of two 
wheels which gear together be described by the same rolling circle, but 
the rolling circle which describes the flanks of the teeth on one wheel 
must be used to describe the faces of the teeth on the other. 

Since the hypocycloid becomes a straight line passing through the 
centre of the pitch circle when the diameter of the rolling circle is equal 
to the radius of the pitch circle, it follows that the flanks of wheel teeth 
may be made radial. 

If a number of wheels are to be interchangeable, that is, if any one 
of them is to be capable of working correctly with any of the others, 
it is obvious that the faces and flanks of the teeth on each must be 
described by the same rolling circle. 

323. Path of Contact. -—In the preceding Article it has been shown 
that the point of contact of two cycloidal teeth must be on one or other 
of the rolling circles when the latter are at the pitch point; it follows, 
therefore, that the path of contact of two teeth must be made up of arcs 
of these rolling circles. 
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If APB and CPD (Pig. 579) be the pitch circles of two wheels with 
cycloidal teeth in gear with one another, and if arle he the addenduin 
circle of the teeth of the lower wheel, and 
bftj' the addendum circle of the teeth of 
the upper wheel, then the rolling circles 
being at the pitch point as shown, the 
points a and b where the addendum circles 
cut the rolling circles are the extreme 
points of contact of the teeth, the upper 
wheel being the driver, and having its 
motion in the direction of the arrow. At 
the point a a point on the flank of a 
tooth on the driver will come in contact 

with the extreme point of the face of a tooth on the follower, 
the motion proceeds, the flank of the tooth on the driver will slide on 
the face of the tooth on the follower until the point of contact, which 
moves along the arc aP, reaches the point P. The face of the tooth on 
the driver will then slide on the flank of the tooth on the follower until 
the point of contact, which moves along the arc Fh, reaches the point b. 

The arc aF is called the path of wpproach^ and the arc Pf> the path 
of recess. If the driver move in the opposite direction, the path of 
contact will evidently be the line a'P//. 

If man be the flank of a tooth on the upper wheel just coming into 
contact with a tooth on the lower wheel, the point m on the pitch line 
APB will come into contact when it has travelled to P, and the arc ?>/P is 
the arc of approach. Again, if rhs be the flank of a tooth on the lower 
wheel just going out of contact with a tooth on the upper wheel, the 
point T on the pitch line CPD will have travelled over the arc Pr since 
being in contact, and the arc P?’ is the a.rc of recess. If the arc Pn be* 
made equal to the arc P^??, and the arc P^ he made equal to the arc Fr, 
then either of the arcs oFr or niFt is the aix of contact. 

The arc of contact may also he defined as that part of the pitch line 
which passes the pitch point during the time of contact of a pair of 
teeth. 

In order that one pair of teeth may always be in contact, the arc of 
contact must not be less than the pitch of the teeth. If possible the arc 
of contact should not be less than twice the pitch, so as to ensure that at 
least two pairs of teeth are always in contact. Generally the arc of 
contact is not less than 1 *4 times the pitch. 

324. OMiquity of Action and Effect of Friction.~Eef€rring to Fig. 
580, if a pair of teeth are in contact at a, and friction is neglected, the 
line of action of the pressure between the teeth is the straight line caF, 
and the angle a which this lirie makes with the common tangent to tlie 
pitch circles is the angle of obliquity of action. 

W teeth the obliquity of action during approach is 

greatest at the beginning of the path of contact, and diminishes to 
nothing at the pitch point. During recess the obliquity of action is 
nothing at the pitch point, and increases to a maximum at the end of the 
path of recess. 

The effect of friction during approach is to increase the angle of 
obliquity of action by the amount where is the angle whose tangent 
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Is equal to /X, tlie coefficient of sliding friction between tlie teetli. The 
driving force on the tooth of the lower wheel is now along the line cte, 
and the angle of obliquity 
of action is a + 

If h is a point of con- 
tact between a pair of 
teeth during recess, jS is 
the angle of obliquity of 
action at h when friction is 
neglected. When friction 
is considered, the angle of 
obliquity of action at h is 
obviously 

The effect of friction is 
to increase the obliquity of 
action during approach, and to diminish it during recess. Consequently 
friction is more objectionable during approach than during recess. 

The effect of friction in altering the direction of the pressure betw^een 
a pair of teeth in contact may be better understood by reference to 
Fig. 581. Wy and are portions 
of a pair of teeth in contact, 
and the arrows show’’ the direc- 
tion of sliding of the one tooth 
on the other. E is the reaction 
of n on m, and T is the reaction 
of m on n. T is of course equal 
and opposite to E. The left- 
hand portion of Fig. 581 shows 
the conditions during approach, 
while the right-hand portion 
shows the conditions during recess, m being on the driver and n on 
the follower. 

Eeferring further to Fig. 580, since the effect of friction is to divert 
the line of pressure between the teeth from the pitch point P, it is 
evident that during approach the length of the perpendicular from the 
centre of the driver to the line of pressure is diminished, and for a given 
turning moment on the driver at any instant the pressure on the teeth 
is increased by the action of the friction. During recess, howeveiythe 
length of the perpendicular . from the centre of the driver to the line 
of pressure is increased, and for a given turning moment on the driver 
at any instant the pressure on the teeth is diminished by the action 
of the friction. Hence friction is more injurious during approach than 
during recess. 

Friction does not affect the accuracy of the working of the teeth so 
far as velocity ratio at any instant is concerned. 

325. Involute Teeth.-— Although the involute of a circle is a 
particular case of the epicycloid, being the epicycloid when the rolling 
circle is of infinite diameter, involute teeth are not considered as a 
special case of cycloidal teeth, because the involutes used are not 
involutes of the pitch circles, but are involutes of smaller circles, called 
the base circles. 
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Let APB and CPE (Fig. 582) be the pitch circles of two •wheels with 
involute teeth in gear with one another. Let al^h and be the oiit- 
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lines of the surfaces of two teeth in contact at T, these outlines being 
involutes of the base circles S| and 83 respectively. Since a line drawn 
from any point on an involute to touch the base circle of that involute 
is a normal to the involute at that point, it folio w^s that the common 
normal to the two involutes in contact at T must be a common tangent 
MN to the two base circles. Hence the point of contact is always on 
the line MIST, and a portion of that line is the path of contact. 

Comparing the similar triangles O^PM and OgPN, it is clear that 
if the ratio of the radii of the base circles be the same as the ratio of the 
radii of the pitch circles, the common normal to the curves of the teeth in 
contact must pass through the pitch point. 

If the centres of the wheels be pushed closer together or further 
apart, the wheels will still w?-ork correctly, because this is equivalent to 
altering the radii of the pitch circles without altering their ratio. This 
is a special property of involute teeth, and is a valuable one in cases 
where the distance between the centres of the two wheels cannot be 
maintained constant. This property also makes it possible to regulate 
the amount of side clearance or back lash bet-v^een the teeth. Altering 
the distance betw^een the centres of the wheels obviously alters the 
inclination of the path of contact. . The angle 0 which the path of 
contact makes with the common tangent to the pitch circles is usually 
from 14| degrees to 15 J degrees. In designing involute teeth the 
direction of the path of contact is first fixed, and the base circles are then 
drawn to touch it. 

If on the tangent at P, PH be made equal to the pitch of the teeth, 
measured on the pitch circles, and if HK he drawn perpendicular to MN, 
then since PK : PH : : O^M : O^P, PK must be the pitch of the teeth 
measured on the base circles. The pitch PK is called the normal pitch. 
It is usual to make the parts of the path of contact on opposite sides of 
P equal to one another, then if two pairs of teeth are to be in contact, 
and PL be made equal to PK, KL will be the minimum length of the 
path of contact, and circles through K and L with centres at and O.j 
respectively will be the minimum addendum circles. There should be a 
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small clearance between the root circle of one wheel and the addendum 
circle of the other. 

If the parts of the path of contact on opposite sides of the pitch point 
are equal, and if there are two pairs of teeth always in contact, then PM 
or PN, whichever is least, will be the maximum value of the normal 
pitch of the teeth. Let r ^ radius of the smaller of the two base circles, 
p = maximuin normal pitch, and n = the minimum number of teeth, then 
2Tsrr~np^ but p = r tan therefore nr tan and n ~ 27r/taii B. 

When B- 15°, ^ = 24. With only one pair of teeth in contact at a time, 
?e = 7r/tan B, or ?i=l2 when ^=15°. 

When the pitch circle becomes of infinite diameter, as in a rack, the 
base circle will also become of infinite diameter, and the involute will 
become a straight line. Hence in a rack 
which gears with a wheel having involute 
teeth, the teeth are straight on face and 
flank, as shown in Fig. 583. The faces 
and flanks are perpendicular to the jjath 
of contact, and therefore make an angle 
of 90° - with the pitch line. 

The essential condition that two wheels, or a wheel and rack, 
having involute teeth, may gear correctly together, is that the teeth shall 
have the same normal pitch. Two or more wheels having different 
numbers of involute teeth of the same normal pitch can be arranged to 
rotate about the same axis and gear correctly with one wheel or one 
rack. The base circles of the wheels on the same axis will of course be 
of different diameters, and the paths of contact will be inclined at 
different angles.* 

326. Internal Teeth. — The theory of the forms and the methods of 
drawing the outlines of the teeth for internal or annular wheels in which 
the teeth are on the inside of the rim, as shown in Figs. 584 and 585, 
are the same as for external teeth. 

In the case of cycloidal teeth (Fig. 584) the face ah is a hypocycloid 
of the pitch circle ABC described by the rolling circle which describes 


the liypocycloidal flanks of the teeth on the wheel which is to gear with 
ABC, and the flank he is an epicycloid of the pitch circle ABC described 
by the rolling circle which describes the epicycloidal faces of the teeth of 
the other wheel. 

In the case of involute teeth (Fig. 585) the curve ahe is the involute 
of a base circle which must be concentric with the pitch circle ABC, and 
which must touch the straight line, wdiich is the path of contact. 

327. Pin Wheels. A— M^en the rolling circle which describes the 
liypocycloidal flank of a tooth on a wheel A has a diameter equal to that 

* Except when the single wheel becomes a racK* in which case the paths of 
contact are inclined at the same angle^ 





Fig. 583. 
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of the pitch circle the hypocycloid becomes a point, and no part of the 
tooth lies within the pitch circle. The face of a tooth on a wheel B 
which gears with A will be an epicycloid described by the pitch circle of 
A as rolling circle. If a rolling circle which describes the face of a tooth 
on A be diminished until it becomes a point no part of the tooth on A 
will lie outside the pitch circle, and as this rolling circle which has 
become a point must be used to describe the flanks of the teeth on B no 
part of a tooth on B will be inside the pitch circle. The teeth on A 
have thus become mere points, while the teeth on B will have epi- 
cycloidal outlines lying entirely outside the pitch circle. This is shown 
in the left-hand half of Fig. 586. 

It is obvious that practically this 

is an impossible case, but if instead / 

of mere points, cylindrical pins of / / \\ 

sensible size be used, as shown in / / 

the right-hand half of Fig. 586, 11 ® j 

where the outlines of the teeth 1 i / 

which gear with the pins are curves >V\ / 

parallel to the epicycloids and at 

a distance from them equal to the / P \ 

radius of the pins, then the heels I ^ I j 

will gear correctly, and either wheel DRIVER. 

will drive the other. I 

The |>ath of contact will be ^ ^ 

either the arc P«& or the arc Pai * 

If the pins are on the follower, contact will take place during recess only, 
and if the pins are on the driver, contact will take place during approach 
only. Since the friction is more serious during approach than during 
recess, it is best to put tbe pins on the follower. 

Figs. 588 and 589 show wheels gearing internally, one of them having 


FiGf. 586. 


FiO. 588. 


Fig. 689. 


pins for teeth. Reasoning as for external contact, it is easy to show that 
the curves of the teeth in the left-hand half of Fig. 588, where the pins 


* For practical purposes this may be taken as true when the pins are small, 
but the exact path of contact is a curve determined as _i 

shown in Fig. 587, where aFd is the pitch circle of the 
pin wheel, and P the pitch point. Take c any point on 
the arc Fed Join cP. Make cc' equal to the radius of 
the pin ; then c' is a point on the real path of contact. p 

Bepeating this construction a sufficient number of 
times and joining the points so obtained, the real path ^ 

of contact Pc'd is determined. 
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are mere points, and tlie dotted curves on the right must be hypocycloids 
described by the pitch circle of the pin wheel rolling inside the pitch 
circle of the other. The corresponding curves in Fig. 589 are epicycloids 
described by the joitch circle of the pin wheel rolling on the pitch circle 
of the other, the latter being inside the former. 

An interesting case of the internal gearing shown in Fig. 588, is 
where the pitch circle of the pin wheel has a diameter equal to the radius 
of the pitch circle of the other. The faces of the teeth on the outside 
wheel now become the sides of parallel slots, the centre lines of which 
are radial lines of the larger pitch circle. Two examples of this case are 
shown in Figs. 590 and 591. In Fig. 590 the pin w^heel has twm teeth, 
while in Fig. 591 the pin 
wheel has four teeth. A 
peculiarity of this gearing 
is’ that the path of contact 
between a pair of teeth is 
the circumference of the 
pitch circle of the pin wheel 
excepting a small arc in the 
neighbourhood of the centre 
of the larger wheel. When 
a pin is in the neighbour- 
hood of the centre of the 
larger wheel the obliquity of action is approaching a right angle and the 
driving effort is approaching zero, but when there are two or more pins 
on the pin wheel, only one pin will be in a disadvantageous position at a 
time. The path of approach is equal in length to 
the path of recess, and it is therefore immaterial 
which of the two wheels is the driver, except in the 
case where the pin wheel has only one tooth. When 
the pin wheel has only one tooth it must be the 
driver, otherwise motion of the follower wmuld 
cease when the pin reached tne centre of the 
larger wheel, unless it was carried past this dead 
centre by the inertia of the follower or the parts 
moving with it. Contact in the neighbourhood of 
the centre of the larger wheel can be iuvsured, and larger bearing surfaces 
secured by making the slots wider and placing blocks on the pins, as 
shown in Fig. 592. 

328. Bevel ‘Wheels.— The pitch surfaces of bevel wheels in gear are 
frusta of cones whose vertices coincide, the axes of the cones being the 
axes of the wheels. Fig. 593 
shows the pitch surfaces of 
two bevel wheels in gear, the 
one cone being external to 
the other. In this case the 
wheels are said to have ex- 
ternal contact. Fig. 594 
shows the pitch surfaces of 
two bevel wheels having internal contact, one cone being inside the other 

A mitre loheel is a bevel wheel whose pitch cone has a base angle of 45®. 



Fig. 592. 



Fig. 693. 


Fig. 594. 
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Fig. 596. 


To iiiid8rstaii<l tliG tlieory of tli6 forms of tho toetjb of bcvol wIiggIs, it 
is desirable to refer again to the way in which the forms of the teeth 
of spur wheels were derived. In Fig. 595, 

APB is ' the pitch circle of a spur wheel 
(iPR is the rolling circle which is used to 
describe the epicycloid which is the 
profile^ of the face of a tooth on the wheel. 

The pitch surface of the wheel is a cylinder, 
and if the rolling circle aPE be taken as the 
end of another cylinder, the two cylinders, 
being of the same length, and having their 
axes parallel, the face of a tooth on 

the wheel is formed by the straight line aa^ 
on the surface of the rolling cylinder as the 
latter rolls on the pitch surface of the wheel. 

For a bevel wheel (Fig, 596), the pitch surface of which is the 
ABB, of the cone OAB, the rolling cylinder of Fig. 595 becomes the 
frustum of a rolling cone, 
and the curve ab becomes a 0 

spherical epicycloid. The 
face of a tooth on the ^vheel 
is formed by a straight line 
aa-i on the surface of the 
rolling frustum as the 
latter rolls on the outside 
of the pitch surface of the 
wheel. The flank of a tooth 
is formed in like manner ^ 

by a straight line on a roll- 

ing frustum when the latter rolls on the inside of the pitch surface. 

As the cone OaPE (Fig. 596) rolls on the cone OAB, the point a 
which describes the curve ad is always 
at a distance from O equal to the 
length of the slant side of the cone 
OaPB ; the point a therefore moves 
on the surface of a sphere whose 
radius is OA, and whose centre is at 
O. The surface of the outer ends of 
the teeth formed in this way on a 
bevel wheel is therefore a portion of 
the surface of a sphere, and cannot 
be developed. If, however, a cone 
be taken enveloping the sphere and 
having for its circle of contact the 
pitch circle AB, this cone will cut the 
true face of a tooth in a curve which, 
when developed, will for all practical 
purposes in ordinary cases be an epi- 
cycloid. Hence the practical method, 
due to Tredgold, of designing the forms 


Fia. 597,, 
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00^ is tlie axis of the wheel ACDAi is one half of the pitch surface, 
O being the vertex of the pitch cone. OAOi is a right angle. OiAC is 
one half of the cone, already referred to as enveloping the sphere whose 
centre is at O, and whose radius is OA. AE is an arc of a cirde struck 
from as centre. This arc is the development of part of the base of 
the cone Oj^AC. Then AE is considered as part of the pitch circle of a 
spur wheel of radius O^A, and the teeth, are constructed on this as for a 
spur wheel. A thin templet, made to the shape of the teeth on AE, 
may be used to mark off the shape of the teeth on the edge of the bevel 
wheel blank. 

The theory of involute teeth for bevel wheels may be developed in a 
similar manner to that of cycloidal teeth. In a spur wheel with involute 
teeth a plane is taken touching a base cylinder, and a line in this plane 
parallel to the axis of the cylinder describes the surface of a tooth as the 
plane rolls on the cylinder. In a bevel wheel the base cylinder of the 
spur wheel becomes a base cone whose vertex is at the vertex of the pitch 
cone of the wheel, and as a plane rolls on the base cone a line in the 
plane, and passing through the vertex of the cone^ describes the surface 
of a tooth on the wheel. Tredgold^s method is also applicable to involute 
teeth. 

When the diameter of a bevel wheel is mentioned without qualifica- 
tion, the larger diameter of the pitch surface is understood. 

329. Stepped and Helical Teeth. — The smaller the pitch of the teeth 
of two wheels in gear the smoother is the motion, but the teeth ai'e 
weaker the smaller the pitch. To combine the smoothness of the motion 
due to fine pitched teeth with the strength 
due to coarse pitched teeth, Dr. Hooke 
invented stepped teeth. These teeth are 
shown in Fig. 598. Imagine a toothed 
wheel having teeth of a pitch p to be 
divided into n discs of equal thickness 
by planes at right angles to the axis of 
the wheel, and let each disc be placed so 
that the teeth on it are l-?^th of the pitch 
p in advance of the teeth on the disc in front of it. These discs would 
now form a wheel with stepped teeth, which would have the strength of 
teeth of pitch p, and which would work as smoothly as teeth of pitch 

If the number of steps on a stepped tooth be made infinite, its surface 
becomes a screw or helical surface, and the teeth formed in this way are 
called helical teeth. Simple helical teeth on a spur wheel have the 
appearance shown in Fig. 599. The out- 
line of the section of helical teeth. by a 
plane at right angles to the axis of the 
wheel is designed as for ordinary teeth, 
and their outline in the direction of the 
width of the wheel is drawn by the rule 
for drawing helices or screw curves. It 
is obvious that two wheels gearing together ^^9. 

and having helical teeth must have their teeth of opposite hand,’^ that 
is, one must be right-handed and the other left-handed. It is also evident 
that the inclinations of the helices must be the same. 
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The objection to the teeth shown in Fig. 599 is that when at work 
there is a side pressure which tends to push 
the wheels out of gear. To overcome this 
difficulty, the Ueth shown in 1 

Fig. 600 were introduced, and are now 
largely used. To ensure the proper bearing \V|\r 
of the teeth on one another, the shaft of J 
one of a pair of wheels having double heli- \ . / 

cal teeth should have a slight amount of 
end play. Fig. 600. 


Exercises XXIII 


1. A toothed wheel has 95 teeth, whose diametral pitch is J inch. Find the 
diameter of the pitch circle and the circular pitch. 

2. Taking the ordinary proportions for teeth, height above pitch line = 0 
and depth below pitch line =0*'%7, where ^ is the circular pitch, express tiuise in 
terms of the diametral pitch p'. 

3. A wheel A, having 28 teeth, gears with a wheel B, having 35 teeth. How 
many teeth on A will come in contact with a particular tooth on B 1 Also, how 
many revolutions will A make before the same pair of teeth are again in contact ? 
Further, what will the answers be (1) when A has 28 teeth and B 36 teeth, (2) 
when A has 29 teeth and B 35 teeth ? 

In thefoUcming exercises^ 4 to 15, there are given in each two wheels or a wheel and rack 
in gear. Draw, f till ske, a side elevation ofagwrtum of the ■pair in gear, in the neighhout'- 
hood of the pitch pomt, miffiaient to show four teeth on each cotnpletehj. Show churly in 
each case the path of approach and the path of recess, the arc of approach and the arc of 
recess, also the maximum obliquities of actiop, during approach and, duHng recess. 

4. Two spur wheels in external contact. Diameters of pitcJi circles, 10 inches 
and 16 inches. Numbers of teeth, 15 and 24. Cycloidal teeth. Eolling circle, 
5 inches diameter for all curves. 

6. Spur wheel and rack. Diameter of pitch circle of wheel, 15 inches. Number of 
teeth on wheel, 20. Cycloidal teeth. Eolling circle, 5 inches diameter for all curves. 

6. Two spur wheels in internal contact. Diameters of pitch circles, 10 inches 
and 20 inches. Numbers of teeth, 20 and 40. Cycloidal teeth, Eolling circle, 

5 inches diameter for all curves. 

7. Same as Exercise 4, but with involute teeth. 

8. Same as Exercise 5, but with involute teeth. 

9. Same as Exercise 0, but with involute teeth. 

10. Two wheels in external contact. Diameters of pitch circles, 10 inches 
and 15 inches. The smaller wheel to have 16 pins | inch diameter. 

11. Two wheels in internal contact. Diameters of pitch circles, 10 inches and 
30 inches. The smaller wheel to have 16 pins f inch diameter. 

12. Two wheels in internal contaet. Diameters of pitch circles, 10 inches and 
30 inches. The larger wheel to liave 48 pins | inch diameter. 

13. Two wheels in internal contact. Diamcticrs of pitch circles, 6 inches and 
12 inches. The smaller wheel to have 6 pins J inch diameter. 

14. Wheel and rack. Diameter of pitch circle of wheel, 10 inches. Wheel 
has 20 teeth. Back has pins J inch diameter. 

16. Wheel and rack. Diameter of pitch circle of wheel, 10 inches. Wheel 
has 20 pins inch diameter. 

16. Design for a spur wheel with cycloidal teeth. Diameter of pitch circle, 

6 feet. Speed, 70 revolutions per minute. Power transmitted, 350 horse-power. 
For strength of teeth use the rule V — 2Q0np^, where P is the driving force at pitch 
circle, n the ratio of breadth of teeth to pitch, and p the pitch. Take w = 2’75. 
Diameter of shaft, inches, enlarged to inches inside the nave of the wheel. 

17. Design for a bevel wheel with cycloidal teeth. Base angle of pitch cone,30^. 
Mean diameter, 5 feet. Speed, 80 revolutions per minute. Power transmitted, 400 
horse- power. For strength of teeth use the rule P=200nJp^ where driving force 
at mean pitch circle, ratio of breadth of teeth to pitch at mean pitch circle, and 
p = pitch at mean pitch circle. Take n =; 3. Wheel to have four arms of T section. 
Diameter of shaft, 7 J inches. Diameter of wheel seat on shaft, 8J inches. 


CHAPTEE XXIV 

WHEEL TRAINS 



330. Wheel Trains,— Two or more wheels in gear form a wheel train 
or train of loheeU, In Fig. 601 the wheels A and L are shown geared 


Fig. 601. 


Fig. 602. 


Fig. 603. 


Fig. 605. 


directly together, and they will evidently rotate in opposite directions. 
In Fig. 602 the wheels A and L are shown connected by an intermediate 
or idle wheel M ; here A and L rotate in the same direction. 

In each of the Figs. 

603, 604, and 605 the 

wheels A and L are I p ^ p jp * 

shown connected by ^ Ailfm iiMfilil B | 

‘wm"bC,V"S.”b , MIA 

and C being rigidly 

connected, so that they ^ I 

rotate together as one 

wheel. In Fig. 603 all ^ 

the wheels are spur 

wheels with external teeth. In Fig. 604 L is an annular or internal 
toothed wheel, and in Fig. 605 all the wheels are bevel wheels. In each 
of these three examples there is the same number of v heels and the same 
number of axes, but it should be noticed that while in the arrangement 
shown in Fig. 603 A and L rotate in the same direction, in the arrange- 
ments shown in Figs. 604 and 605 A and L rotate in opposite directions. 

Let ^nd denote the diameters, and Wj, Wg, and 

denote the numbers of teeth in the wheels A, B, C, and L" respectively, 
and let Nj, and denote the speeds of the wheels A, B, and L 
respectively in revolutions in a given time, say per minute, then, from 
the fact that when two wheels gear together the linear velocities of their 
pitch circles must be the same, it folloAvs that 

.■^2 _ ^ 

(^2 Nj do S4 ^/^2 91 ^' 

The velocity ratio or the value of a train of wheels is the ratio of the 
speed of the last wheel to the speed of the first wheel of the train. The 
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velocity ratio is positive or negative, according as the first and last wheels 
rotate in the or in directions. 

When the axes of two shafts are paraUel 
and near to one another, but not overlapping, 
motion may be transmitted from the one IlillllflllTITil I il 
shaft to the other by spur wheels, as shown 
in Fig. 606. The broad intermediate wheel Fig 606 

M is here called a Ilarlhorough ivheeL * 

331. Change Speed Gears. — There are many cases in practice where 
it is necessary to drive one shaft from another in a positive manner at 
different speeds at different times. In a screw-cutting lathe, for example, 
the leading screw is driven from the lathe spindle by a train of wheels, 
and the value of the train to be used is the ratio of the pitch of the 
screw to be cut to the pitch of the leading screws Hence to cut screws 
of different pitch different trains of wheels must be used. In the older 
lathes a set of separate change wheels are used, and different combinations 
of them have to be mounted to suit the work to be done. Modern lathes 
and other machine tools are, however, generally fitted with change gears 
which can be operated by the movement of one or more levers, all the 
wheels being permanently mounted. ISTot only is this done for the screw 
cutting and feed motions, but the main driving of the machine is now 
largely done by what are called ^‘all-gear drives,” that is, the use of 
stepped pulleys is dispensed wuth, there lieirig only one driving jiulley, 
and all the changes of speed are obtained by putting difierent toothed 
wheels into gear by the simple movements of one or more levers. One 
important advantage following this substitution of one belt pulley for a 
stepped pulley is that the belt can be run at the speed most suitable to 
it, and the powur of the machine is not diminished at slower speeds 
through having to reduce the speed of the belt by shifting it to the 
larger steps of the stepped pulley. 

The application of a sliding cotter key to a change speed gear is 
shown in Fig. 607. The driving shaft A carries three w'heels C, I), and 
E, which gear with the three wheels F, G, and H respectively, which are 
firmly keyed to the driven shaft 
B. The shaft A is hollow for 
part of its length,- and contains 
a rod E, into which is fitted 
the cotter key K, which passes 
through the slots L in the hollow 
part of A. Each of the wheels 
G, D, and E has six keyways, 
and each is counter bored as 
showm. In the position shown 
the cotter key is in twu of the 
keyways in D, and the shaft B 

is being driven through the n 

wheels D and G. If the rod E 
be moved to the right a distance 

equal to the width of the cotter key the latter will be in the space formed 
by the counter bore in E, and the counter bore in the right-hand side of D 
and all the wheels will be at rest. If the rod E be moved a step further to 




Fig. 607. 
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tlie right the cotter key will engage with the wheel E, and the shaft B 
will be driven, through the wheels E and H. The rod E. is operated 
by a lever not shown, which can be locked into definite positions corre- 
sponding to the several positions of the cotter key ^ when in gear or out 
of gear. This form of gear is very suitable for light w^'ork, such as is 
required in feed motions of machine tools. 

A form of the sliding wheel change speed gear, is shown in Fig. 608. 
There are three 
wheels, C, D, and 
E, rigidly con- 
nected together 
and carried by 
the driving shaft 
A. A feather 
key periiiits of 
the wdieels C, D, 
and E being 
moved longitudi- 
nally on. A, while 
at the same time 
they must rotate 
with A. The Fig. 608. 

driven shaft B . ^ 

carries three wheels, F, G, and H, which are rigidly fi.xed to it. By s,lidiiig 
CDE into difierent positions, B may be put out of gear, or it may be driven 
through C and F, or through D and G, or through E and H. 

Another type of change- speed gear is shown in Fig. 609. A is a 
shaft driven at constant speed by a belt on the pulley B. The pinion C 
is keyed to A, and is geared permanently to the wheel E through the 
intermediate wheel F. 

The wheel E is carried 
by the shaft H, to which 
it is connected by a pawl 
and ratchet wdicel, and if 
H is not driven through 
the other part of the 
gear, to be presently 
described, H is driven 
through 0, F, and E. 

The shaft A also carries 
a pinion K, which it 
drives through a feather 
key. A wheel L carried Fig. 609. 

by the sliding tumbler 

MN permanently gears with K, and by lifting and sliding MN the wheel 
L may be made to engage with any one of the wheels 0, P, Q, E, or S, 
which are all firmly keyed to the shaft H, or L may be placed clear of 
these wheels. When the shaft H is driven through the tumbler gear it 
rotates faster than when driven through C, F, and E, but in the same 
direction, this being possible on account of the ratchet connection of E 
to H. By using a separate ratchet drive for the slowest speed the shock 







EF is an arm carrying certain of the wheels and rotating about an axis 
CD. The arm may be straight, as in Figs. 611 and 612, or bent, as in 
Fig. 613. In Fig. 615 the arm 
takes the form of a spur wheel. F = 

In Figs. 614 and 615 the axes of fpE-|-jn I | 

the first and last wheels of the 

train coincide, and these trains are g j ^ 

called reverted wheel trains, ^ H | ^tri g 

The gear shown in Fig. 615 - = 

is the well-known differential gear -- -E ^ 
used on the driving axles of | 

motor cars to permit of the A I h ^He 

driving wheels rotating at different « -p, 

speeds in going round a curve. ‘ ' * 

The driving axle CD is divided, the part C carrying one driving wheel 
and D the other. The wheels A and L are fixed to C and D respectively, 
and the wheel EF is driven by the engine. 
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Fig. 612. 


due to throwing the tumbler gear in is diminished. The particular 
example illustrated in Fig. 609 is from a radial drilling machine by the 
Bickford Drill and Tool Co, of Cincinnati. The gear shown is placed on 
the base of the machine, and the shaft H drives a vertical shaft in the 
pillar through bevel wheels, 

332. Epicyclic Wheel Trains. — In an ordinary wdieel train the axes 
of the wdieels are fixed, while in an epicyclic 
train at least one axis revolves about another axis 
which is fixed. 

The first point about an epicyclic train do 
be thoroughly understood is that if a wFeel B 
(Fig. 610) be attached rigidly to an arm EF, and '\T’ 
the arm is made to rotate once about an axis 
at E, the wheel B will turn once on its own axis 
in the same direction in ■which the arm rotates. 

This is made clear by an inspection of Fig. 610, 
where the arm and wheel are shown in four differ- 
ent positions during one revolution. The arrow on the wkeel is 
supposed to be fixed to it. 

Examples of epicyclic trains are shown in Figs, 611 to 616. In each 
of these examples A is the first, and L the last wheel of the train, and 
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A simple method which may be adopted in solving problems on 
cpicyciic trains will now be illustrated on a fairly complex example. 
Fig. 616 shows an epicyclic reverted train known as Humpage^s gear. 
A is a fixed wheel, that is, a wheel which 
is not allowed to rotate. L is fixed to the 
shaft H, and D is fixed to the shaft K. 

B and 0 are fixed or cast together, but 
turn freely on an arm EF, which can 
rotate about the common axis of the 
shafts H and K. The wheels B and C 
and the arm EF are duplicated, as shown, 
for the sake of balance and pure torque. 

Let the numbers of teeth in the different 
wheels be as follows : A, 48 ; B, 40 ; C, 

25 ; D, 1 2 ; and L, 40. First suppose the 
whole system to be turned once round in 
the direction S. The wheels A, L, and D 
have therefore made one revolution in the direction S. If now A is turned 
back through one revolution in the direction T, the arm EF being at rest, 
the various wheels will then occupy the positions which they would have 
occupied had A been fixed while the arm EF turned once in the direc- 
tion S. In turning A back through one revolution in the direction T 

48 25 3 

the wheel L will evidently turn in the direction T through x = t 

40 40 4 

of a revolution. But L previously made one revolution in the direction 

S, therefore the actual motion of L is 1 

direction S. Again, in turning A back through one revolution in the 

48 

direction T, the arm EF being at rest, the wheel D will make ^ = 4 

12 

revolutions in the direction S. But D previously made one revolution in 
the direction S, therefore the actual motion of D is 4 -h 1 = 5 revolutions 


Fig. 616. 


~ of a revolution in the 
4 


, the direction S. 


Hence the speed of L is to the speed of D as i : 5, 

4 : 


or as 1 is to 20. 

The working of the above problem may be tabulated as follows 


Arm EF. 

Wheel A. 

Wheel D. 

Wheel L. 


+ 1 

+ 1 

+ 1 

+ 1 

Eevolutions. 

0 

1 


48^ 25 3 



40^40~ 4 


+ 1 

O' i 

+ 6 



or +4 

0 

+ 20 

+ 1 



Problems on epicyclic trains become quite simple when worked by the 
above method. 
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Problems , on epicyclic gears .may however be. -solved by aid o.f ,a 
fominla constructed as follows , 

Let a = number of revolutions of the arm EP in a given time. 
m = number of revolutions of the wheel A in the same time, 

w- = number of revolutions of the wheel L in the same time. 

The speed of A in relation to the arm is m - a, and the speed of L in 
relation to the arm mn-a, hence the value of the train or its velocity 

ratio is In using this formula it is most important that the 

proper signs be given to the values of a, m, n, and e. For example, if 

the arm makes 20 revolutions in a direction taken as positive, a = + k), 
and if A makes 30 revolutions in the opposite or negative direction, 
then = ~ 30 and - a = ~ 30 - 20 = ~ 50. Again, the value of e is 
positive or negative according as A and L rotate in the same or in opposite 
directions .respectively. 

As an example on the use of the formula e — — ?, take the gear 

m-a 

shown in Fig. 611, and let the wheels A and L be equal. Here - 1. 
Let L be prevented from rotating about its axis, then n~0, and by 

formula - 1 = —— or m == 2a, that is, the wheel A rotates twice as fast 
ni -a . 

as the arm in the same direction. This is the well-known sun and jdanet 
motion used by Watt as a substitute for the ordinary crank in the steam- 
engine. A was fixed to the fiy- wheel shaft, and L was bolted to the 
connecting-rod. 

In using the formula e ~ ^ to solve the problem on Humpage’s 

gear, already worked out, two applications have to be made. First 

consider the train made up of A, B, 0, and L (Fig. 616). Here 
48 25 3 

e — X IQ = ni the speed of A = 0, and n is the speed of L. Hence 

? ~ ^ and n = j. Next consider the train made up of A, B, and D. 

4 4 r > j 

48 

Here c = -4, m the speed of A — 0, and n is the speed of D. 

Hence - 4 =:: and n = 5{». Therefore the speed of L is to the spec. I 

Q-a ^ 

of I) as ? : 5a, or as 1 : 20, as before.. 

' .'.I ■ 

Exercises XXIV, 

1. The axes of two spur wheels in gear are 37 inches apart. One wheel 
rotates four times as fast as the other. Find the diameters of the pitch circles 
of the wheels. 

2. It is required to connect two shafts, whose axes are to bo as nearly as 
possible 40 inches apart, by spur wheels so that the velocity ratio may be 
exactly 9 : 2. Find the number of teeth in each of the two wheels and the dis- 
tance between the axes of the shafts, to the nearest, hundredth of an inch, if the 
pitch of the teeth is 24 inches. 

3. The crank of a direct double-acting steam-engine is 15 inches long. A 
spur wheel 9 feet in diameter on the crank shaft drives a pinion 2 feet in 

N* 
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diameter. If the piston travels 500 feet in one minnte, what is the speed of the 
pinion iu revolutions per minute ? If the diameter of the piston is 17 inohes^ 
and the mean effective pressure on it is 25 ibs. per square inch, what is the 

average force oil the teeth of the pinion ? 

4. The gearing of the fast headstock of a lathe is shown in Fig. 617. The 

spur wheel B is permanently keyed to 
the spindle A. The stepped pulley C 
may be connected to B by a bolt, not 
shown. When C is not connected to 
B it can rotate freely on A. D is a 
pinion fixed to C. E is a wheel and F 
a pinion, both fixed to the back spindle 
HK. Let the spindle HK be moved in 
the direction of the arrow, so that the 
wheel E comes into gear with the 
pinion D, and the pinion F with the 
wheel B, and let 0 be disconnected 
from B. If D and F have each 17 Fig-. 617. 

teeth, and B and E have each 68 

teeth, find the number of revolutions of C for one revolution of A. 

5. Tlie leading screw of a lathe has four threads per inch, and is geared to 
the lathe spindle as follows. On the lathe spindle there is a wheel of 2D teeth, 
which gears with one of ICO teeth. Attached to the wheel of 100 teeth there is 
one of 40 teeth, which gears with a wheel of 120 teeth on the leading screw. 
Find the number of threads per inch in the screw to be cut. 

6. In a planing machine the table is driven by a rack and pinion. For the 
cutting stroke the pulley shaft is connected with the rack through the following 
gearing. A pinion A (Fig. 618) rigidly connected to one of the pulleys has 24 



teeth. This gears with a wheel B, which has 64 teeth. 

On the same axis as B is a pinion 0 of 18 teeth, which 

gears with a wheel D of 72 teeth, and on the axis carrying / Rack. \ 

the wheel D is the pinion E, which has 15 teeth and j 

drives the rack. The pitch of the teeth of the rack is / 

I'l inches. On the quick return stroke D is driven direct / 

by a pinion F having 18 teeth, and rigidly connected to 

another pulley on the pulley shaft. The stroke of the 

table is 6 feet. Find : (a) The number of revolutions per & ® j 

minute of the pulleys, if the cutting speed is not to exceed ^ V y 

25 feet per minute, {h) The time taken for one complete 

reciprocation of the table, (c) The average force exerted "FK}. 618. 

by the tool during one cutting stroke, if the horse-power 

passing to the planing machine through the belt during the cutting stroke 
is 3, and if the efficiency of the mechanism is 37 per cent. 

7, In the lifting-crab, shown in Fig. 619, the crank handle and the pinion A 
are fixed to the shaft HK. The wheel B and pinion 0 are fixed to the shaft 
LM. The wheel D and pinion E are 

fixed together, but are loose on the shaft " ' ' "g 

HK. The wheel F and the barrel G are - ^ 

fixed together, but are loose on the shaft r-n— f 

LM. The diameters of the wheels and HC /pq , pK 

pinions are as follows; A, 4^ inches; (fT® rlM 

B, 16 inches; C, 7 inches; D, 13-| s ^ sH 

inches; E, 4f inches; F, 15| inches. J J r •= t. 

The radius of the crank is 15-|- inches, L[| E ^ g g |]M 

and the elective diameter of the barrel “ 

is 10 inches. Neglecting friction, find m ^ HX 

the weight W, in tons, when an effort of B | ; 

50 lbs. is applied at the crauk handle. \ 

8. An epioyolic gear consists of three WTzPTTT// 

wheels, as shown in Fig. 612, p. 391. A 

is a dead wheel having 50 teeth. The 

arm EF makes -f 2499 revolutions in a certain time. Find the number of revolu- 
tions made by L in the same time when the number of teeth on L is (1) 50, 
(2) 51, and (3) 49. 
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9. In .the ■ epicycslic train, shown in Fig. ' 620, ' the wheel A is' fixed. The 
rotating arm which rotates about the axis of A, carries a wheel B, which 
gears with A, and also a second 


wheel C, which gears with B. To 
the wheel C is rigidly fixed an arm 
K If , the speed of the arm a is n 
revolutions per minute clockwise, 
what is the speed of the wheel 0 
about its axis? Find for one re- 
volution of the arm a the path of 
a point on the arm 5, whose distance 
from the axis of C is equal to the 


J5U€§i- 



FlCf. 620. 



distance betwep the axes of A and C. Find also the path of a point on the 
arm whose distance from the axis of 0 is one half that between the axes of 
A and C. [B.E.]' 

10. A and L (Fig. 621) are two wheels of nearly the same diameter. A has 
49 teeth, and L has 50 teeth. A and L gear with a 
broad wheel M, which turns on a stud or pin attached 
to the arm EF, which turns about the axis of A and L. 

A being a fixed wheel, find the number of revolutions 
made by the arm while the wheel L turns once. 

11. Beferring to the reverted epicyclio wheel 
train shown in Fig. 614, p. 301, the wheels A, 

M, N, and L have 25, 35, 20, and 40 teeth respec- 
tively, and M and N rotate together. If the 
arm BF makes -i- 14 revolutions per minute about 
the axis CD, find in revolutions per minute (1) the 
speed of L when A is fixed, and (2) the speed of A when L is fixed. 

12. In a “ Crypto” front driving gear for a bicycle there is a spur wheel A 

(Fig. 622), having 14 teeth, and fixed to the fork. There is an annular wheel 
L having 38 teeth, and fixed to the hub of the 
front wheel of the bicycle. In one with the crank axle 
C is a disc carrying four pins, upon which are mounted 
four pinions M, each having 12 teeth, and each gearing 
with A and L. If the front wheel of the bicycle is 46 
inches in diameter, what would be the diameter of a 
driving wheel, driven directly by the cranks, which would 
carry the bicycle the same distance per revolution of 
crank axle? In other words, what is the above bicycle 
** geared to”? ” 

13. If a bicycle, having a driving wheel 44 inches in Fiq, 622. 

diameter, is geared to 64 inches by means of a Crypto gear, in which the wheel 
A (Fig. 622) has 20 teeth, how many teeth must the wheel L have? 

14. An epicyclio train of wheels is constructed as follows. A fixed annular 
wheel A, and a smaller concentric rotating wheel B, are connected by a com- 
pound wheel AiBi, the portion Aj gearing with the wheel A, and with B. The 
compound wheel revolves on a stud, which is carried round on an arm which 
revolves about the axis of A and B. A has 130 teeth, . 

B 20, and Bj 80, the pitch of the teeth of A and Aj 
being twice the pitch of the teeth of B and Bi. How 
many revolutions will B make for one turn of the arm ? 

[Tnst.aE.] 

16. A reverted epicyclio train is shown in Fig. 623. 

A is a fixed annular wheel. BC is a double inter- 
mediate wheel mounted on an eccentric E, which is 
keyed to the shaft H. B gears with A, and C with 
L, anotlier annular wheel, which is loose on the shaft 
H. Find the number of revolutions made by the 
shaft H for-f-1 revolution of the wheel L when the 
numbers of teeth on the w'heels A, B, C, and L are 60, 

55, 59, and 64 respjectively. *Show that the friction 
of this gear would be large. 

16. A pulley block for lifting a heavy weight is constructed as follows 




Fia. 623. 
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(see Fig. 624). Seoured to the block, so as not to revolve, is an annular wheel A 
of 20 teeth. A second wheel B, of nearly the same diameter, but having 1 tooth 
more than A, revolves loosely on a spindle concentric with A, and is bolted to a 
recessed pulley having a diameter of 7 inches, round which 
is led the chain by which the weight is lifted. A spur wheel 
0, deep enough to engage with A and B, is mounted, so as to 
turn freely at the extremity of a short arm keyed to the 
spindle. To the spindle is keyed a recessed pulley A', 10 inches 
diameter, round which is led an endless chain for hauling. 

Determine the velocity ratio of haul to lift. [U-B.] 

17. An epioyclic gear consists of a wheel A with 84 internal 

teeth, a pinion B, and a spur wheel 0 of 40 teeth concentric 
with A, B gearing ^vith C and A. The arm which carries the 
axis of B rotates at 20 revolutions per minute. If A is fixed, find the speed of C, 
and if G is fixed, find the speed of A. If a force of 100 lbs. is applied perpen- 
dicularly to the arm at a distance of 4 feet from the centre, find the pressure 
between the teeth of B and 0. Take the pitch circle of C as 15 inches in 
diameter. [U.L.] 

18. Eeferring to the differential motion ” (Fig. 615, p. 391), in which the 
wheels A and L are equal, if the speeds of EF and A are -p 50 and + 30 revolutions 
per minute respectively, what is the speed of L in revolutions per minute? 

19. An arrangement of gearing involving an epicyclio train is shown in 
Fig. 625. BC is" a shaft rotating at the constant speed of +120 revolutions per 
minute. The cone pulley MN and the 
bevel wheel A are keyed to the shaft BC. 

The bevel wheel L and the wheel T are 
rigidly connected together, but are loose 
on the shaft BO. The wheel EF is loose 
on the shaft BO, and carries the two 
bevel wheels which gear with A and L, 
as in the ordinary differential motion 
shown in Fig. 615, p. 391. The cone 
pulley FQ and the wheel R are keyed to 
the shaft HK. The wheel R is geared 
to EB' through the idle wheel S. The 
shaft HK is driven from the shaft BC 
by an open belt on the cone pulleys, as 
shown. The diameters of the cone 
'pulleys at N and P are three-fifths of 
the diameters at M and Q, and their 
diameters at the middle are equal. The 
diameter of the wheel R is half that of 
EF. Find the speed of the wheel T, in 
revolutions per minute, when the belt is (1) at the middle of the cone pulleys, 
(2) at MB, and (3) at NQ. 

20. In the epicyclio bevel gear, shown in the sketch (Fig. 626), the wheels A 
and B have each 40 teeth, and the wheel C has 20 teeth ; 

the shafts D and B are in one solid piece, and rotate 
together at the rate of 60 revolutions per minute about 
the axis of E; each wheel is free to rotate on its own 
spindle, and the wheel A rotates 30 times per minute in 
a direction opposite to the rotation of the shaft E. Fiad 
the speed and direction of rotation of the wheel C. 

[B.E,] 

21. In an example of Humpage’s gear, shown in 
Fig. 616, p. 392, the numbers of the teeth on the different FiGh 626. 
wheels are as follows: A, 60 ; B, 48 ; C, 24 ; D, 16 ; and 

L, 48. If the speed of D is + 266 revolutions per minute, find, in revolutions per 
minute, (1) the speed of L when A is fixed, and (2) the speed of A when L 
fixed. 
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333. Cams.“~A earn is generally a rotating piece ■wliicli gives a 
reciprocating or osciliatiiig motion to another piece called folhwer, 
the contact between the two being line contact. A cam may however 
have a reciprocating or oscillating motion as well as the follower. 

334. Motion of the Cam Follower. — In general the earn foHow(‘r has 
either rectilinear motion or angular motion about a fixed axis. Figs. (>27, 
629, and 631 show cam followers having rectilinear motion, AB being the 



length of the travel of the follower. Figs. 628, 630, and 632 show cam 
followers having angular motion alrout a fixed axis O, the amount of the 
movement being the angle AOB. 

The velocity of the earn is generally uniform, hut the velocity of the 
follower is usually variable, so that equal movements of the cam are not 
accompanied by equal movements of the follower, and in designing a cam 
the first step is to assume equal movements of either the cam or the 
follower, and then, from the given conditions, to find the corresponding 
movements of the follower or cam. 

Whether the Jiiotion or displacement of the cam be rectilinear or 
angular, it may be represented by a straight line. Let AC (Fig. 633) 
represent the displacement of the cam during the time that the follower 
travels from A to B and 
back again to A. Divide 
AG into any convenient 
number of equal parts, say 
twelve. These parts will 
represent equal intervals of 
displacement of the cam, 
and if the cam is moving 
with uniform velocity these 
parts will also represent equal intervals of time. Let it be given that 
during the 1st and 6th intervals the follower is to remain at rest, 
that during the 2nd, 3rd, 4th, and 5th intervals the follower is to 

S97 
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move Over equal dktauces, .storting from A at the beginning of t-lie 2nr] 
interval and reacMng B at the end of the ath interval, and during 
thl remaining intervals the follower is to have harmonic luotio^^ return- 
iiiti- frorn B to A. It is required to find the positions ot the tollo\^Li 
con-espoiiding to the positions of the cam at the end of each of the equal 
intovals of displacement of the cam. The construction is clearly shown 
n tL figure. DE is a straight hne. a sine or hamonic ^ 

constructed in the usual way, as shown._ The ordinates of ADEFHC give 
the positions of the follower corresponding to the ahsciss® which give the 
Ssplacement of the cam. Considering AC as a time base, the diagram 
ADEFHC is a space-time diagram for the tollowei, • . 

Pi<^ 634 .shows in a similar manner the case where the follower is to 
rise half the distance AB with uniform positive acceleration, and to 
, complete its travel to B with 
nniform retardation or uni- 
form negative acceleration. 

The curve AED is made up 
of two parabolas, AE and 
ED. The parabola AE has 
AB for its axis and A for its 
vertex, and the parabola ED 
has CD for its axis and I) 
for its vertex. The usual and most convenient construction, tor drawing 

the parabolas in this case is shown in the figure. 

In Ficns. 633 and 634 the movements of the follower have been lound 
for equal movements of the cam, hut from the same diagrams the move- 
ments of the cam for equal movements of the follower can be lound as 
shown in Pig. 63.5, which is the case illustrated in Pig^ 634. 

When the follower has angular motion, a.s m Figs. 62S, ooU, ana no-, 
the length of the straight line AB in Figs. 633, 634, and 635 be 
equal to the length of the arc AB in Figs. 628, 630, and 632, and the 
subdivisions of the arc AB in Pigs. 628, 630, and 682 must be 
equal, each to each, to the subdivisions of the straight line AB m hig^ 
633 and 634, that is, the arc AB must be divided similarly to the line AJ5 

on the space- time diagram. ^ i 

335. Plane Sliding Cams.—The flat plate AC (Fig. 636) has .a re- 
ciDrocatins: horizontal motion in its own plane, and its upper edge worKs 
in contact with the lower end of the follower AB. The follower is guided 
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Fig. 637. 


in a vertical direction, and rises and falls as the cam plate reciprocates. 
The force to lift the follower comes from the cam plate, but in this 
example the force 'which brings the follower down is independent of the 
cam, and may be the action of a weight or spring, cam, however, 
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restmiiis.tbe downward 'motion .of tlie follower, regulating tlie velocity of 
falL., III. Eig. ,636 . the acting edge of the cam is made up of stra'ight' 
lines, and it is obvious that the follower will move through equal 
distances, in rising and falling, for equal movements of the cam. Also, 
there will be periods of rest for the follower at the bottom and top of its 
travel. . ” " 

Fig. 637 shows how the same kind of cam is designed to give the 
same kind of motion to the follower, except that the motion of the 
follower is angular instead of rectilinear, that is to say, in both examples 
the follower moves through equal distances, in rising and falling, for 
equal movements of the cam, and there are the same periods of rest. 

In Figs. 636 and 637 the outline of tlie cam is obtained by assuming 
that the cam is fixed and that the follower moves towards the right 
through equal distances A to 1, 1 to 2, 2 to 3, etc., and at the same time 
rises through the distances A to 1, 1 to 2, 2 to 3, etc., shown by the 
divisions on AB. 

In Figs. 636 and 637 the lower end of the follower is wedge-shaped, 
the edge of the wx^dge being in contact with the cam. Greater durability 
is obtained by replacing the wedge end by a pin, or by a pin and roller, 




Fig. 638. Fia. 689. 

the axis of the pin taking the place of the edge of the wedge. With the 
pin and roller there is less iriction than with the pin alone. In designing 
a cam to work against a pin or roller, the acting surface of the cam is 
■first determined as for contact with a wedge ; this acting surface is called 
the jntch mrfacG of the cam, and the trace of the pitch surface on a 
surface normal to it is called a pitch line. The axis of the pin or roller is 
then supposed to travel so as to generate the pitch surface, and the proper 
acting surface of the cam is the envelope of the moving pin or roller, as 
shown in elevation in Figs. 638 and 639. In Fig. 639 the complete 
envelope is used, and becomes a slot in the cam plate ; such a cam will 
move the follower positively in both directions. In Fig. 638 only one 
side of the envelope is used, and this cam requires that the follower be 
pushed against the cam during the downward stroke. A common defect 
due to the use of a roller is referred to in Art. 339. 

336. Plane Rotating Cams. — The method to be adopted in designing 
plane rotating cams is similar to that already described for plane sliding 
cams. Figs. 640, 641, and 642 show plane rotating cams for working on 
wedge-ended followers. The followers for the cams shown in Figs. 640 
and 641 have rectilinear motion, and would have the form shown in Fig. 
627. In Fig. 640, AB, the path of the end of the follower in contact 
with the cam, when produced, passes through C, the axis of rotation of 
ths cam, while in Fig. 641, AB produced does not pass through C. The 
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follower for the cam shown in Fig. 642 has angular motion abou:ttAe axis 
0, and would have the form shown in Fig. 628, 

AB, the path of the end of the follower in contact with the earn, is 
first divided into parts, which are the displacements of the follower for 



FlO. 640. Ficn 641. 


equal angular displacements of the cam. The parts of AB are deter- 
mined, as explained in Art. 334, to suit the particular kind of motion 
which the follower is required to have. The cam is now supposed to 
remain at rest, while the path AB of the follower is revolved about the 
axis C of the cam into as many 
equidistant positions as there 
are points of division on AB. 

It should be noted that two 
or more points of division on 
AB may coincide. The next 
step is to swing round, from 
the centre C, the various points 
of division on AB to intersect 
the corresponding positions into 
which AB has been placed round 
the fixed cam, as is clearly shown 
in Figs. 640, 641, and 642. A 
fair curve drawn through the 
points determined in this way 
is the pitch line of the cam. 

If the follower is provided with 
a pin, or a pin and roller, the 
outline of the cam is determined from the pitch line exactly as described 
in the latter part of the preceding Article. 

Figs. 643 and 644 show how a plane rotating cam is designed to 
work against followers of the form shown in Figs. 631 and 632 respec- 
tively. As in the three cases just considered, the cam is supposed to 
remain at rest, while the follower is made to revolve about C, the axis of 
the cam. into as many equidistant positions as there are points of 
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division on AB, and in addition the follower has given to it its corre- 
sponding radial (Fig. 643) or angular (Fig, 644) motions. Tlie contour 



of the cam is obtained by drawing a fair curve to touch the various jrosi- 
tions of the follower, as shown. The contour is therefore thn envelope 
of the follower, as the latter reciprocates or swings, and at the same time 
revolves about the axis of the cam, the cam being at rest. 

It may be pointed out here that if the plane rotating cam is made a 
circular eccentric cylinder working against a flat-footed or slotted follower, 



as shown in Figs. 645 and 646, the mechanism becomes the equivalent of 
a crank and inflnite connecting-rod. Also the circular eccentric cylinder 
(Fig. 647) "working against the end of a liar, with or without a roller, 
which can reciprocate in the direction of its length, is the equivalent of a 
crank CP and connecting-rod AP. If the slot in the follow^er (Fig. 646) be 
curved to a radius AP (Fig. 648), the mechanism becomes the equivalent 
of a crank CP and connecting-rod AP. 

337. Ojlindrical Cams. — A cylindrical cam may be used to give 
reciprocating motion to a follower in a direction parallel to the axis of 
the cam. This form of cam may be looked upon as the ])lane sliding 
cam bent round to the form of a cylinder, or the plane sliding cam may 
be considered as the development of the cylindrical cam. 

Fig. 649 shows one half of one form of cylindrical cam, and an 
approximate method of designing it. The roller shown is conical, and 
its axis intersects the axis of the cam. To construct a cylindrical cam 
practically, the acting surface should be cut by a milled roller or cutter 
having the form of the roller or pin which is to work on it, the axis of 
the milled cutter being made to move over the pitch surface of the cam 
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as it, cuts out tlie acting surface. The developments of the edges of the 
. . u Ln ' surface will not te exactly the same as the shaded hues on 

r ie ristt „d left of Fig. 64», b.t ,i.„ ft. 



is small compared with the diameter of the cam, the differences may 

‘'“Xlm .Sfrtd. to dri,. ft. follow po.av.lr to.boft di«- 

tions by having two acting surfaces on opposite sides of the pin or idler. 
These acting surfaces will then form the opposite sides of a groove on the 

'^^^”338. Form of Boiler for Cylindrical Cam.— It is obvious that a 
cylindrical roller will not work correctly on a cylindrical cam, that is, it 



will not roll without slipping, since the path upon which the roller has to 
travel is longer for the outer than for the inner end d the roller.^ It is 
also obvious that on that part of the cam which is in contact -OTth the 
roller when the follower is at rest a conical roller will work correctly if the 
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vertex of the (M.nie is on the axis of the cam, and the acting surface of 
the (*ani is also conical with its vertex at the vertex of the roller cone. 
For otlnu* <^asc‘s the true form of the roller is not conical, a,nd only wlien 
the acting surface of the cam is a screw surface of eonsta-iit ]»it(h is it 
possible to give the roller a form which will work correctly on all parts 
of the cam. . ... 

A cylindrical cam in which the acting surface is a screw surface 
of pitch 2^ is shown in Fig. 650. ^tid B 2 are the external and internal 
radii of the screw surface respectively, and K is any other radius, and 
are the radii of the outer and inner ends of the roller respectively, 
and r is the radius of the roller 
corresponding to the radius B of the 
screw surface. 

Consider the half of the cam on 
one side of a plane containing the 
axis of the cam. A-iBiC\, A 2 B 2 C 2 J 
and ABC are the helices wdiich are 
the intersections of the screw surface 
with the surfaces of cylinders of radii 
Bj, Eg, and B respectively, ac^ and ac, the developments of Hiese 
helices, are shown to a reduced scale in Fig. 651. Let the eaan make 
half a re volution j then for pure rolling it is eyident that 
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and the helix coincides with the axis of the cam, hence the axis of the 
roller must be at a distance from the axis of the cam equal to^_ 

— -- . Squarinff both sides of the equation, ^ , 

+/ _ +.2>* 

and rearranging the terms r^ - ], and this is 

\ p^Ti / \p '1 / 


of the form = 1 , which is the equation to an hyperbola. 

■ P" 

The outline of the roller from B = 0 to B — B^ is EHLPBF, and 
between B-B, and B-B^ the form is EHKF. The true form of the 
roller is an hyperboloid of revolution, but for ordinary cases the part 
EHKF is practically conical. LP is the throat of the hyperboloid. A 
T)]ane section of the hyperboloid by a plane parallel to its aps and 
touching the surface at the throat will be two straight lines, and if this 
plane also contains the axis of the cam, one of the straight lines will 
be the line of contact between the roller and the screw surface of the 
cam. In the side elevation to the right in Fig. 650, is the pro- 
iection on the axis of the cam of the line of contoct between^ the roller 
and the screw surface of the cam, and BiP^B]^ is the true inclination 
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of this line to the axis of the cam. A line GjCCo parallel to B^P' deter- 
miue.s the section of the screw surface by. a plane containing the axis of 

the cam. 

The roller may he turned in an ordinary lathe if the point of the 
cutting tool is set at a distance below the lathe centres equal to OP'', 
while the top slide rest is set at an angle to the axis of the lathe equal to 
the angle In practice the distance OP^ and the size of the 

roller compared with, the outside diameter of tlie cam will generally be 
much smaller than shown in Fig. 650. ^ 

If the follower is to be driven positively by the cam in both direc- 
tions, a second roller, showm by the dotted circles at wdll be 
necessary. 

It should be pointed out that in the roller designed as just described 
there is an end thrust wdiich is taken by a collar on the pin carrying the 
roller, and the friction and wear of the roller on this collar may more 
than neutralise the saving of friction and wear due to pure rolling 
])etween the roller and the cam. 

339. Interference in Cams. — In designing a cam to fulfil certain 

cr)nditions, it may happen that the formation of one part may cut awuy 
a part already formed. For h 

example, in Fig. 652, let ABC 
be a part of the pitch line of 
a cam to work against a roller. 

As the axis of the roller 
moves along AB the envelope 
DLE is the corresponding 
part of the outline of the 
cam, and as the axis of the 
roller moves along BC the 

envelope FLH is the corresponding part of the outline of the cam. 
will be seen that the parts DLE and FLH interfere with one another, 
and the possible outline for the cam is DLH. The axis of the roller 
will therefore move along the path AKC instead of along ABC, the 
dotted part at K being an arc of a circle -whose centre is L. The amount 
of interference in this case will evidently be greater the more acute 
the angle between AB and BC at B is, and also the larger the roller is. 
Interference may also occur in other cases, as, for instance, -when the part 
of the follower which works against the cam is a flat plate. Fig. 653 
shows such a case, the required outline of cam being the envelope of the 
lines A, B, C, etc. It will be seen that the fair curve which touches 
the lines A, B, D, etc., will not touch the line C. In a case like this all 
that can be done is to make a compromise by dra-wung a curve to more 
nearly approach C and cut the adjacent lines at acute angles, as shown 
by the dotted curve. 

340. Velocity Ratio of Follower and Oam.—In Figs. 654, 655, and 
656 EPF is part of the pitch line of a cam, EPT is the tangent, and 
CPD is the normal to EPF at P. In the position shown the follower is 
in contact -wuth the cam at P. The point P on the cam has a velocity 

= PA in the direction PA, and the point P on the follower has a velocity 
'^;2 = PB in the direction PB. If the velocities and be resolved along 
and perpendicular to the normal GPD, the components along the normal 
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iiiiist eacli be equal to = PC. a and are the inclinations of EPT to 
PA and PB respectively. 

Por a sliding cam (Fig. 654), in which the direction of the motion of 



the cam is perpendicular to the direction of the motion of the follower, 

V- 

-- = tan a ” cot B, 

For a cylindrical cam, of which Fig. 654 is the development, if is 
the radius of the cylinder and (o its angular velocity, then 


Wi = Ri 


and — = 
a> 


: Ej tan a = 


= Ej cot /?. 


If w is the angular velocity of the 


For a plane cam rotating about O, and a follower having rectilinear 
motion (h ig. 655), - = = gg • 

cam, then to “ gp , and therefore = OB, where CD is ^perpendicular 

to the line of stroke of the follower. 

For a plane cam rotating about Oj and a follower swinging about Og 
(Fig. 656), if is the angular velocity of the cam and to^ is the angular 
velocity of the follower, then in the position shown, 

*“ 1 “‘^” 03 ’ 


where O.M and O 2 N are perpendicular to CPD. 


Join 020^ 


, and produce 


^9 


O^M 


OiB 

O2B’ 


it if necessary to meet CPD at D, then — — •’ 

341. Hooke’s Joint or Universal Coupling.— By means of a Hooke's 
joint a motion of continuous rotation may be transmitted from one shaft 
to another when the axes of the shafts intersect, but are not in the same 
line. This joint is frequently used when the axes of the shafts ar^ 
nominally in the same line, but through a lack -of rigidity in the frame 
carrying the bearings of the shafts the axes may get ^slightly out of line 
several times during a revolution. The Hooke’s joint forms a flexible 
and yet positive coupling for the shafts. The theory of this coupling 
will now^ be considered. 

Referring to the low^er part of Fig. 657, c and cl are tw^o shafts whose 
axes are assumed to bo horizontal and to intersect at 0 , the acute angle 
between them being B, The ends of the shafts are forked, and the forks 
carry between them a cross act^hh^, the arms of which are at right angles 
to one another, and the axes of these arms intersect at 0 . The arms of 
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the : cross are jointed to the forks, .so that they may turn freely about their 
axes. As the shafts rotate the axis of aa^ describes a circle whose plane 
is perpendicular to the axis of 
the shaft c, and the axis of b\ 
describes a circle whose plane 
is perpendicular to the axis of 
the shaft and as the axes of 
the shafts are assumed to be 
horizontal, the planes of these 
circles are vertical. Referring 
now to the upper part of Fig. 

657, the circles described by 
the axes of the cross are shown 
projected on a plane perpendi- 
cular to the axis of the shaft c. 

The circle described by the axis 
of aa^ projects into an equal 
circle AX A 5 Y 5 and the circle 
described by the axis of hh^ 
projects into an ellipse YBjB, 
the semi-minor axis of which 
is equal to rcos(9, where r 
is the radius of the circles 
described by the axes of the 
cross. 

If OA be the projection of the axis of the arm oa carried by the shaft 
c, then OB, the projection of the axis of the arm oh carried by the shaft cl, 
must be perpendicular to OA, since these axes are perpendicular to one 
another, and they are projected on a plane containing one of them. Also, 
when OA has turned from the horizontal position OX through an angle 
a, OB will have turned through an equal angle a from the vertical position 
OY. But the actual angle /5 through which the arm oh has turned is not 
the angle BOY but the angle B^OY, the point B^ being on the circle 
AXA-iY and in a line B'BN perpendicular to OY. 

The connection between a and /3 has now to be found. 

BN B'N 

BN ^ B'N cos 0, hence == cos 0, therefore tan a = tan cos 6. 

The angular velocity of ob at any instant is evidently not neces- 
sarily the same as the angular velocity of oa at the same instant, and 
the ratio of these two angular velocities will be the ratio of the indefinitely 
small increase of to the corresponding increase in a, Ditferentiating 
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the equation tan a == tan /3 cos 0, the result is 


Eliminating this reduces to 

iO^ 

— has a maximum value = 
or ISOY 




cos 6 




da~ 008 $ sec^^ 




1 


i - sin^ 0 cos^ (x * 
n when cos a — 1 or 


• 1 , tliat is, when 


has a minimum value = cos ^ when cos (x-O, that is, when 


a = 90° or 270°. 
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Fig. 659. 


Tlie actual form of Hooke’s joint varies greatly in practice. One 
design is shown in Fig. 658, and a more compact form, known as 
Bocorselski’s universal joint, is shown in Fig. 659. 

By using a double Hooke’s joint, as shown in Fig. 660, the shafts A and 
C will have the same angular velocity at every instant, provided that their 
axes are in the same plane 


E3IxE 

Fig. 660. 


and make equal angles with ,"7 1 t ^ "S 

the axis of the intermediate .}^:aOu. 

shaft B. This follows at T 1 Try — 

once from the formula al- j 

ready proved. Thus if the _ 

shafts A, B, and 0 turn 

through angles a, y8, and y respectively from the position shown in the 
same time, then tan a = tan j3 cos 0 == tan y, therefore a == y. It is however 
very important to observe that for the above to be true the axes of ihe joints 
in the forks on tlie intermediate shaft B must he in the same plane as shown 
in Fig. 660. Judging from the number of examples to be met with in 
practice on motor cars and machine tools, in which the forks on the 
intermediate shaft are arranged wrongly, it would seem that the theory of 
Hooke’s joint is not properly understood by many who have to construct 
it. Assuming that the angular velocity of the shaft A, is constant, it 
is easy to show that if the axes of the joints in the forks on 
mediate shaft B are arranged at right angles to one 
commonly but erroneously done, the fluctuation of 

from to cos- 6^, whereas if C were 
cos-c? 


Hence the ratio of the fluctuation of speed to the mean speed is 
yg - cos 6^ = sin <9 tan 6^, assuming % to be constant. 


■when cos <9 ~ 1 ~ sin^ <9 cos^ a, that is, when cos a = + — 

If ( 0 ,, be assumed constant, and be represented graphically by the 
radius of the circle AXA^Y, and if be calculated for various values of 
a and the results be measured off from O on the projections, such as OA 
of the axis of the arm oa, the polar curve shown dotted is obtained, which 
exhibits graphically the variations in the angular velocity of oh for all posi- 
tions of the arm oa. It will be seen that the angular v^^elocities of oa and 
oh are equal four times in each revolution. In Fig. 657-, (9 is 45°, 
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■ 342. ' 01dliam^s Oonplmg.—^^Tien tlie axes -of two skafts are parallel, 
and the distance between them is- small and variable, the shafts may be 
coupled, so that one will ^ 

drive the other at the same — 
speed by means of Old7ia7n^s i h. i 

coupling^ \Yliich is showm in 
Fig. 66 L KL and MN are 
the axes of the shafts. A 
and B are flanges secured or 
forged to the shafts E and F 
respectively. 0 is an inter- 
mediate piece. In one with 
C on its opposite faces are prismatic pieces a and b at right angles to one 
another. These pieces fit into grooves formed in A and B, as shown. It 
is evident that whatever angle A turns through C must turn through the 
same angle, and whatever angle C turns through B must turn through 
the same angle ; hence A, C, and B must, at every instant, have the same 
angular velocity. 

343. Eatchets.— The principal parts of a ratchet mechanism are, a 
wheel or sector or rack having teeth, and a ratchet, cUch, or pawl, which 
engages with the teeth. In general the ratchet mechanism is used either 
to give intermittent motion in one direction, or to permit of motion in one 
direction and prevent it in the opposite direction. 

In Fig. 662 A is a ratchet w'heel, and B a pawl carried on a pin 
attached to a lever C. The lever has an oscillating motion, in this case 



about the axis of A. Wlien the lever is moving in the direction of tlie 
arrow, the jiawl B engages with a tooth on the wheel, and the lever and 
wheel move as one piece. When the motion of the lever is reversed the 
pawl B rides over the teeth of the wheel, which remains at rest, eitlier 
because of some resistance, such as friction, or because of the action of the 
pawl or catch or dete7it D, which is mounted on a fixed pin. 

In the arrangement shown in Fig. 663 an almost continuous rotation 
of the wheel A in the direction of the arrow is obtained ])y tlie use of two 
pawls B| and Bg mounted on pins attached to arms on the lever C, 
which oscillates on a fixed pin E. In Figs. 662 and 663 the teeth of the 
wheel exert a thrust on the pawls when the latter are in action, but the 
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pawls may be arranged to be in tension when in action, as shown in 
Fig. 664. , 

If friction is neglected, the reaction of a tooth on the pawl acting on 
it will be perpendicular to the face of the tooth, and in order that the 
pawl may not slip out of gear the line of action of the reaction must 
evidently pass between the axis of the wheel and the axis of the pin 
which carries the pawl when the pawl acts with a thrust, as in 
Figs. 662 and 663 ; but when the pawl acts with a pull, as in Fig. 664, 
then the above-mentioned line of reaction must lie beyond the axis of the 
pawl pin away from the axis of the wheel. 

The limiting position of the line of the reaction of the tooth on the 
pawl, when friction is considered, is shown in Fig, 665 for a pushing 
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ratchet, and in Fig. 666 for a pulling ratchet. LN is the normal to the 
face of the tooth. When slipjang is about to take place between the 
tooth and the pawl, LE, the line of action of the reaction of the tooth on 
the pawl, will make with LN an angle NLE equal to <j>, the friction angle, 
and when this force is just about to rotate the pawl on its pin, LR will 
touch the friction circle F, as shown. 

In order that there may be no lost motion of the lever C in Figs. 662 
and 664, the angle through which it swings must be an exact multiple of 
the angle B subtended by one tooth of the wheel at its centre, and the 
amount of possible lost motion or back lash will be slightly less than 6 
when the angle of swing of the lever is 
not an exact multiple of <9. The possible 
back lash is therefore smaller the smaller 
the pitch of the teeth of the wheel. 

Reducing the pitch of the teeth reduces 
their strength, and in order to reduce the 
possible back lash without reducing the 
pitch of the teeth, two or more pawls are 
generally used in the manner shown in 
Fig. 667, which represents the ratchet 
mechanism of the Williams universal 
ratchet drill. In this example the ratchet 
wheel has twelve teeth, and there are five 
pawls, but only one pawl at a time can - 
gear with the ‘wheel. The maximum 

possible back lash is in this case just under one-sixtieth of a revolution, 
or just under 6®. 

BeversihJe r(rtchHs are used when it is desired to drive the ratchet 
wheel in either direction. Fig. 668 shows a form of reversible ratchet 
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A common example of the reversible ratchet is to 

feed I II nil """ill 



668 . 

To avoid this clicking several forms 
In the form shown in Fig. 66% 


used on a screw-jack 
be found in the 
motions of planing and 
shaping machines. 

In the various forms of 
ratchet which have been 
illustrated, the ratchet is 
kept in contact with the 
•wheel either by the weight 
of the ratchet or by the 
action of a spring, and 
when the pawl is moving 
backwards over the teeth 
it drops from one tooth ^ 
on to the next with a clicking noise, 
of silent ratchet have been designed, 
the pawl B has attached to 
it an arm C, at the lower 
end of which there is a 
recess containing a plug^ D 
pressed outwards by a spring 
against a facing E on the 
ratchet wheel A. When the 
relative motion between the 
wheel and the pawl would 
cause the latter to rise and 
fall on the teeth of the 

wheel, the friction between , 

E and D causes the arm C and pawl B to swing round until B comes in 
contact with the stop S, and the pawl remains clear of the teeth on A. 
When the relative motion between the wheel and 
the pawl is in the opposite direction, the friction 
between E and D causes C and B to swing back 
until B engages with a tooth on A. Another 
method of operating the arm C is shown in Fig. 

670. An extension of the rim of the ratchet wheel 
has a groove cut in it into which is sprung a ring \ 

H, between the ends of which there is a gap to receive the louver end of the 
arm 0. When C is pressing against one end of the ring H, the pawd is 
pressed against the stop, and is out of gear, and when C is in contact with 

pawl is in gear with a 
tooth on the wheeh The 
friction between the ring 
H and the bottom of the 
groove into which it fits is 
sufficient to operate 0 when 
there is relative motion be- 
tween the wheel and the 

^ Friction ratchets have been very successful, their application to 
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Fig. 671. 
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'' free-wlieeP’ bicycles being well known. In Fig. 671, A is a ratchet 
wheel of special form connected to the hub of the driving wh 23 l of the 
bicycle. C is a ring encircling A and forming part of the sprocket wheel. 
Eecesses formed on A contain hard steel roUers B, which act as ratchets. 
The recesses containing the rollers are of variable depth, and the rollers 
are pressed lightly forward towards the shallower ends of the recesses 
by light springs behind them. When G is driven forwards in the direc- 
tion of the arrow, the rollers are rolled up the 
slight inclines on A, and A, B, and C are locked 
together ; but if C should stop, A will continue 
to move forward, or if A should tend to overrun 
C, it may do so because the rollers are then 
rolled back on the inclines and A is free from G. 

A slight modification of this gear is shown in 
Fig. 672, where the springs are spiral and are partly concealed within 
guide blocks behind the rollers. 

A form of friction ratchet, known as the autoloc, has been applied in 
a number of ways. One application of this mechanism is shown in 
Fig. 673. A is a fixed case 
or cup which is mounted 
on a pin or stud, which 
also carries the separate 
levers B and E. Between 
the case A and the boss 
H on B there is an an- 
nular space which contains 
two lugs FF formed on 
the lever E. The lever B 
lies in the right-hand 
space between the lugs FF. 

In the left - hand space 
between the lugs FF there 
are two balls CC separated by a spiral spring D. The balls CG have 
bearings in a shallow groove in A and also on the boss H of B, but the 
surface of H in contact with the balls is not concentric with A, but is 
shaped so that the annular space containing the spring D and the balls 
GC gets shallower in both directions from the centre line XX. The 
object of the contrivance is to move the lever B through any angle, and 
then lock it in the new position automatically. In the position shown, 
the lever B is locked by the balls GO, which are wedged between A and 
H by the action of the spring D. If the lever E he moved, say upwards, 
the lower lug on E unlocks the lower ball, and the upper lug moves the 
lever B downw^ards, and as soon as the force actuating E is removed, the 
spring again w^edges the balls between A and ET, so that no force applied 
to B will move it. 

Exercises XXV. 

1. A plane reciprocating cam has uniform motion and a stroke of 5 inches. 
The follower reciprocates at right angles to the line of stroke of the cam and in 
the plane of the cam. For the first | inch of the forward stroke of the cam the 
follower is at rest at the bottom of its stroke. For the next 2 inches of the 
cam stroke the follower rises 1 J inches with Tmiform acceleration. For the 
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iiGXfc S iiiolios of tti6 CHni stroko tli6 follower rises iiich.es with uniform re- 
tardation, and then remains at rest until the cam has completed its forward 
stroke. The follower is provided with a roller IJ inches in diameter, which 
works on the cam. Draw the outline of the cam, . , , , 

2. Same as Exercise 1, except that the cam has simple harmonic motion, 

instead of uniform motion. , 

3. A straight lever oscillates in the plane of a sliding cam, ahout an axis at 
one end, though angles of 23“ on opposite sides of a line parallel to the line of 
stroke of the cam. The lever has simple harmonic motion, and one complete 
oscillation of the lever is performed during two strokes of the cam. ^ The stroke 
of the cam is 5 inches. The cam works against a roller 1 inch in diameter, 
whose axis is at the free end of the lever and 6 inches from the axis about 
which the lever swings. Assuming that the cam has uniform motion, draw its 

contour. , . , , . 

Same as Exercise 3, except that the cam has simple harmonic motion, 
instead of uniform motion. - _ 

6. Draw the profile of a cam to do the following work: — It has to lift a bar 
vertically with uniform velocity, the length of the travel of the bar being 6 
inches ; it then has to allow the bar to descend again with uniform velocity, 
but at one half the speed of the ascent. The two movements occupy one 
revolution of the uniformly rotating cam. The diameter of the roller working 
on the cam is ^ inch, and the least thickness of metal round the cam centre 
must be 2 inches. The line of stroke of the moving bar passes through the 
cam centre. 

6. Set out the form of a plane cam, rotating with uniform velocity, to give a 
bar reciprocating motion of the following character. During each stroke the 
bar is to have simple harmonic motion. The out stroke is to be performed while 
the cam makes one-half of a revolution, and the in stroke while the cam makes 
one-third of a revolution. There are to be equal periods of rest at each end of 
the stroke. Stroke of bar, 3 inches. Line of stroke, J inch to one side of axis of 
cam. Diameter of roller which works on cam, 1 inch. Minimum distance be- 
tween axis of cam and axis of roller, 2 inches. If the cam makes 30 revolutions 
per minute, what is the maximum speed of the bar, in feet per minute, (a) 
during the out stroke, (5) during the in stroke? 

7. 0 is the axis about which an arm OA swings. OA=3’5 inches. A is the 
axis of a roller, 0*5 inch in diameter, carried by the arm, and this roller works 
against a cam which rotates with uniform velooity, and whose axis C is 4 inches 
from 0. The greatest and least distances of A from 0 are 3*5 inches and 1*25 
inches respectively. Design the cam so that the arm shall have uniform 
angular velocity when swinging, and periods of rest at each end of the swing 
corresponding to one-twelfth of a revolution of the cam. 

8 . A cam mechanism is shown in Fig. 674. The cam C rotates uniformly 
about O, and actuates the slider S by 
means of the bent lever LL. The slider 
has an intermittent motion as follows : 

(a) A period of rest while the cam turns 
through 150“. (5) The upward half of 

a simple harmonic motion from A to B 
while the earn turns through the next 
12)“. (c) The downward half of another 
simple harmonic motion while the cam 
turns through 90“. Set out the true 
shape of the cam profile, working to the 
given dimensions and not copying the 
diagram. [B.E.] 

9. A vertical bar with a flat horizon- 
tal foot (see Fig. 631, p. 397) is driven 
upwards with simple harmonic motion, 
and lowered with uniform acceleration, 
by a cam mounted on a horizontal 
shaft, and having uniform angular velocity. The up stroke of the bar is per- 
formed while the cam turns through an angle of 180“, and the down stroke 
while the cam turns through an angle of 90“. The bar is at rest at the bottom 
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of its stroke while the cam turns through an angle of 90'". In its lowest pdsition 
the sole of the foot of the bar is 3 inches above the axis of the cam, and the stroke 
of the bar is 5 inches. Draw the outline of the cam. 

10 . The arm EF (Fig. 675) swings about the axis 0 through an angle of 30“. 
In its lowest position the under surface of 

EF is inclined at to the horizontal. 

The swinging motion of EF'is controlled by J 

a cam rotating about the axis C, the cam """V 

being always in contact with the under sur- , ^ 

face of EB\ The cam has uniform angular on® 

velocity, and the arm has simple harmonic 

motion during its upward and downward 

swings. The time of each swing is one-third ! 

of a revolution of t he cam , and the arm has i i 

equal periods of rest in its top and bottom CS'TTI i „ * 

positions. Design the cam. ^ f'trZJT. “lil 

11 . Design a cam to give reciprocating 

motion to a frame carrying a bobbin to be yiQ., g 75 . 

filled with yarn to the barrel shape shown in 

Fig. 676. The yarn is fed on to the bobbin at a fixed level A. There are 
two cases to be considered, namely, (a) the bobbin revolves at constant speed, 
and ( 6 ) the yarn is delivered at a constant rate. . _ ■ ' ■ ' . ' . . ' 

[i/m^s.— -Divide the bobbin into zones 1, 2, 3, etc., C I ^ y 

of equal height. Let r^, rg, etc., be the mean 

external radii of these zones respectively. The ^‘”^9 

angle through which the cam turns while the zones r 

1, 2, 3, etc., are passing the level A are proportional i 

to (ri-r), (rg-r), (rg-r), etc., respectively in case 

(a), and to etc., respec- L 

tively in case ( 6 )]. f | ! 

12. In the case shown in Fig. 643, p. 401, , ,^J24.J — ^ 

where a cam works against a flat-footed follower, 

show that, if the displacement of the follower is | ,'*~f 2 

proportional to the displacement of. the cam, the * ^ i-g” ; j xg l 

curve of the latter is the involute of a circle. 

13. Eeferring to the Hooke’s joint shown in -i S . 

Fig. 657, p. 406, ^=30% and the shaft c has a ^ « 

uniform speed of 200 revolutions per minute. riG. b7b. 

Construct the angular velocity curve and also the polar angular acceleration 
curve ^ for the shaft d. 

14. In a single Hooke’s joint & is the acute angle between the axes of the 

shafts. One of "the shafts has a uniform speed. Express the fluctuation of the 
speed of the other shaft as a percentage of the speed of the first for values of $ 
from C to 50“, and plot the results. • 

15. In a double Hooke’s joint _ (Fig. _ 660, ‘ | 

p. 407) the axes of the joints in the forks of r ' [I " ! 

the intermediate shaft B are wrongly placed, f j J t//j^ . 

being at right angles to one another instead J ^ t ) 

of parallel. The shaft A has a uniform speed. j 

Express the fluctuation of the speed of the ^ 8 

shaft 0 as a percentage of the speed of A for L+J 

a number of values of 6 ^ from 0® to 50 y and Fi 0 . 677 . 

plot the results. 

16. Hooke’s joint is frequently made with the axes of the cross not inter- 
secting, as shown in Fig. 677. Examine this arrangement, and discuss its 
defects. 
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CHAPTER XXVI 

BALANCING 


344. Centrifugal Force of EevoMng Mass— EcLuiTalent Mass, at 
Different Radius.— If a mass A (Fig. 678) of weight W be attached to 
a straight arm OA at a distance r from an axis O about which the arm 

revolves with an angular velocity to, the centrifugal force of A is 


(Art. 31, p. 19). If the mass A be 
removed and another mass B of weight 
W| be attached to the arm at a distance 
7 \ from the same axis O about which it 
revolves with the same angular velocity 
to, then the centrifugal force of B is 
WitoVi 

ff 

is equal to that of A, then 


9 


If the centrifugal force of B 



Fia. 678. 


that is, W.r. = Wr, and when this relation holds, the mass 

9 9 

B at the radius is said to be equivalent to the mass A at the radius r. 

345. Balancing one Revolving Mass by Another. — Referring to 
Fig. 678, the centrifugal force of the mass A revolving about the axis O 
causes a tension in the arm OA, and this force will be transmitted to the 
bearings of the axle carrying the arm. As the arm revolves the direction 
of the forces on the bearings due to the centrifugal force of A will be 
continually changing, with the result that serious vibrations may be set 
up in the framing carrying the bearings, and through the framing the 
vibrations will extend to the foundations. If, however, a mass C of 
weight W 2 be placed on the arm produced beyond the axis O, and at 
a distance 7^2 from 0 , so that A and C are on opposite sides of 0, and if 
Wgrg — Wr, then the centrifugal force of 0 will cause a pull at O equal 
and opposite to the pull caused by the centrifugal force of A. The 
revolving masses will then balance one another, and there will be no 
straining actions on the bearings of the axle or the frame carrying them 
due to the centrifugal forces. 

346. Balancing any Number of Revolving Masses by means of 

one Mass, all the Masses being in the same Plane of Revolution. — 
Let A, B, C, etc. (Fig. 679), be a number of masses of weights W;^, Wo, 
W 3 , etc., respectively at distances 7 * 3 , etc., respectively from an 

axis O about which they revolve in the same plane with angular velocity 
tt> ; it is required to balance these by one mass in the plane of the others. 

Let W denote the weight of a mass X at a radius 7 * wliich will 
balance the given masses. The centrifugal forces of the given masses 

m 
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Fig. 679. 


A, B, 0, etc., are W^ui^rgfg, etc., respectively, and the 

centrifugal force of the mass X is WA/g. Since <« 7 g is common to all 

the forces, it will be 
sufficient to consider the ■ 

forces as represented in X y 
magnitude : by Ifll ^3 /r^ ' 

W^ro, Wo^o, etc., and 

W;. , The problem evi- , ^ \ . / 

dently reduces to the l\ \ A 

simple one of finding a ^ \ /■ 

force Wr ■ which will ^ / , 

balance the forces Win, ' '"V _ . ^ 

Wgi-g, etc., all the Fig. 679.^ 

forces acting in the same plane and at the same point. This is easily 
done by drawing the polygon of forces shown to the right in Eig. 679. 
The closing line iv gives the direction and magnitude of the force Wr. 
The radius r may be chosen, and then W ^xfr, 

347. Yariation in the Pressure on the Bead of an Unbalanced 
Bolling Wheel— -If the want of balance of a wheel carrying a load W 
(including the weight of the wheel) rolling on a road is equivalent to 
a weight to at a distance r from its axis, and if the angular velocity of the 
wheel is w, there will be at every instant a radial force F equal to wo)h'/g 
acting from, the centre of the wheel, and the vertical component of this 
force will cause a variation in the pressure of the wheel on the road. 
The greatest pressure on the road will be W + F when the centrifugal 
force is acting vertically downwards, and the least pressure will be W - F 
when the centrifugal force is acting vertically upwards. When the line 
of action of the centrifugal force F makes an angle 6 with its position 
when acting verti- 
cally downwards ^ 

(Fig. 680) the ver- ; ~ ~ 

tical component of , \ — 

F is F cos d, and the 1 2 i 

pressure on the road | kmiuuWuuiu^miuuJ^ 43 

is then W + F cos <9. oXw / ^ ^ 

. Fig. 681 shows . w/ 

the obvious con-' . ■' 

struction for draw- 0 

ing the curve whose pia. 680. Fig. 681. 

ordinates represent 

the term F cos d on a base CA, representing the distance travelled by 
the centre of the wheel during half a revolution. 

If F is greater than W, then once during each revolution the wheel 
will rise off the road and return with a blow. 

If D is the diameter of the wheel in feet, V the speed of the centre 
of the wheel in miles per houx’, then the number of revolutions made by 

the wheel in one second is = and the angular 


6 , ^ 




-1 0 

\ ^ 


A 5 4 ^ ' <xi 

iTnTnrrrrr! 

h:^ 


f 

c 

) ^ 


ttDx 60x60 3 
velocity of the wheel in radians per second, is 
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848. Balancing one Bevolving Mass two Others, all the Masses 
heing in Separate Planes of Eevolntion.-— Let A be the one mass, and' B 
and 0 the other two masses (Figs. 682 and 683). Let the weights of 
the masses be Wj, Wg, and Wg 
respectively, and let the dis- 
tances of their centres of 
gravity from the axis of 
revolution be r^y and rg 
respectively. Also let the 
distances of the planes of 
revolution of A and C from 
the plane of revolution of B 
be a and c respectively. The 
centres of gravity of the three 
masses must obviously lie in 
a plane containing the axis of revolution, and in Figs. 682 and 683 the 
plane of the paper has been taken as this plane. 

The centrifugal forces of the three masses A, B, and C are pro- 
portional to Wo^g, and Wg^g respectively, and the problem evidently 
reduces to the balancing of three parallel forces in the same plane. The 
conditions of equilibrium are, (1) for the case shown in Fig. 682, 



FiO. 682. 


Fig. 683. 


Wpq = 4- Wgrg, and W:^7\a = W grgC ; 

and (2) for the case shown in Fig. 683, 

W A + ^ 3^3 = Wg'rg, and 

For each case there are therefore two equations from which two 
unknown quantities may be determined. 

If the planes of revolution of the masses B and C (Figs. 682 and 683) 
be the central transverse planes of the bearings of a revolving shaft 
carrying the given mass A, then when the given revolving mass is 
unbalanced by other revolving masses the centrifugal forces of the masses 
B and C determined as above will be the forces exerted by the bearings 
on the shaft due to the centrifugal force of the mass A. 

349. Balancing two or more Eevolving Masses by two Others, 
the Masses being in Separate Planes of Bevolntion. — Let A and B 
(Fig. 685) be two given masses which have to be balanced by masses P 



and Q in the planes of revolution 1 and 2 respectively. Figs. 684 and 
686 are face views of the planes 1 and 2 respectively, with the masses A 
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and B, and the arms to which they are attached projected on to them. 
By the preceding Article the forces A^ and A 2 acting in the planes 1 and 
2 which will balance the centrifugal force of the mass A are determined. 
Also by the same Article the forces and Bg acting in the planes 
1 and 2 which will balance the centrifugal force of the mass B are 
determined. By the tiiangle of forces (Figs. 684 and 686) Bj, the 
resultant of A^ and B;^ , and the resultant of A^ and Bg, are determined, 
and and B 2 centrifugal forces of the masses P and Q respec- 

tively. Hence if the radii at which the masses P and Q act are fixed, 
the weights of P and Q can be found. 

If tliere are more than two given masses to be balanced the pro- 
cedure is the same, but instead of the triangle of forces, the polygon of 
forces will be used to find Bj and B. 2 . 

In solving this problem it is desirable to tabulate the working, as 
shown in the form below : — 



Weight 
of Mass. 
W 

Radius. 

r 

Centri- 

fugal 

Force 

when 

o)^=g. 

Wr 

Distance 
of Mass 

Balancing Forces 
when w“=y. 

Mass. 

'from 
Plane 2. 

X 

In Plane 1. 

T? Wra; 
Fi-_r 

In Plane 2. 

F2 = Wr-Fa. 

A 

B 

0 

etc. 







P 

Wi = Ki/ri 

n 


1 

Ki 

Ro 

Q j 

■W2 = R 2/^2 

r2 

W2r2=R2 

0 



Care must be taken to give the proper signs to the forces in the last 
two columns. When the mass in the first column lies between planes 1 
and 2, then and Fg have both the same sign ; but when either plane is 
between the mass and the other plane, F^ and Fg have opposite signs. 

Bj and R 2 are obtained from the polygon of forces in planes 1 and 2 
respectively. 

If the planes 1 and 2 (Fig. 685) are the central transverse planes of 
the bearings of the shaft carrying the given masses, then, when these 
masses are unbalanced by other revolving masses, the centrifugal forces 
of the masses P and Q, determined as above, will be the forces exerted 
by the bearings on th3 shaft due to the centrifugal forces of the given 
masses. . 

Exercises XXYIa. 

1 . Three masses, A, B, and C, revolve in the same plane about an axis which 

cuts the plane of revolution at 0. The centres of gravity of A,. B, and C are 15 
inches, 18 inches, and 20 inches respectively from 0; and the angle AOB is 90^ 
The weights of A and B are 80 lbs. and 60 lbs. respectively. Find the weight 
of C and the angle BOG in order that the revolving masses may balance one 
another. ^ ^ ^ ^ ^ ^ ^ ^ ^ ^ ^ ^ 

2. Two masses, of 10 lbs. and 20 lbs. respectively, are attached to a balanced 
disc at an angular distance apart of 90®, and at radii 2 feet and 3 feet respec- 
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tively. Find the resultant force on the axis when the disc is making 200 turns 
per minute, and determine the angular position and magnitude of a mass placed 
at 2-5 feet radius which will make the force on the axis zero at all speeds. 

[Inst.0.i;] 

3. A, B, and C are the centres of gravity of three iiia,sses revolving in the 
same plane about a centre 0 in that plane. OA = 18 inches, OB = 25 inches, 

00 = 15 inches, angle AOB = 90% angle BOG = 120% The weight of the third 
mass is 50 lbs. Find the weights of the first and second masses, so that the 
three masses may balance. 

4. A locomotive wheel 6 feet in diameter is out of balance to the extent of 
200 lbs. at a radius of 1 foot. The load on the wheel, including its own weight, 
is 7 tons. What are the maximum and minimum pressures of the wheel on the 
rail, in tons, when the speed of the locomotive is 60 miles per hour ? Draw for 
a complete revolution of the wheel a diagram to show the variation of the 
pressure of the wheel on the rail. At what speed, in miles per hour, would the 
locomotive have to run to make the minimum pressure on the rail zero ? 

5. A wheel weighing 2100 lbs. has its centre of gravity 0*4 inch from its axis. The 
wheel is mounted on a shaft which runs in two bearings 5 feet apart on opposite 
sides of the wheel, one bearing being 2 feet from the plane of revolution of the 
wheel. What are the forces on the bearings due to the centrifugal force of the 
unbalanced wheel when the latter is making 200 revolutions per minute 1 What 
weight placed at a radius of 3 feet 6 inches in the plane of revolution of the 
wheel will balance it ? 

6 . The crank shaft of a gas-engine carries two fly-wTieels A and B, the planes 
of revolution of which are 3 feet 6 inches apart. The plane of revolution of the 
crank is between the wheels, and 1 foot 7 inches from the plane of revolution of 
A. The crank arms and crank pin are equivalent to a weight of 108 lbs. at a 
radius of 10 inches in the plane of revolution of the crank. What weights placed 
at a radius of 2 feet, one on each wheel, wTll balance the crank 1 

7. The centrifugal force of an overhung crank is equal to that of a weight of 
644 lbs. at a radius of 1 foot. The crank shaft is supported on two bearings 
5 feet apart, the one nearest to the crank being at a distance of 1 foot 6 inches 
from the plane of revolution of the crank. Find the forces on the bearings due 
to the centrifugal force of the crank when the speed of the shaft is 150 revolu- 
tions per minute. What weights placed at 2 feet 6 inches radius, one in each 
of two planes 2 feet 6 inches apart, between the bearings, and equally distant 
from them, will balance the crank? 

8. The following particulars relate to an ordinary inside cylinder locomotive. 
There are two cranks at right angles, the left-hand crank leading. Distance 
between centre lines of cylinders, 25 inches. Stroke of pistons, 24 inches. 
Distance between planes of revolution of balance masses in wheels, 60 inches. 
The revolving parts which have to be balanced are equivalent to 700 lbs. at the 
centre of each crank pin. Find the weights of the masses and their angular 
positions in relation to the cranks to balance the revolving parts, the centres of 
gravity of the balance masses being at a radius of 32 inches 

9. A shaft, 10 feet span between the bearings, carries twm w^eights of 10 lbs, 
and 20 lbs. acting at the extremities of arms 1 J feet and 2 feet long respectively, 
the planes in which the weights rotate being 4 feet and 8 feet respectively from 
the left-hand bearing, and the angle between the arms 60'’. If the speed of 
rotation be 100 revolutions per minute, find the displacing forces on the two 
bearings of the machine. Moreover, if the weights are balanced by two addi- 
tional rotating weights, each acting at a radius of 1 foot, and placed in planes 

1 foot from each bearing respectively, estimate the magnitude of the two 

balance weights and the angles at which they must be set relative to the two 
arms. ' [Inst.C.R] 

10. A, B, C, and D are the planes of revolution, taken in order, of four 
masses connected to a shaft. The weights of the masses are 10, 16, 12, and 20 
lbs. respectively, and the distances of their centres of gravity from the axis of 
the shaft are 2, 1‘5, 1, and 1*25 inches respectively. The angular positions of 
the radii from the axis to the centres of gravity of the masses with respect to a 
reference radius OX are 0®, 90% 150% and 240° respectively. The distances of 
the planes B, C, and D from the plane A are 10, 18, and 32* inches respectively. 
The given masses are to be balanced by masses at 1 inch radius, one in a plane 
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P midway between A and B, and one in a plane Q midway between 0 and D. 
Find the weights of the balancing masses and the angular positions of the 
radii from the axis to their centres of gravity with respect to the reference 
radius OX. . 

11. Four masses, A, B, 0, and B, weighing 70, 90, 120, and a; lbs. respectively 
revolve about an axis, each at a radius of 1 foot, in planes which are at equai 
intervals apart. Determine £c and the angular positions of B, C, and D in rela- 
tion to that of A in order that the masses may balance one another. 

350. Disturbing Forces due to Acceleration of Beciprocating 
Parts, — Consider the steam-engine mechanism shown in Fig. 687, where 
the connecting-rod is of the slotted bar type, which is the equivalent of 
the connecting-rod of infinite length. The resultant of the steam 
pressures on the cylinder ends is a force P, which tends to move the 
engine frame to the left. The 
resultant of the steam pressures 
on the piston is a force Q, equal 
to P, which tends to move the 
piston to the right. 

If the piston is at rest, or 
if it is moving with uniform 
velocity, there will be a thrust 
R on the crank pin equal to Q 
and to P. If forces S and T, each equal to R, be applied to the crank 
shaft in the plane of revolution of the crank pin, as shown, then R and 
T will form an effort couple 'whose moment is the turning moment on the 
shaft, and which will be balanced by the resistance couple. The remain- 
ing force S will be tlie thrust of the shaft on its bearings carried by 
the frame. Hence the frame is pushed to the right by a force S, and 
at the same time it is pushed to the left by a force P, which is equal to S ; 
there is therefore no tendency for the frame to move on its foundations. 

If, however, the piston is increasing or decreasing in speed, the force 
R, and therefore the force S, will be less or greater than P, and there 
will therefore be a resultant force on the frame tending,,to move it to the 
left or right. The force tending to move the frame on its foundations is 
the difference between the forces P and S, and this is evidently the force 
necessary to accelei^ate the piston, and this force can be determined with- 
out any reference to the steam pressures within the cylinder. For the 
mechanism shown in Fig. 687, if the crank shaft is rotating with uniform 
velocity, the piston and the parts reciprocating with it have harmonic 
motion. When the piston is at a distance from the middle of its stroke, 
the force in lbs. required to give the reciprocating parts the necessary 

acceleration is = (Art. 259, p. 298), where W 

gr^ f g ^ ^ 

is the weight of the reciprocating parts in lbs., V the velocity of the 
crank pin in feet per second, w the angular velocity of the crank in 
radians per second, r the radius of the crank or half the stroke of the 
piston in feet, and 6 the inclination of the crank to the line of stroke 
(Fig. 687). 

During the first half of a stroke the accelerating force on the piston varies 
uniformly from Woj-7‘lg to zero, and acts in the direction of the motion 
of the piston. During the second half of the stroke the accelerating force 
varies from zero to Wco^r/y, and acts in the opposite direction, that is, the 
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accelerating force becomes negative. Tlie force tending to displace the 
frame of the engine is at every instant e(|iiai and opposite to tlie 
accelerating force on tiie piston. It follows that if the engine frame is 
not bolted down it will oscillate backwwds and forwards, making one 
complete oscillation for each revolution of the crank shaft. Bolting 
down the engine frame will not eliniiiiate the osciliations, ^ but will 
reduce their amplitude to an amount depending on the rigidity of the 
connections and the mass of the foundations. 

It is important to understand that the disturbing forces on the frame, 
as determined above, are independent of the w'ay in which the reciprocat- 
ing masses are driven, Avhetlier by the action of fluid pressure on the 
piston, as in a steam-engine, or by a torque on the crank shaft, as in a 
pump or air compressor. 



351. Effect of Transferring Beciprocating Mass to Crank Pin.— 
Suppose that the reciprocating parts which are connected to the crank 
pin by a slotted bar connecting-rod are removed, and 
that a mass C of equal weight W is placed at the 
crank pin (Fig. 688). The centrifugal force of this 
revolving mass at the crank pin is Ww-r/V/, Let 
this force be represented by 0x4, and let OX be 
the line of stroke of the reciprocating parts (now 
removed). Draw AB perpendicular to OX. The 

force OA is equivalent to two forces OB and Bx4. acting at O, OB 

being equal to and BA equal to It was shown 

g g ^ 

in the preceding Article that the effect of the acceleration of the recipro- 
cating parts "Was to cause a thrust on the crank shaft in the line of 

stroke, the magnitude of this thrust being — . Hence a mass 


Fig. 688. 


equal to that of the reciprocating parts, but placed at the crank pin, lias 
the same disturbing effect on the frame in the line of stroke as the reci- 
procating parts themselves have. 

352. Changing the Direction of the Disturbing Force. — If two 
masses DI) (Fig. 689) be placed on the crank arms produced so as to 
balance the mass C referred to in the preceding Article, then at every 
instant the component of the centri- 
fugal force of DD in the line of stroke 
will balance the component of the 
centrifugal force of C in that line. 

Hence if the mass C be removed from 
the crank pin, and the reciprocating 
parts be again connected to it, the 
thrust on the frame in the line of 
stroke, due to the acceleration of the 
reciprocating parts, will be entirely balanced. But the centrifugal force 
of DD has a component at right angles to the line of stroke, the magni- 

. • sm 0 * 

tude of which is - — — and this is unbalanced. 

g 

The effect of the balance w^eights DD is therefore to balance the 
disturbing force in the line of stroke, and to introduce another disturb- 
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iii^r force at right angles to the first. The second disturbing force 
eYidently goes through the same variations in magnitude as the first. 
The first varies from W<»h-(g at the beginning of the stroke to zero at the 
middle of the stroke, and from zero at the middle it varies to - 
at the end of the stroke. The second varies from zero at the beginning 
of the stroke to at the middle of the stroke, and diminishes again 

to zero at the end of the stroke. 

If the mass of DD at crank radius, and opposite to the crank pin, as 
ill Fig. 689, be less than the mass of the reciprocating parts, then the 
disturbing force in the line of stroke will be only partly balanced, and the 
disturbing forces will now be, first, a force in the line of stroke equal to 

j and second, a force at right angles to the line of stroke 


9 


equal to 


sin > 
g 


where is the combined weight of the masses DD. 


The obvious construction for finding E, the result- 
ant disturbing force for any position of the crank, 
is shown in Fig. 690, where == (W - %D)i3ih'jg^ and 

In some cases the kind of balancing just de- 
scribed, where the disturbing force in the line 
of stroke is entirely or partially balanced, may 
be advantageous, as in locomotives, where a 
horizontal disturbing force is generally more 
injurious than a vertical one, but in many other 
cases there would be no advantage whatever. 

353. Distribution of Weight of Oonuectiug-rod. — The part of the 
connecting-rod in the neighbourhood of the crank pin has almost pure 
rotary motion with the crank pin, and the part in the neighbour- 
hood of the cross-head has almost pure reciprocating motion with the 
piston. If A is the centre of the cross-head end of the connecting-rod, 
B the centre of the crank pin end, and C the centre of gravity of the 
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Fig. 690. 



whole rod, and if W is the total weight of the rod, then the usual prac- 

tice is to reckon — . W as the part of the weight of the rod which is 
Ax). 

to be credited as a revolving weight at the crank pin centre, and the 

eg " ' 

remaining part . W is to be credited as reciprocating with the piston. 

•■■AB' 

The position of the centre of gravity of an actual connecting-rod may 
be determined by balancing it in a horizontal position on a knife edge. 
The values of the weights to be reckoned as revolving and reciprocating 
respectively may, however, be obtained by direct weighing, as shown in 
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Fig. 691. Tlie connecting-rocl is supported on two knife. edges placed 
at, riglit angles to .its. axis md passing throiigli tke centres of the faces, 
of tke end brasses. One 'of the knife edges is placed on the piatforiii of 
a weighing machine, and the other, rests on a. support on the ground. 
When the crank or large end of, the, rod is on the platform, ' the weight 
,iiid,icated, is, the weight to be credited as, revolving, and when the cross- 
head or small: end is on-^ the' pla.tform, the wmight indicated, is the weight 
to be credited as reciprocating. 

In many cases in 'practice the weight ,of the part of, the connecting- 
rod to be credited as revolving is about two- thirds of the total weight, of 
the rod. , , 

354. Balancing of Locomotives.— -As reprds the revolving, parts 
of a locomotive there is no difficulty in balancing them entirely, but the 
difficulties in the way of completely balancing the reciprocating parts 
are so great, that in practice only an approximate solution is attempted. 
If the horizontal disturbing forces clue to the acceleration of the reci- 
procating parts be completely balanced in the manner explained in 
Art. 352, the vertical disturbing forces introduced may be so great as to 
cause serious damage to the permanent way, to the bridges, and to the 
wheel tyres. As the result of the extensive experience of locomotive 
engineers, the practice now generally adopted is to balance all the re- 
volving parts completely and two-thirds of the reciprocating parts. That 
is to say, as regards the reciprocating parts, the horizontal disturbing 
forces due to the acceleration of two- thirds of the reciprocating parts are 
balanced by revolving masses, but it must be remembered that these 
revolving masses introduced cause vertical disturbing forces equal to 
those which they balance horizontally. 

The balance weights, are, in practically all cases, placed between the 
spokes of the wheels near the rims. 

In wbat follows, the pistons are assumed to have harmonic motion. 

;. 355... Inside , Cylinder Uncoupled Locomotives. — -These engines 
have two cylinders placed between the frames, and the driving axle is 
cranked, the two cranks being at right angles to one another. The 
important revolving weights which have to be balanced are, the crank 
arms, the crank pins, and the parts of the connecting-rods, determined 
as explained in Art. 353. All these should be reduced to equivalent 
weights at the crank pin centres. 

To the equivalent revolving weight at each crank pin centre has to 
be added two-thirds of the weight of the reciprocating parts for one 

cylinder. The problem is then to find the weights to be placed in the 

wheels, at a given radius depending on the diameter of the wheels, in 
order fco balance the weights assumed to be at the crank pin centres. 
This problem is a simple case of the one considered in Art. 349, but 

on account of its importance the solution for this case will be given 

.here.,',',;''" , ■■ ■ ■ 

Since all the revolving masses have the same angular velocity, the 
centrifugal forces may be represented by the products of the weights of 
these masses and the radii of the respective circles ■ described by their 
centres of gravity. 

Referring to Fig. 692, 1 and 2 are the circles described by the centres 
of gravity of the required balance weights. A is the left-hand and B 
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the riglit-liaiici crank. P and Q are the centrifugal forces of the revolving 
masses and two-thirds of the reciprocating masses at crank radius, as 
already explained. P and Q are in general equal. 



Forces P^ and Pg, in the planes of the circles 1 and 2 respectively, 
which will balance P, are determined from the equations 

Pj(2a 4- r) == P(<x + c), and P2(2a -p c) = Pa. 

Forces Q| and Qg, in the planes of the circles 1 and 2 respectively, 
wdiich will balance Q, are determined from the equations 

Q 1 “f" c) = Qa, and Q2(2a -P r) = Q(a + 

Ej, the resultant of and Q^, and Eg? resultant of Pg and Q2, 
can now be determined. Ei= \/(Pi + Qi)j and Eg— ^/(Pq + Qs)* The 
angles 0-^ and 0^ are determined from tan ^3^ = Qj/Pi and tan ^2“^2/Q2’ 

If P = Q, then Pj = Qg , Pg = , E^ - Eg , and <9^ = ^2 . 

Let ty — weight at each crank pin, including equivalent revolving 
weight and two-thirds of the reciprocating weight for one cylinder. 
W- weight of each balance weight. r = radius of cranks. E = radius 
of circles described by the centres of gravity of balance weights. 

Th.„ P-«., = »d 

Ri = 'WE = 2^^ N/(a + c)3 + a2 also tan (9^ = ^-^ . 

356. Outside Cylinder Uncoupled LocomotiTes.— These engines 
have two cylinders placed outside the frames, and the two cranks, which 
are at right angles to one another, are placed at the ends of the driving 
axle, which is straight. Generally the crank arms are formed in the 
driving wheels. 

Eeferring to Fig. 693, 1 and 2 are the circles described by the centres 
of gravity of the required balance weights which are placed in the driving 
wheels. P and Q are the centrifugal forces of the w'-eights which are 
considered as revolving at the centres of the crank pins A and B respec- 
tively. The weight considered as revolving at each crank pin includes 
two-thirds of the weight of the reciprocating parts- for one cylinder, two- 
thirds of the weight of that part of the connecting-rod which is reckoned 
as reciprocating, the weight of that part of the connecting-rod which is 
reckoned as revolving, and the weight of the part of the crank pin which 
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projects from the crank arm. S and T are the centrifugal forces of the 
craiik arms and the parts of the crank pins which they contain. 



Forces and in the planes of the circles 1 and 2 respective!}^, 
which will balance P, are determined from the equations 

Pj(c ~ 2 a) = P(c - a), and P 2 (c - 2 a) ~ Pa. 

Forces Qj and Q^, in the planes of the circles 1 and 2 respective^, 
which will balance Qj determined from the equations 

Qj^(c - 2 a) == Qa, and Q 2 (c ™ 2 a) = Q(c - a). 

Forces and 83 , in the planes of the circles 1 and 2 respectively, 
which will balance 8 , are determined from the equations 

S|(c - 2 a) = 8 (c - 2 a + <i), and S 2 (c - 2 a) = Scl 

Forces and Tg, in the planes of the circles 1 and 2 respectively, 
which will balance T, are determined from the equations 

Ti(c - 2a) - Td, and T^{e 2a) = T(c - 2a + d ). 

Pj and SjL, P 2 and Sg, and and Tg, act respectively in the 

same straight lines and in the same directions, as shown. 

Ei= V(P^+Sy+(Qr^ and R 3 = 

If P = Q, and 8 = T,then Pi = Q 2 , P 3 =:Q^, Ei-Bg, 

and 

Using the same notation as for inside cylinder engines, with in addition 
= the weight of one crank arm and the part of the crank pin wliicii it 

contains, reduced to crank radius, then P = tor, P, = , Q, = , 

’ ^ c-. 2 a c~ 2 a’ 


w. 


c- 2 a ^ 


W/ixl 


■ 2a ’ 


and Ri-WE = 


also, 


c- 2a 
tan 6 ^ : 


^J{w{c - a) + tcjic - 2 a + + {loa + 'Wcd )\ 


wa + Wfd 


w{c - a) + tOc{c - 2 a + <^ )* 




tlie cranks connected by the coixpling-rod EF, also the crank pins G and E 
are opposite to the main crank pins A and B respectively. 

In the case of an outside cylinder coupled engine (Fig. 695), the 
driving cranks serve also as coupling-rod cranks, each crank pin on these 
cranks being long enough to carry a connecting-rod end and a coupling- 
rod end. Here also the cranks on one side of the engine are at right 
angles to those on the other side. 

The coupling-rod cranks on an inside cylinder engine may be, and 
generally are, shorter than the driving cranks, but on outside cylinder 
engines all the cranks are of the same radius. 

358. Balancing Eeciprocating Parts in Coupled Locomotives. — 
The reciprocating parts to be balanced in a coupled engine may be 
balanced in the' driving wheels, or this balancing may be distributed 
amongst all the coupled wheels. All that is necessary is to consider each 
axle as a driving axle, with imaginary cranks parallel to the respective 
cranks on the real driving axle, the imaginary crank pins on a particular 
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357. Coupled Locomotives. — In order to increase , the adhesion or 
resistance to slipping, and thus enable a larger tractive force to be 
utilised, two or more pairs of wheels of a locomotive may be coupled 
together. The coupling together of two wheels is effected by a coupling- 
rod connecting the crank pins on two equal cranks, formed one in each 
wheel. The cranks may, however, be separate from the wheels and be 
fixed to the axles. It is obvious that coupled wheels must be of the 
same diameter. 

So far as the coupling-rods affect the balancing of the engine they 
behave exactly as revolving weights at their crank pins, the amount of 
weight at any one crank pin being equal to the portion of the weight of 
the rod supported by that pin. Hence the coupling-rods with their 
cranks and crank pins may be completely balanced in the manner ex- 
plained in Art. 349 by weights in the wheels. In the case of driving 
wheels, thfe balance weights for the coupling-rod cranks, with their pins 
and the weights of the coupling-rods carried by them, may be combined 
with the balance weights determined, as in the two preceding Articles, 
and resultant balance weights found. The resultant balance weights on 
the driving wheels of a coupled engine may, however, be obtained directly 
by simply including in the planes 1 and 2 (Figs. 692 and 693) the forces 
which will balance the centrifugal forces of the coupling-rod cranks, crank 
pins, and the weights of the coupling-rods which they carry. 

Fig. 694 shows the arrangement of the various cranks in an inside 
cylinder engine with two pairs of wheels coupled. It will be observed 
that the cranks connected by the coupling-rod CD are at right angles to 
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axle carrying revolving masses equal to the portions of the reciprocating 
masses to be balanced in the wheels of that axle. The revolving masses 
of the imaginary cranks are of course neglected. 

Another way of proceeding is to find the separate masses necessary in 
the driving wheels to balance the reciprocating masses which are to be 
balanced and then divide these up into parts, w^hich are placed in similar 
positions in the various w^heels. For example, if and B; (Fig, 696) 
are the masses in the left-hand and right-hand driving wheels respectively 
which will balance, say, two-thirds of 
the reciprocating masses, and if equal 
portions of A^^ and Bj be transferred 
to Ag and B^ in the left-hand and 
right-hand coupled trailing wheels, the 
radii from Ag and B 2 being equal and 
parallel to the radii from A^^ and Bj 
respectively, then this new distribution 
of balance weights wdll have the same effect horizontally in balancing 
the reciprocating parts, but vertically there will now be a less variation in 
the pressure on the rails per wheel. The balance weights thus found in 
the wheels to balance the reciprocating parts are then combined with the 
balance weights for the revolving masses, and the resultant balance weights 



determined. 

359. Complete Balancing of Beciprocating Parts having Harmonic 
Motion. — In Art. 351 it was shown that the disturbing forces due to 
the acceleration of the reciprocating parts are the same as those produced 
in the line of stroke by a revolving mass equal to that of the recipro- 
cating parts concentrated at the crank pin, but this revolving mass 
produces equal disturbing forces at right angles to the line of stroke. 

Now suppose a number of sets of reciprocating masses to be connected 
to the same number of cranks on a shaft. Next suppose that these re- 
ciprocating masses are removed, and masses equal to them are concentrated 
at their respective crank pins. The disturbing forces in the various lines 
of stroke will now be the same as before, but if the various imaginary 
revolving masses at the crank pins be of such magnitudes, and if their 
relative positions be such that they balance one another, then it is obvious 
that not only will the disturbing forces in the lines of stroke balance one 
another, but the disturbing forces in the directions at right angles to the 
lines of stroke will also balance one another. 

The problem of the complete balancing of reciprocating masses there- 
fore reduces to that of balancing a number of revolving masses, a problem 
which was discussed in Art. 349. It must, however, be remembered that the 
revolving masses now being considered are imaginary, and that recipro- 
cating masses can only he completely balanced hy other reciprocating masses, 

A few cases will now be considered in illustration of the foregoing. 
First, take the case of a single-cylinder engine (Fig. 697), the piston 
being connected to a crank pin A revolving in a circle of radius r. Let 
B and 0 be two other crank pins revolving in circles of radii and ro 
respectively, the planes of revolution of these pins being at distances 
h and c respectively from the plane of revolution of the crank pin A. 
Let w be the weight of the reciprocating masses connected to the crank 
pin A. Then, if the crank pins B and C be in the same plane with the 
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crank pin A and tlie axis of tlie shaft, and if B and G are on the opposite 
side of the axis to A, revolving masses of weights and 
B and C respectively will balance a revolving 
mass of weight w at A if + c) =: Z4;9*c, 

and + c) = 

Hence if reciprocating masses D and E 
of weights and respectively be connected 
to the crank pins B and C, as shown, the 
reciprocating masses D and E will completely 
balance the reciprocating masses connected to 
the crank pin A. Reciprocating masses, such 
as D and E, introduced to balance other re- 
ciprocating masses are called boh-weights^ . and 
they serve no other purpose than that of 
balancing. Instead of the masses D and E, 
which are useless except for balancing purposes, 
two additional cylinders might be introduced, 
and the reciprocating parts belonging to these 
cylinders would take the place of the bob- 
weights, and the reciprocating parts of this three-cylinder engine would 
then completely balance one another. 

If the stroke of the bob- weights is small, they may be driven by 
eccentrics instead of ordinary cranks. The weights 'ii\ and of the 
bob- weights must of course include the weights of the reciprocating 
parts connected to them. 

As a second illustration, consider a three-cylinder engine with three 
cranks at definite angles apart, say, 120^ each. A, B, and C (Fig. 698) 
are the three crank pins, and it is required to balance the reciprocating 
parts by bob-weights driven by cranks or eccentrics on the crank shaft in 
the planes 1 and 2. , 

Imagine masses equal to the reciprocating masses to be concentrated 
at their respective crank pins. The centrifugal force of the mass at A is 



Fig. 697. 




Fig. 698. 


balanced by forces A^ and Ag in the planes 1 and 2 respectively, and 
these forces are determined as in Art. 348, p. 416. In like manner 
forces Bj^ and and C.^, which will balance the centrifugal forces of 

the masses at B and C, are determined. R^ , the resultant of Aj^ , B^^ , and 
, also R. 2 , the resultant of Ag, Bg, and Cg, are determined by the 
polygons of forces shown. A crank pin d at radius in plane 1, and a 
crank pin e at radius ?*2 in plane 2, will be the drivers for ohe required 
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bob- weights. It io^ and are the weights of the bob- weights, including 
the weights of the reciprocating parts connected to them, then , 

and = various centrifugal forces being represented by the 

producds^ of weight and radius. 

A four-cylinder engine with four cranks is one that lends itself to 
complete balancing of the reciprocating parts without the addition of 
balance weights. "The quantities to be considered are : first, the ratios of 
the weights of the four sets of reciprocating parts to that of one of thein 
(3 quantities); second, the ratios of the distances between the centre 
lines of the cylinders to one of the distances (3 qiiantities) ; third, the 
angles between the cranks (3 quantities); in all 9 quantities, and if any 
5 of these be given, the other 4 can be found. 

In this Article reciprocating masses only have been referred to, 
Revolving masses, including any cranks or eccentrics introduced to drive 
bob-weights, must be balanced separately by other revolving masses. 

Exercises XXYIb. 

1. The reciprocating parts of a single cylinder horizontal steam-engine weigh 
200 lbs., and the remaining parts of the engine weigh 6400 lbs. The stroke of 
the piston is 16 inches, and the crank shaft makes 300 revolutions per minute. 
Assuming that the engine is not bolted down, but is free to oscillate, find the 
amplitude of the oscillations, and the magnitude of the displacing force at the 
end of each oscillation. Assume that the reciprocating parts have harmonic 
motion. 

2. After the engine of the preceding exercise is bolted down, suppose that it 
is found that a force of 2000 lbs., applied to the crank shaft in the line of stroke, 
displaces the engine frame 0*001 inch, and that the displacement up to five times 
this amount is proportional to the displacing force. Assuming that all the yield 
takes place between the frame and the foundations, what will now be the 
amplitude of the oscillations of the engine frame ? 

3. A connecting-rod, 6 feet 2 inches long between centres, was found to 
balance in a horizontal position on a knife edge placed at 24 J inches from the 
large end centre. When a weight of 14 lbs. was placed at the small end centre, 
it was found that the whole balanced in a horizontal position on a knife edge 
placed at 261 inches from the large end centre. Find the weight of the rod and 
the weights of the parts which should be credited as revolving and reciprocating 
respectively. 

4 . Find the balance weights at crank radius, in order to balance all the 

revolving masses and two-thirds of the reciprocating masses of an inside single 
locomotive, having given the following data. Cranks at right angles, left-hand 
crank leading. Distance centre to centre of cylinders, 2 feet. Distance between 
planes containing mass centres of balance weights, 5 feet. Mass of reciprocating 
parts per cylinder, reduced to crank radius, 500 lbs. Mass of revolving parts 
per cylinder, reduced to crank radius, 700 lbs. [Inst.C.E.] 

6. The reciprocating parts of an inside cylinder uncoupled locomotive weigh 
550 lbs. per cylinder. The revolving parts are equivalent to 650 lbs. per 
cylinder at crank pin. The stroke of the pistons is 24 inches, and the distance 
between the centre lines of the cjdinders is 25 inches. Find the balance weights 
which must be placed in the driving wheels at 2 feet 6 inches radius, their 
planes of revolution being 5 feet apart, in order to balance the whole of the 
revolving parts and two-thirds of the reciprocating parts. Cranks at right 
angles, left-hand crank leading. 

6. The following particulars relate to an outside cylinder uncoupled loco- 
motive. Stroke of pistons, 26 inches. Length of connecting-rod, 78 inches. 
Distance of centre of gravity of connecting-rod from centre of large end, 26 
inches. Weight of connecting-rod, 450 lbs. Weight of reciprocating parts per 
cylinder, 400 lbs. Equivalent weight of one crank arm and the portion of the 
crank pin within it, 130 lbs. at 13 inches radius. Weight of one overhanging 
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crank pin, 30 lbs. Distance between centre lines of cylinders, 74-. inohes. 
Distance between planes containing centres of gravity of balance weights, 
59 inches. Distance between planes containing centres of gravity of crank 
arms, 62 inches. Determine the balance weights to be placed in*the driving 
wheels at 3 feet radius. All the revolving parts and two-thirds of the recipro- 
cating parts are to be balanced. 

7. Take the data of Exercise 5 as applying to an inside cylinder engine with two 
pairs of wheels coupled, together with the following additional data. Radius of 
wheel cranks, 11 inches. Distance between planes of motion of coupling-rods, 
6 feet 3 inches. Distance between planes of rotation of wheel cranks, 5 feet 
2 inches. Weight of each coupling-rod, 270 lbs. Weight of each wheel crank, 
including the weight of the portion of the crank pin within it, reduced to 

11 inches radius, 120 lbs. Weight of each overhanging crank pin, 30 lbs. 
Determine the balance weights in the driving and trailing wheels, at 2 feet 
6 inches radius, to balance all the revolving parts and two-thirds of the recipro- 
cating parts, one-third of the reciprocating masses being balanced in the 
driving wheels, and one-third in the trailing wheels. 

8. Determine, from the following data, the balance weights for an outside 
cylinder locomotive with two pairs of wheels coupled. Stroke of pistons, 26 
inches. Distance between centre lines of cylinders, 75 inches. Distance be- 
tween planes of motion of coupling-rods, 67 inches. Distance between planes of 
revolution of balance weights, 60 inches. Distance between planes of revolution 
of cranks, 60 inohes. Weight of reciprocating parts per cylinder, 350 lbs. 
Weight of one connecting-rod, 225 lbs. One-third of weight of connecting-rod 
to be considered as reciprocating with cross-head and two- thirds as revolving 
with crank pin. Weight of one coupling-rod, 230 lbs. Weight of one crank pin 
within coupling-rod, 15 lbs. Weight of one crank pin within connecting-rod, 

12 lbs. Weight of one crank with part of crank pin within it, reduced to 13 
inches radius, 90 Ihs. Centres of gravity of balance weights at 26 inches radius 
in driving wheels and 27-| inches in trading wheels. All the revolving and two- 
thirds of the reciprocating parts to be balanced, the balance for the reciprocating 
parts to be in the driving wheels only. 

^ 9. Eind the difference between the maximum and minimum pressures on the 
rail of a driving wheel of the engine in Exercise 7 when the speed is 60 miles per 
hour, the diameter of the wheel being 7 feet. 

10. Calculate the difference between the maximum and minimum pressures 
on the rail of a driving wheel of the engine in Exercise 8 when the speed is 
50 miles per hour, the diameter of the wheel being 6 feet 1 inch. 

11. The piston of a single cylinder direct-acting engine has a stroke of 
2 feet. The weight of the reciprocating parts is 300 lbs., and these parts are to 
be balanced by two bob-weights driven by cranks of 6 inches radius. The lines 
of stroke of the bob-weights are 5 feet apart, and the line of stroke of the 
piston is between the lines of stroke of the bob-weights and 2 feet from one of 
them. Determine the weights of the bob- weights. 

12. A, B, and C are the parallel lines of stroke of the pistons of a three- 
cylinder engine. B is between A and 0, and is 25 inches from A and 30 inches 
from C. Each piston has a stroke of 24 inches. The reciprocating parts in the 
line A weigh 210 lbs. Find the weights of the reciprocating jmrts in the lines 
B and C, and show how the cranks must be placed so that the reciprocating parts 
of the engine may balance one another. 

13. The diagram (Fig. 699) shows the crank shaft of a three- cylinder triple 
expansion engine for a torpedo boat. The cranks make equal angles with one 
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another. The reciprocating parts connected to the crank pins A, B, and 0 
weigh 150 lbs., 160 lbs., and 260 lbs. respectively, and they are to be balanced 
by bob-weights in the planes X and Y. The one bob- weight in the plane X has 
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a stroke of 4 inclies, and the other in plane Y has a stroke of 5 inches. ^ The 
bob-weights are driven by eccentrics on the crank shaft. Determine the weights 
of the hob- weights and the angular positions of their eccentrics. 

M. A, B, 0, and D are the parallel centre lines of the cylinders of a. four- 
cylinder engine, taken in order. The distances between A and B, B and C, and 
0 and D are 5, 7, and 6 feet respectively. The angle between the cranks of the 
first two cylinders is 150®, and the reciprocating parts connected to them weigh 
3500 and 4800 lbs. respectively. Bind the weights of the reciprocating parts of 
the third and fourth cylinders and the angular positions of their cranks in order 
that the reciprocating parts may balance one another completely. The first 
crank (A) leads. All the pistons have the same stroke. Assume that the pistons 
have harmonic motion. 
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360. Pliiids. — Fluids are of two kinds, Liquids and A fluid 

is not capable of resisting change of shape or Tolume unless it is con- 
strained by the sides of a vessel surrounding it. 

For instance, if a cylinder (Fig. 700), closed at one 
end and fitted with a frictioniess piston, have the 
space between the piston and the closed end of the 
cylinder full of fluid, the piston will support a 
force P tending to push it further into the cylinder, ^ 

but if a hole be made in the side of the cylinder 

(Fig. 701), a force P, liotoever small^ will be suflScient to push the piston 

in and cause the escape of the fluid through the hole. 

If a definite volume of a liquid be placed in a vessel of greater volume 
the liquid will only occupy a portion of the vessel equal to the original 
volume of the liquid, but if a quantity of a gas, however small, be 
introduced into a vessel, however large, it will expand and fill the whole 
of the vessel. 

A liquid when confined, as in Fig. 700, offers a very great resistance 
to decrease in volume ; in fact, for the purposes of the engineer, a liquid 
can in general be taken as incompressible. Water, for example, loses 
0‘007 of its original volume for each ton of pressure per square inch 
applied to it, and the compressibility of mercury is only about one-tenth 
that of water. A gas, on the other hand, is, within certain wide limits, 

; readily compressible, 

A fluid is said to be mo7*e fluid or more like a ^perfect fluid the less 
the friction of its particles on one another, or the less the resistance which 
it offers to a body moving through it. A fluid is said to be more viscous 
the greater the friction of its particles on one another, or the greater the 
resistance which it offers to a body moving through it. The viscosity of 
a fluid does not affect its equilibrium, but it does affect its motion. 

The branch of mechanics which treats of the eqtiilibrium of fluids and 
the forces acting on them when at rest is called liydrostaiics. That part 
of hydrostatics which deals with gases b> pnmmatics. 

361. Direction of Fluid Pressure on a Surface. — The pressure of 

a fluid on a surface is perpendicular to that surface at 
every point (Fig. 702). This is true for viscous as well 
as for non-viscous fluids at rest A viscous fluid in 
motion exerts a slight tangential force on a surface over 
. which it is moving, and the pressure of the fluid on 
the surface will therefore not be perpendicular to the 
surface in this case. Fic. 702. 
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362. TransmissioE of Pressure. — -If a fluid at , rest liave any pressure 
applied to any part of its surface, that pressure is transiiiitted equally 
to all parts of the fluid. Por example, if the vessel 
shown ill Fig. 703 be -full of water or air, and if 
it has attached to its sides equal cylinders fitted with' 
frictionless pistons, which are kept at rest by suit- 
able forces, any additional force applied to one of 
the pistons will require that an equal additional force 
be applied to each of the other pistons to keep them 
at rest. 

It follows from this that if one of the cylinders be enlarged until the 
piston which fits it has double the area, this piston will require double 
the force to keep it in equilibrium against the fl.uid 
pressure, and generally if a is the area of one piston 
and q the force pushing it in, and if A is the area 
of another piston and Q the force pushing it in, then 
for equilibrium a/A = g/Q. This is the principle of 
the hydraulic press (Fig. 704), in w^hich a compara- 
tively small force P acting on a small piston or 
plunger is able to balance a large force W on a large piston or ram. 

363. Pressure at any Point of a Liquid due to its Weight.— Let A 
(Fig. 705) be a very small horizontal disc of area a immersed in a liquid 
at a vertical depth li below its free surface. The pressure 
of the liquid on the top of the disc will not be altered if a 
cylindrical tube, open at both ends, and having an internal 
diameter equal to that of the disc A, be placed over it in a 
vertical position, as shown. This tube above the level of the 
disc contains a cylindrical column of liquid whose volume is 
ah and whose weight is ahio^ where lo is the weight of a unit 

of volume of the liquid. If the liquid surrounding the tube 
AB be removed, the pressure on the upper surface of the disc A will not 
he altered, because the pressure of the surrounding liquid on the tube is 
horizontal, the sides of the tube being vertical, and therefore self- 
halancing. The load on the top of the disc is now ahw^ and the 
pressure per uint of area is aJiicja — lm~p, which show's that at any 
point in a liquid the intensity of the pressure due to the weight 
of the liquid is directly proportional to its depth below the free surface 
of the liquid.' 

If the area a be in square feet, the height li in feet, and w the w'eight 
of 1 cubic foot of the liquid, then hw will be the pressure per square 
foot at the depth li. The depth li is called the head of liquid at A, and 
the head is evidently a measure of the pressure. 

364. Total Pressure on a Plane Horizontal Surface Immersed in a 
Liquid. — From the preceding Article it follow^s that the total pressure on 
a plane horizontal surface due to the weight of a liquid in which it is 
immersed is equal to the weight of a right prism of the liquid, whose base 
is the given surface, and whose height is the depth of the surface below 
the free surface of the liquid. 

365. Total Pressure on a Plane Inclined Surface Immersed in a 
Liquid. — Let MN (Fig. 706) be a plane inclined surface immersed in a 
liquid, and let the surface be divided into a large number of narrow 
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liorizontal stripSj of wliicli EF is one. Let be the depth of the strip EF 

below the free surface of the liquid, and let a denote the true area of the 

strip. By Art. 363 the intensity of the , , 

pressure at the depth y is wy^ and there- -"p- 

fore the total pressure on the strip EF R , .M 

is ?rya 5 and the total pressure on the { r 

whole surface MN will be the sum of all _ 

the pressures on the separate strips, and ^ YM 

will therefore be. equal to '2toya or loZya. view . wBe view / 

But by a property of the centre of gravity 

of a surface 2ya = /iA, where h is the 

depth of the centre of gravity of the surface below the free surface of the 
liquid, and A is the true area of the surface. Hence the total pressure 
on the surface MN is whA, But whA is the weight of a right prism of 
the liquid, whose base is the given surface, and whose height is the depth 
of the centre of gravity of the surface below the free surface of the 
liquid. 

366. Artificial Head.— In the three preceding Articles the effect of 

any external pressure on the free surface of the liquid has been neglected. 
If the free surface of the liquid is exposed to the atmosphere, or to steam, 
as in a boiler, or if it supp^ort a loaded piston in a cylinder, then the 
pressure on the free surface will be transmitted to the surface immersed 
in the liquid. Let intensity of the pressure due to the 'weight 

of the liquid at a depth below its free surface. Let bo the intensity 
of the external pressure on the free surface of the liquid, and let be 
the head of liquid, which, by its weight, would cause a pressure of 
intensity Also, let p be the intensity of the total pressure at the 
depth hi, and lastly, let h be the head of liquid which, by its weight, 

p 

would cause a pressure of intensity p. Then p -p^ H-pg, and since h 

Ji and it follows that = /q + h^. The head h^, which is the 

^ w"w 

head of liquid equivalent to the externab pressure, may be called the 
artificial head. 

367. Resultant of Pressure. — If a surface be exposed to pressure, 
either uniform or varying, the single force, acting at a point on the 
surface, which will produce the same effect on the surface as a whole as 
the pressure over the surface, is called the resultant of the pressure. The 
niagnitude of this resultant is, for plane surfaces, the same as what has 
been called the total pressure in preceding Articles. 

368. Centre of Pressure — If a surface be exposed to pressure, 
either uniform or varying, the point on the surface at which the 
resultant of the pressure acts is called the centre of pressure. In 
what follows, the surfaces exposed to pressure will be assumed to be 
plane surfaces. 

If the pressure is uniform over the surface, the centre of pressure is 
obviously at the centre of gravity of the surface. 

The other important case is where the pressure varies uniformly m 
one direction, and is uniform in a direction at right angles to this as 
when an inclined surface is immersed in a liquid. 
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^ Let MN (Fig. 707). be a plane surface immersed in a: liquid, and let 
the straight iirie in which the plane of the surface intersects the free 

surface of the liquid ..be taken as ... _ ^ ' 

the axis about which moments are - " ^ 
to be taken. In what follows this 

axis will be referred to as the /' 

axis. Consider a narrow hori- \ 

zontal strip EF which is at a ^ 

distance x from the axis, and let view. ^ ^ edge view. 

a be the true area of this strip. 

The total pressure on the strip EF is 

wax sin ( 9 , where w? is the weight of a unit of volume of the liquid, and 0 
is the inclination of the surface MN to the horizontal. The moment of 
the total pressure on EF about the axis is tcax^ sin ^5 and the sum of all 
such quantities for the whole area of the given surface is ^wax^ sin Oj or 
wmn$2ax'\ and this must be equal to the moment of the resultant 
pressure about the axis. 

The magnitude of the resultant pressure on the ■whole area is 
wAX(^ sin d, where A is the true area of the given surface, and Xq the 
distance of its centre of gravity from the axis. If x is the distance of the 
centre of pressure from the axis, then 

xwAxo sin 6~w sin &2ax!^^ therefore x = — • 

iia’Q 

But l>ax^ is the moment of inertia of the surface about the axis ; calling 

this In, X = ---5l . 

Axq 

If the moment of inertia of the surface about an axis parallel to the 
above-mentioned axis, and. passing through the centre of gravity of the 
surface, be denoted by I, then (Art. 68 ) since lQ = I-|-Aa’|, 

„ __ 1 4 “ Axq _ Ah^ + Airg _ 

AXq Xq ’ 


where Jc is the radius of gyration of the surface referred to the axis 
through its centre of gravity. 

The foregoing demonstration shows that the position of the centre of 
pressure is independent of the inclination of the immersed surface if the 
distances of the various points of the surface from the free surface of the 
liquid measured in the ;p2ane of the surface remain unaltered. 

The depth of the centre of pressure below the free surface of the 
liquid is obviously x sin d. 

As to the lateral position of the centre of pressure; if the locus of 
the middle points of the horizontal lines wkich can be drawn on the 
surface is a straight line, this line wall obviously contain the centre of 
pressure, and in practically all cases wEere the centre of pressure is 
required in practice, the surface satisfies this condition. 

369, Examples of Centre of Pressure.- — ^The following are the cases 
of most frequent occurrence in practice. In the illustrations, c is the 
centre of pressure in each case. The distances c?, 7i, and x are measured 
in the plane of the figure or surface. 

Fig. 708. A rectangle or parallelogram, -with its highest side below 


HYBEOBTATIOS 


435 


and parallel to the surface of the liquid, e is in the line which bisects 
the horizontal sides of the rectangle or parallelogram. 

2 / 4- rr 7 A ~ 


2A+.d 


= ^d. 


Fig. 709. A triangle with its base below and parallel to the surface 




1 • 

d. 

X 




‘Itc-i 



Fig. 708. 


Fig. 709. 



of the liquid, the vertex being below the base, c is in the line joining 
the vertex and the middle point of the base. 




H h~ 0, X = |d. 


6/^ + 2cZ 

Fig. 710. A triangle with its base parallel to the surface of the 
liquid, the vertex being above the base and below the surface of the 
liquid, c is in the line joining the vertex with the middle point of the 
base. 

,,_6A2 + 8M + 3^ 

Fig. 711. A circle entirely immersed, its centre being at a distance 
Ih from the surface of the liquid. 


x^h-b 


i6A‘ 


If A = |, 




370. Besultant Pressure on a Body Immersed in a Liquid. — It is 

evident that the horizontal components of the pressures on the surface 
of the immersed body balance one another, there being no tendency to 
move the body horizontally, and the resultant pressure must therefore act 
vertically. 

Suppose the body to be divided into a large number of vertical prisms, 
of which AB (Fig. 712), having a horizontal sectional area a., is one. Let 

the upper end of AB be at a depth and the lower 

end at a depth below the free surface of the liquid, 
and let w be the weight of a unit of volume of the liquid. 

The downward force exerted by the liquid on the top of 
AB is wa\, and the upward force exerted by the liquid 
on the bottom of AB is m/i.,. Hence the resultant 
upward force on AB is and this is the 

weight of a volume of liquid equal to the volume of 
AB. This result will be true for each of the prisms 
into which the body is divided ; hence the resultant pressure of the liquid 
on the body is an upward force equal to the weight of a volume of the 
liquid equal to the volume of the body. 

Stating the foregoing result in another way : if the body is weighed 



Fig. 712. 
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wiiiie it is immersed iu the liquid, its loss of weight is equal to the weight 
of the liquid which it displaces. 

371. ' .Floating Bodies. — A consequence of the result of the preceding 
Article is that when a body floats in a liquid the weight of the body is 
equal to the weight of the liquid which it displaces. Another obvious 
.result is that w^hen the floating body is at rest, the straight line wdiich 
joins the centre of gravity of the body and the centre of gravity of the 
displaced liquid is vertical The centre of gravity of the displaced liquid 
is called the centre of buoyancy. The resultant fluid pressure on the 
body acts vertically upwards in a line through the centre of buoyancy. 

Pig. 713 shows a floating body slightly displaced from its position 
of equilibrium. CG is the line joining the centre of buoyancy and the 
centre of gravity of the body when the body is in 
its position of equilibrium. is the new position 
of the centre of buoyancy. The body is now under 
the action of two vertical forces, each equal to the 
weight of the body, one acting downwards through 
G, and the other upwards through Cl If the vertical 
line through C' meets the line CG or that line pro- 
duced at M, the point M is called the metacentre of 
the floating body. The equilibrium of the floating body is evidently 
more stable the higher the point M is above G, the centre of gravity of 
the body, and the equilibrium is unstable when M is below G . 

372. Weight of Water. — The weight of a cubic foot of Avater varies 
with the temperature, as shown in the following table : — 


Temp. Cent. 

„ Fahr. 

0° 

32° 

. :4° 

39*2“ 

16*67° 

62° 

40“ 

104° 

1 

60° 

140° 

80° 

176° 

100° 

212° 

Weight in lbs. of 1 cubic foot 

62*34 

62*33 

, ! 

62*28 

61*87 

t 

1 . 

61*31 

60*59 ; 

59*76 


The above weights are for pure distilled water free from air. 

At the temperature 62“ Fahr., and the barometer at 30 inches, a cubic 
foot of distilled water, freed from air, weighs 0*046 lb, more than when 
nearly saturated with air. 

A gallon of water at 62“ Fahr. weighs 10 lbs. 

Exercises XXini. 

1. Eeferring to Fig. 704, p. 432, if the diameter of the larger piston is 12 
inches, and the diameter of the other is 14 inches, what is the force W when P 
is 150 lbs. 1 

2. A vertical tube 3 feet long, and having an internal diameter of 1 inch, is 
filled with equal volumes of water and mercury. Assuming that the weight of 
the mercury is 13*56 times the weight of the water, calculate the pressure in 
lbs. per square inch at the bottom of the tube due to the head of liquid. Also, 
what is the weight of water in the tube ? 

3. What pressure, in lbs. per square inch, corresponds to 160 feet head of 
water, and what head of water, in feet, corresponds to a pressure of 180 lbs. per 
square inch ? 

4. Feed water is pumped into a boiler from a tank. Just before starting the 
feed-pump the levels of the water in the boiler and tank are 38*5 inches and 
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23'7 inches respectively above the floor level, and when the pump is stopped 
these levels have changed to 39*4 inches and 17*4 inches respectively above the 
floor level. A change of 1 inch in the level of the water in the tank corresponds 
to a change of 19*3 lbs. of water in the contents of the tank. The mean gauge 
pressure of the steam in the boiler while the pump is at work is 80 lbs. per 
square inch. Neglecting friction, find the number of ft.-lbs. of work done by 
the feed-pump. 

5. A tank of the form of a right circular cylinder 7 feet in diameter lies with 

its axis horizontal. Find the total pressure on one end when the tank is full of 
water. . 

6. A lock gate is 35 feet wide, and the heights of the water above the bottom 

of the gate on the two sides are 26 and 13 feet respectively. Find the resultant 
pressure and the height, measured from the bottom of the gate, at which it 
acts, the weight of the water per cubic foot being 64 lbs. [Inst.O.E.] 

7. The width of a lock is 12 feet, and that of each gate feet. If the 

height of the water be 10 feet inside the lock and 4 feet outside, find the re- 
sultant fluid pressure on each gate, and also the pressure (assumed to be acting 
symmetrically) between the two gates. flnst.C.E,] 

8. A box ill the form of a cube, of internal dimensions 1 foot, has its base 

horizontal, and is half-filled with water. One vertical side is kept in its position 
by four screws only, one at each angular point. Find the tensions in these 
screws due to the water pressure. [Insfc.C.B.] 

9. In the vertical side of a tank there is a rectangular opening 2 feet high 
and 1 foot wdde, the shorter sides being horizontal. This opening is covered by 
a door held by two bolts placed in the middle of the width, one 13J inches 
above and the other 13-| inches below the centre of the door. When water 
stands in the tank at a level of 10 feet above the centre of the door, what are 
the tensions in the top and bottom bolts ? What would be the best positions 
for the two bolts so that they may be subjected to the same tension, and what 
would then be the tension in each bolt? 

10. A vertical wall, 2 feet thick and 18 feet high, weighing 124 lbs. per 

cubic foot, supiports the pressure of water on one side. How high may the 
water rise without causing the resultant force on the base of the wall to pass 
more than 8 inches from the middle of the wall’s width? [Inst.C.E.] 

11. An opening in a reservoir dam is closed by a plate 3 feOt square, which 

is hinged at the upper horizontal edge ; the plate is inclined at an angle of 60*^ 
to the horizontal, and its top edge is 12 feet below the surface of the water. If 
this plate is opened by means of a chain attached to the centre of the lower 
edge, find the necessary pull in the chain if its line of action makes an angle of 
45® with the plate. The weight of the plate is 400 lbs, [U.L.] 

. 12. A dock entrance, whose level floor is 24 feet below the water, has a width 

of 62 feet at the water level and 50 feet at the floor, the side walls being built 
with a straight batter. The entrance is closed by a caisson, and on one side of 
the caisson the floor is dry. Calculate the total horizontal pressure upon the 
caisson, and the height of its centre of action above the floor. Take weight of 
water as 64 lbs. per cubic foot. [Inst.C.E.] 

13. A vessel of water is weighed on a parcel spring-balance, the reading of 

which shows that the vessel and water weigh 11 lbs. A 7 lb. iron weight is 
suspended by a fine wire from the book of an ordinary spring- balance, and is 
lowered into the water until it is completely immersed. Under these conditions 
find (i.) the reading of the spring-balance from which the weight is suspended, 
(li.) the reading of the parcel spring-balance on which the vessel stands. Give 
the reasons for any change in the readings of the balances. (Specific gravity of 
iron=7*5.) [Inst.C.E.] 

14. A rectangular wooden barge, without a deck, is 20 feet long, 11 feet 
wide, and 3 feet deep, outside measurements, and the sides, ends, and bottom 
have a uniform thickness of 3- inches. Taking the weight of the wood at 50 lbs. 
per cubic foot, determine the position of the water line when the empty barge 
floats in water weighing 63 lbs. per cubic foot. What load, in tons, will this 
barge carry when the water-line is 2 feet from the bottom ? 

15. If the area of the horizontal section of a ship at the water line is 15,000 
square feet, and the sides are vertical where they cut the water, find the extra 
depth the ship will sink when loaded in fresh water with 750 tons of cargo. 
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What depth would the ship sink if floating in salt water of specific gravity 1*026 
when loading ? [Inst.C.E.J 

16. A steamer loading 25 tons to the inch in fresh water dock is found after 

ten days’ voyage, burning 52 tons of coal a day, to have risen 25 inches in sea 
water.* Determine the displacement in tons, taking 35 and 
36 cubic feet per ton as the specific volumes of salt and fresh 
water respectively. ^ 

17. If a uniform triangular prism floats freely in water with 

one edge on the surface (Eig. 714), prove that the opposite face 
must be vertical. ^[Inst.C.E.] 

18. A cube, edges 5 feet long, floats in water with half its 
volume immersed, the bottom face being horizontal. The 
centre of gravity of the cube is 20 inches below its geometrical 

centre in a vertical line through it. A weight equal to one-fiftieth part of the 
weight of the cube is placed at the middle point of one of the top edges of 
the cube. Determine the angle through which the cube will tilt under the 
additional weight. 



CHAPTER XXVIII 

GENERAL PRINCIPLES OF HYDRAULICS 



373. Energy of Water — Bemoullfs Theorem. — In connection with 
hydraulics, the total energy in a given quantity of water consists of three 
parts : (1) The potential energy^ or the energy due to the height through 
which it may fall, or the energy due to its position ; (2) the pjreuure 
energy^ or the energy due to the pressure which the water exerts on the 
sides of the containing vessel or pipe ; (3) the Idneiic energy, or the 
energy due to its motion. 

In what follows, the energy of one pound weight of the water will be 
considered. . 

(1) The potential energy of 1 lb. of water which is capable of falling 
through a height of A feet is ^ foot-pounds. 

(2) The pressure energy of 1 lb. of water which exerts a pressure of 
P lbs. per square foot is Yjto, where lo is the weight of a cubic foot of 
the water. For if 1 cubic foot of water be admitted into a cylinder 
which is fitted with a piston having an area of 1 square foot, then the 
piston will move through a distance of 1 foot; and if the water exerts all 
the time a pressure of P lbs. per square foot, the work done by the cubic 
foot of water will be P foot-pounds. Therefore the work done by 1 lb. 
of water is P/?/? foot-pounds. It is important to notice that in proving 
that the pressure energy of 1 lb. of water is P/?r, it is assumed that the 
full pressure P is kept up during the time that the 1 lb. of water is being 
used to do the work P/-?^. 

(3) The kinetic energy of 1 lb. of water which is moving with a 
velocity of v feet per second is 

A portion of water may have all three of the above forms of energy, 
but one, two, or all of them, may be zero. Also, the energy in one form 
may be so small compared with the energy in another form, that it may 
be neglected. For example, in the transmission of power by water 
pressure amounting to, say, 1000 lbs. per square inch, the water will have 
a velocity seldom exceeding 5 feet per second. Here the pressure 

energy is = 2311 ft.-lbs., and the kinetic energy when the 


velocity is 5 feet per second is ^ 0*39 ft.-lb., a quantity so small 

2-X- 32*2 . ^ 

compared with 2311 that it may be neglected. 

If H is the total energy in one pound weight of liquid, then 

. p ' ' 

H = 7^ + £ + „" • 
w 2g 

If all the particles of a 1 lb. mass of water are moving with the same 
velocity at any instant, and there is no frictional resistance to the motion, 
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also if the liquid may be considered as incompressible, so that there is no 
internal work due to change of volume, then, if the mass of liquid con- 
sidered moves without doing external work or without having external 

work done upon it, not only is H = ^ at any instant, but H is a 

constant quantity, although the quantities h, v, and P iiiay vary. This 
is known as BermulWs theorem, 

374. Flow through a Smooth Pipe of Tarying Sectioii.-™Pig. 715 
shows a pipe of varying cross section 
conveying water from a tank to a 
datum level, say the level of the 
sea. The free surface of the water 
in the tank is at a height H above 
iatum. Neglecting friction, and 
assuming that the motion of the 
water is steady, the total energy of 
a 1 lb. mass of the water will be 
the same in every position. The 
table below shows the amounts of 
the various forms of energy in a 
1 lb. mass of the water in four 
different positions. Where P^ and 
p 2 are the pressures of the water at Aj and Ag respectively, to is the 



Fig. 715. 


Position, 

Potential 

Energy. 

Pressure 

Energy. 

A 

H 

nil 


h 

Pi 



w 

Ag 

h 

W 

B 

nil 

nil 


Kinetic 

Energy. 


nil 






2r; 


Total Erxergy, 


H 

H=Ai+-'+^ 

- , tJO : , zg 

" 2£f 

11 = 1 . 

2y 


specific weight of the water, and v are the velocities of the water 

at A|, Ag, and B respectively. 

If ^ 2 , and a are the areas of the cross sections of the pipe at 
A^, Ag and B respectively, then, if the pipe is running full, the quantity 
of water passing through each cross section in a given time must be the 
same, hence — av. 

375. Venturi Water Meter. — Bernoulli's theorem has an important 
and interesting application in the Venturi w^ater meter, by means of 
which the rate of flow of water through a water main may be deter- 
mined without interposing any moving part in the flowing water. 
Figs. 716-719 * show the main parts of a Venturi meter. There are two 
conical pipes AB and CD (Pigs. 716 and 7 17), whose smaller ends are 
connected by a short pipe BC, forming the throat of the meter. This 
combination is introduced so as to form a part of the water main, the 

* Figs. 716-719 have been prepared from working drawings kindly supplied 
by Mr. G-eorge Kent, High Holborn, London. 
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delivery of wMch is to be measured. The axis of the water main in the 
iieiglibourliood of the meter is horizontal The water enters the meter 
at Aj and leaves at D. A hollow belt is cast round the pipe AB at EF, 
and the interior of this belt communicates with the interior of the pipe 
by four small holes, the positions of which are shown in the cross section, 
Fig. 718. These holes are bushed with vulcanite to prevent incrustation. 
A copper tube leads from the annular space at EF to the top of a vertical 
cast-iron cylinder containing mercury. The throat is lined with a gun- 



Fig. 716. 


Fig. 717. 


lail 


Fig. 718. 


Fig. 719. 


metal casting, having an annular space round its centre which communi- 
cates with the interior of the throat by four small holes arranged as at 
EF, and shown in Fig. 719, which is a cross section at the throat. A 
second copper tube leads from the annular space round the throat to the 
top of a second cast-iron cylinder containing mercury. The two vertical 
cylinders containing mercury communicate with one another at their 
bottom ends, so as to form the equivalent of a U tube mercury gauge^ 
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tlie levels of tlie^ mercury being indicated by cast-iron floats with vertical 
rods attached to them. 

It may be left as an exercise to the student to show that the quantity 
of water flowing through the main in a given time is equal to 
where c is a constant for a given meter, and Ic is^ the head of mercury 
equivalent to the difference between the pressures in the iiiaiii and in the 
throat of the meter. 

The diameter of the throat of the meter is frequently one-third 
of the diameter of the main. 

In order that Bernoulli's theorem may apply without sensible error, 
it is necessary that the interior of the Venturi tube lying between the 
annular pressure chambers should be as smooth as possible. In practice, 
the error in the Venturi meter does not exceed 3 per cent. 

It is usual to fit a recording apparatus to the Venturi meter, con- 
sisting of a clock-driven drum, upon which a diagram is traced by a pen 
actuated by one of the cast-hon floats mentioned above. The abscissae of 
this diagram represent time, and the ordinates rate of flow, and the area 
of the diagram between any two ordinates represents the quantity of 
water delivered in the time represented by the distance between these 
ordinates. A mechanical integrator o[)erated by a clock and the second 
float is generally added ; this shows on a dial the total quantity of water 
delivered.* 

Venturi meters are suitable for mains of almost any diameter, 
and have been made for mains as large as 1 0 feet in diameter. 
They are, however, not suitable when the velocity of the water is very 
small. 

376. Badiating Current. — Fig. 720 shows two horizontal co-axial 
discs whose distance apart is ct. At the centre of the lower disc there is 
an opening into a pipe, from which water flows into the space between the 
discs. Consider the flow across a 
section of the water between the 
discs made by the surface of a 
cylinder of radius r whose axis 
coincides with the axis of the 
discs. Let the velocity of the 
water across this section be v, and 
let Q be the volume passing per 
unit of time, then Q = 27rrav^ and 
rv — Q!27ra, But for all values 
of r the quantity Q is constant, 
therefore rv = a constant, and if r 
and V be plotted in a plane con- 
taining the axis of the discs, the 
resulting curve is a rectangular 
hyperbola. 

Let P be the pressure of the water at radius r, as shown 
by a pressure gauge, then the pressure head is T/tv, and the 
kinetic energy per unit of weight is v^/2g. Let h be the height of 

^ For an illustrated description of the recording apparatus of a Yenturi 
meter, see Engineering, Feb. 22, 1907. 
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the horizontal stream between the discs above datum, then by 
BernouUfs theorem 

«2 V „2 , 

>■5 and' 


. XT . . ' XT XT 7 ' ''' ■ 

— — = Il = a constant. Hence = j 

' ^ 'W 2g w 2g bgrr^a^r^ 


- A - = a constant. 


bgTT^a^' 

P . , . ' 

If r and — be plotted m a plane containing the axis of the discs, a 

cnrve known as B'lrlow's curve is obtained. 

The foregoing discussion will obviously also apply to the case where 
the current is reversed, flowing inwards instead of outwards. 

377. Vortices. — A mass of rotating fluid is called a wte. When the 
motion is produced by the action of forces of weight and fluid pressure only, 
the /ortex is called a free vortex. When the law of motion in a vortex 
is different from that of a free vortex, it is called a forced vortex. The 
simplest form of forced vortex is that in which all the particles have the 
same angular velocity ; this form of forced vortex is considered in Art. 
380, under the heading of “ whirling liquids.^’ 

378. Free Circular Vortex. — If instead of having simple radial 
motion the water between the discs in Pig. 720 moves in circular currents, 
and at the same time moves slowly in a radial direction from one circular 
current to another, assuming freely the velocities proper to the currents 
which it enters, a free circular vortex is produced. 

Consider a portion ABCD (Fig. 721) of a ring of the water in a free 
circular vortex. Let r be the internal ' radius of 
this ring, and dr its radial thickness. Let the 
length and depth of ABCD be such that the area 
of the vertical face AB is unity. The faces AD 
and BO are radial, and since the thickness dr of the 
ring is very small, the area of the face CD may 
also be taken as unity. Hence the volume of ABCD 
is dr, and its weight wdr. Let P and P + dP be the 
fluid pressures, and v and v + dv be the velocities at the inner and outer 
faces of the ring respectively. 

iw^dr 

The centrifugal force of ABCD is and this must be balanced 

by the di£fei*ence between the fluid pressures on the outside and inside, 
namely, dP. Hence, cfP = -^ - Again, by Bernoulli’s theorem, 

dP vdv _ 

result — + — = 0. 


P+- 



Fig. 721. 


h + 


T + dF'(v + dvy_ 


■ Hh 


2g 


= 0 is obtained. 


QT 

P 

= 7^ + — + ^ , which gives the 
w *^g 

zoti^dr 

Substituting for dP its value j the result vdr+rdv 

Hence vr = constant, and v varies inversely as r as in the radiating current. 
It follows that the law of variation of pressure will also be the same as in 
the radiating current. 

379. Free Spiral Vortex.— By superposing on the fluid particles the 
motions of a radiating current and of a free circular vortex, a free spiral 


444 


APPLIED MECHANICS 



Fig. 7,22. 


Since 


vorte.c k produced. Let A (Fig. 722) represent a fluid particle in a free 
circular vortex whose axis is 0. Let AC at right 
angles to OA represent the velocity of A in the free 
circular vortex. Again, let A represent a fluid par- 
ticle in a current radiating from O. Let AB on OA 
produced represent the velocity of A in the radiating 
current. If the two motions be combined, A will 
have, when in the position considered, a velocity 
represented by AD, a diagonal of the rectangle BC. 

AC • AO = a constant, and AB • AO = a constant, 
it follows that AC/AB==a constant = tan B, Hence the path of the fluid 
particle will at every instant make the constant angle B with the radius 
drawn from the particle to the axis, and this is a property of the 
logarithmic or equiangular spiral. 

380. Whirling Liquids. — Let a cylinder of radius r (Fig. 723), con- 
taining a liquid, revolve about its axis YY^, which is vertical, with an 
angular velocity w. Let P be a point on 
the free surface of the liquid, and let to 
be the weight of a very small portion of 
the liquid at P. Consider the forces acting 
on the liquid at P in a vertical plane con- 
taining P and the axis YY^ There is the 
weight w acting vertically downwards, the 
centrifugal force Q acting horizontally, and 
the fluid pressure jo, wdiich must be per- 
pendicular to the free surface of the liquid, 
and w^hich must balance the resultant E 
of Q and w. Let the horizontal through P 

meet the axis at N, and let the line of action of R meet the axis at G. 

^ •.GF = ^. 



Fig. 723. 


Q = 


, GN 

= and = 


<o2PN‘ 

Hence GN, the sub-normal of the free surface at P, is a constant, and 
therefore the free surface is a paraboloid, and the section of the free surface 
by a plane containing the axis YY^ is a parabola. 

The equation to the parabola, taking the axes as AX and AY, where 
A is the vertex, is (Art. 11, p. 10) — where a is the focal distance 

of the vertex, PN = x, and AN = y. Now in a parabola the sub-normal is 
constant and equal to the semi-latus rectum. But the semi-la tus rectum 
is the value of a; in the equation — when y = therefore GN = 2a, 

but GN = , therefore 2a — and the equation to the parabola is 




*0)2’ 
o 


or y = 


2r/ 


■x^ • 


* , W 

If h is the height of the cup, then li == . 

The volume of a paraboloid is half the volume of the circumscribing 
cylinder, hence the volume of liquid in the cylinder above the level AX is 

— ^ . If CD (Fig. 724) is the level of the liquid when at rest, then 
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’T^h> 0)^7*^ 

, and therefore = 9 which shows that the depth of 

A, the bottom of the cup below the original level of the liquid, is pro- 
portional to the square of the angular 
velocity. 

When the top of the cup reaches the top 
of the cylinder, as shown by the dotted 
parabola in Fig. 725, where is 

the depth of the original level of the liquid 
below the top of the cylinder. 

Suppose now that the top of the cylinder 
is closed, and that the angular velocity 
still further increased. The cup will 




Y 





t 


m 


h 




1 

k 



. 1 , 

'Jl 

^1 



JL] 



z-z 








1Y| 



still be a paraboloid. Let the total depth 
of the cup be now and its greatest radius 


Fig. 724. 


then, since the volume of the cup of height must be the same as 


that of the cup of height 


orosl— but y, 
Vi 


■2p 


' a;?, therefore 


= where o>j is the angular velocity. This 





Fig. 725. 


27 

shows that after the cup touches the top of the cylinder its total depth is 
directly proportional to the angular velocity. 

The preceding investigation gives the 
theory of a well-known instrument for 
indicating the speed of revolution of a 
shaft at any instant. The cylinder contain- 
ing the liquid is made of glass, and the 
spindle upon which it is mounted is geared 
to the shaft whose speed is required. A 
graduated scale placed beside the cylinder 
shows the speed at a glance by indicating 
the position of the vertex of the paraboloid. 

From the level CD to the level EF (Fig. 725) 
the graduations of the scale are unequal, but below the level EF they 

are equal. ' . . . ^ , 

Another problem on whirling licj[uids may be considered here. A tube 
AB (Fig. 726), of length 2r, closed at both ends and full of liquid, revolves 
with its axis in a horizontal plane about an 
axis bisecting the axis of the tube with an 
angular velocity w. It is required to find the 
pressure exerted by the liquid on the ends of the 
tube. Lot a be the area of the cross section of 
the tube, and ?^;the weight of a unit of volume 
of the liquid. Consider a small portion of the liquid between two plane^ 
TDerpenclicular to the axis of a tube and at a distance apart equal to da;, and 
let the distance of this portion of liquid from the axis of revolution be x. 

The centrifugal force exerted by this position of liquid is j 


A[ 




k-x-H 
Fig. 726. 
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the total force transmitted to each end of the tube will be 
’ wadxdi^tc P , 


r wadxay^x _^iva(£f^ P 

Jo 


xdx- 




,2^.2 




and the intensity of the pressure will he . 

tf 

381. Torricellfs Theorem.^ — Fig. 727 shows 
liquid with jets issuing at a depth K below the 
free surface of the liquid and at a height 7? j above 
a datum line AB. 

Let Pq be the pressure of the atmosphere, and 
the velocity of the liquid as it leaves the orifice 
and issues into the atmosphere. At the free sur- 
face of the liquid in the tank the potential energy 
is the pressure energy is Vjw, and the 

kinetic energy is zero, per pound of liquid. The ^ 
pressure of the liquid in the jet is Po. and its 


tank containing 





B' 


pressure energy is therefore PqM the potential 


per 


' Fio. T27. , 
pound. If the loss 


+ — ^ + 0 = 
tv 


'Ju + ~ + rr 3 s-nd therefore li = . 

^ w 2g 


energy is and the kinetic energy is v^/2g^ 
of energy due to friction be neglected, then 

P. 

i, 

2g 

That is, the velocity of the issuing liquid is that which a body would 
acquire in falling freely from rest under the action of gravity through a 
height equal to the depth of the orifice below the free surface of the 
liquid. If the jet be directed vertically upwards, as shown to the left in 
Fig. 727, the liquid will rise to nearly the level of the free surface of 
the liquid in the tank. It will not quite reach the level of the free 
surface of the liquid, on account of the air resistance and the friction of 
the liquid on the sides of the orifice or nozzle. 

If the jet enters into a second tank (Fig. 728) in which the liquid 
stands at a height above the jet, then the pres- 
sure of the liquid in the jet is + wli ^ , and if v 
is its velocity, the total energy of the jet per 

pound of liquid is ^ ^ 


fore, neglecting friction, 

A + Ai + ?^+0 =Ai + S ^ 

^ to ^ 

/y2 








25-’ 


the 



Fig. 728. 


and therefore which shows that 

velocity is that due to a head equal to the 
difference of level of the liquid in the two tanks, and is independent of 
the depth of the jet below the free surface of the liquid in the second 
tank., ■ ■ . . 

In like manner it follows that if the jet enters a vessel in w^hicli 
there is a partial vacuum, such as a steam-engine condenser, the head 
due to the pressure in this vessel will be negative and equal to, say, - 


then li -{- 
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382. Influence of Velocity of Approack— in the preceding Article 
the total energy per pound of the water at the free surface in the tank in 

Fig. 727 was assumed to he h + the water being assumed to be 

at rest. But since the water is leaving at the orifice, the water in the 
tank above the orifice must have a downward velocity, called the velocity 
of cvp^roacTi. Let a denote the area of the cross section of the jet, and 
A the area of the free surface of the water in the tank, then if v is the 
velocity of the jet, and V the downward velocity at the free surface in 

Pa 

the tank, the energy per pound at the free surface is A-f + — 


and the energy of the jet per pound is \ + - 


= + h, + “ + which ^ 

4 to 2g 


Generally a/ A is so small that a^/A^ may be neglected. 

383. Flow through Sharp-edged Orifices. — When water issues 
through a sharp-edged orifice (Fig. 729) in the side or bottom of a tank 
it is found that the jet contracts to a minimum section, called the 
contracted section or vena contract a, w^hich is a little distance in front of 
the orifice. This contraction of the jet is due to the fact 
that the water particles in approaching the orifice are not ^ 
moving in parallel lines. For a circular orifice the 
distance of the contracted section in front of the sharp edge 
of the orifice is about half the diameter of the orifice. The "fM 
ratio of the area of the contracted section of the jet to the ^ 
area of the orifice is called the coefficient of contraction. If 729 . 
A is the area of the orifice, a the area of the contracted 
section, and k the coefilcient of contraction, then a = M. The value of 
^for sharp-edged orifices may be taken as 0*63, but it varies slightly with 
the shape of the orifice and the head of water. The value of k in 
different cases may be determined from direct measurements of the jet. 

On account of friction the velocity of the water at the contracted 
section of the jet is less than given by Torricelli’s theorem 

(Art. 381), and the ratio of the actual 
velocity to the theoretical velocity is called f 

the coefficient of velocity. If v is the actual i 

velocity, and c the coefiicient of velocity, ^ ^ 

then v-=c Jigh. An average value of c is i. _ \ 

about 0*97. The value of c may be found ^ ^ 

from observations on the path of the jet 

(Fig. 730). If the face of the orifice is X 

vertical, then in t seconds a particle of water 730 . 

will travel a horizontal distance x==vt from 
the contracted section, and it wdll in 

v — Hence — 
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vertex is at the contracted section, and whose directrix is horizontal and 

at a distance above the vertex. 

If Q is the actual volume of water flawing through the orifice per 
second, then Q - av == kAe J2gh - CA JigJi, where C (which is equal to 
ek) is called the coeffieient of discharge, and is the ratio of the actual dis- 
charge to the theoretical discharge. By the theoretical discharge is 
meant the discharge neglecting friction and the contraction of the jet. 

The coefficients c, and 0 are called the hydraulic coefficients for 
an orifice. The coefficient C is the one which is of most importance in 
practice, and it is the one which is most easily determined by direct 
measurements. Taking Ic = 0*63, and c =,0*9 i , then C == 0*63 x 0 97 == 0*61, 
which agrees with the mean value of C, as determined directly from 

numerous experiments with sharp-edged orifices. 

384. Miner’s Inch.*— In selling 'water in mining districts the water 
is frequently measured by delivering it through rectangular orifices 
under a small but constant head. The minefs inch is the quantity of 
water delivered per minute through an orifice 1 inch square, in a vertical 
plane, under a head which varies in difi:erent localities from 6 to 9 
inches, measured to the centre of the orifice. With a head of 6i inches, 
measured to the centre of the orifice, the miner’s inch is equivalent to 
about 1-| cubic feet of water per minute. 



Fig. 732. 


385. Entire and Partial Suppression of Contraction of Jet.-— 
Fig. 731 shows the form of the jet issuing through a sharp-edged orifice 
in a plate, the thickness of which is such 
that its outside face is in the plane of 
the smallest section of the jet. The 
space shown in black is the empty space 
between the surface of the orifice and 
that of the jet. It is obvious that if 
the space shown in black be filled up, 
or if the orifice be shaped to the natural 
form of the jet within the plate, the 
smallest diameter of the jet will then be 
the same as the smallest diameter of the orifice, and the coefficient of con- 
traction will become unity. 

Rounding the inside edge of the orifice to a greater or less extent, as 
shown in Fig. 732, will evidently have the effect of diminishing the con- 
traction of the jet, and therefore of increasing the coefficient of contraction. 

An orifice which is to be used for the measurement of the w^ater 
delivered by it should be sharp edged and of the form showm in Fig. 729, 
because the coefficient of contraction for an orifice with a rounded edge is 
uncertain, varying with the amount of rounding. 

386. Loss of Energy or Head. — When water is discharged through 
an orifice under a head lifit has been shown that the actual velocity at 


the vena contracta is equal to c Jflg'h, wdiere c is the coefficient of velocity. 
The energy in 1 lb, of water at the vena contracta is therefore equal to c^i. 
If the water lost no energy in reaching and passing through the orifice, its 
energy Sit the mm conti^acta would be h. The l(/ss of energy per lb. 
of water is therefore A - = ~ This is also the expression for 

the loss of head, that is to say, the head which would produce the actual 
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velocity c ^2/;^, if there were no less than the actual head 

by the amount /^(l - c^). The ratio fg called the 

cAh 

coefficimt of TesiBtcmce Iqx 

‘ 387. Drowned or Buhnierged Orifices.— It was shown in Art. 381 
(Fig. 728) that when the water stands above the orifice on both sides, 
the effective head to be used in calculating the velocity through the 
orifice, iiegiecting friction, is the difference between the levels on the two 
sides. This is also the head to be taken in calculating the discharge 
through a drowned orifice when friction and the contraction of the jet are 
considered, but it lias been found by experiment that in the case of a 
drowned sharp-edged orifice the coefficient of discharge is slightly less 
(about 2 per cent.) than when the discharge is directly into the 
atmosphere. 

388. Time of Plow through an Orifice for a given Change of 
Water Level in a Vessel.— Let a be the area of the orifice, and h its 
coefiicient of discharge. 

The simplest case (Fig. 733) is where the level changes from AB to 
CD, the w'ater fiowing in, under a constant head li. Let Y denote the 
volume of water ABCD. The discharge through the orifice per second is 
ha Jigh, and therefore the time in seconds to discharge the quantity V is 

A common case is that in which the level is to be raised from AB to 
CD (Fig, 734), the water passing through an orifice at 0, the level EF 


of the water on injioio side being at a constant height above O p or 
the level is to be lowered from AB to CD (Fig. 735), the water passing 
through an orifice at O, the level EF of the water on the outjfow side 
being at a constant height above O. When the free surface of the water 
in tlie vessel is at a distance y from the level EF, let its area he Y. In 
the time dt let y change to y ~~ dy, then 

C^ Ydy 

kaJ2r;ydt = Ydy. Hence < = J ^ . 

where t is the time required to change the level from AB to CD, In 
practical cases the vessel ABCD is generally either a vertical cylinder or 

a vertical prism, and Y is a constant = A, then JB.- Jh), 
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Upper 

Bemh, 




i! 


-Lock 


Lock, 


m Lower 

J ^ach. 




Fig. 736. 


' An important application 'of the foregoing formula is to the filling or 
emptying of a canal lock (Fig. 73(5). The upper and lower reaches of 
the canal may be assumed to ha^e 
constant levels during the operation 
of filling or emptying the lock. When 
the gates are shut, communication 
between the lock and the upper or 
lower reaches of the canal is eithei 
through sluices in the gates themselves, 
or through culverts in the walls of 
the lock. 

In the foregoing cases the head 
on one side of the orifice has been . ' . , 

assumed to be constant, but when one vessel of limited capacity discharges 
into another, the level in the second rises as the level in the first falls. 
Assuming that the vessels (1) and (2), 

Fig. 737, have vertical sides, let A and 
B denote the areas of the free surfaces 
of the water in (1) and (2) respectively, 
and let the level in (1) fail from CD 
to EF by discharging into (2)^ through 
the orifice O below the level EL of the 
water in (2). 

When the free surface of the water 
in (1) is at the height y above KL, 
the level in (2) will have risen 
through the height y' such that 
A(H“^),==B'/. In the time dt let y 



Jl 


L? 

1 + 

p 



H i y 

T 

__j 

' 1 1 
i_J._l.Kl 

-j' t 

(1) i 



Fig. 737. 


ha sj2g{y - /) * dt = Ady, but y-y' 


change to y - dy^ then 
(A + B)y-AH 
B 


therefore 
dt = 

Hence 


A 7B ‘ dAf 


ha \l2iy sj (A + B)y ~ AH ha 


ha J%c.X ^ 


'^~~hajrg] 

2A 


dy 


= |^^BH~ ^/(A + B)^ — Anj-. 




" (A 6- B)A’a ' 

Wlien the level has become the same in both vessels, h will become 
AH 2AB^H 


A + B 


and then i ~ 


{A+B)hasJ'^g 

389. Large Rectangular Orifices. — When the orifice in the side 
of a vessel is small compared with the head of water over it, the head 
may be assumed as the same for all parts of the orifice ; but when the 
orifice is so large that this assumption involves serious error, the formula 
for the discharge must be determined by taking into account the variation 
of head. 

Large orifices are generally rectangular. Consider a rectangular 
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orifice (Fig. 738) of breadth h, the upper and lower edges being at depths 
and / 2<2 below XX, the free surface of the water. Consider a narrow 
horizontal strip of the orifice of depth at a depth ^ 

2 / below XX. Neglecting contraction and all losses, 
the discharge through this strip is d(^^hdy A V 

and the theoretical discharge through the whole — 

orifice, is 1 - A - 


Q = f^^hdy\j2gy^ h = |6 ^Tg(lil - /jf). 


H- - b - 

Fio. 738. 


If it may be assumed that the coefficient of discharge k is the same 
for all values of h, \ and then the actual discharge is 


Experiments on the flow through large vertical rectangular orifices 
however show that k depends on the proportions of the orifice, and also on 
the head of water over it. An approximate average value of h is 0-62 
390. Rectangular Notches or Weirs.— If the head \ over the 
rectangular orifice of the preceding Article is zero, the orifice becomes a 
redangidar notch ot laeir (Fig. 739) ; and if the formula of the preceding 
Article still applied, the discharge ■would be given by the expression 
|7i:& where h takes the place of This expression may be used 

in determining the discharge through a rectangular notch if the value of 
the coefficient k is known with sufficient certainty for the particular notch 
to which it is applied. 

When the vertical edges of the notch project into the stream, as in 
Fig. 739, the notch or weir is said to have end contractions. In Fig. 

,1 , 








Fig. 740. 


Fig. 741. 


739 the weir has two end contractions. In Fig. 740 there is only one 
end contraction, and in Fig. 741 there are no end contractions. 

In a ■weir wfith no end contractions, called a suppressed iveir, the 
widtli of the outflowing stream is uniform, and the discharge is directly 
proportional to the width, and is given by an ex- ^ ^ 

pression of the form 7:i7;j7ii. To prevent any lateral I >41 

spreading of the stream as it flows over a suppressed m | 

weir, the sides should be . . prolonged, as . shown, in I I pr 

Fig. 742. ^ ^ 

The eflect of an end contraction is to reduce 
the effective width of the stream through the weir, 
hut the influence of the end conti*actiou only extends over a limited 
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width h, of the weir, .and' the discharge over this portion is giYeii by an 
expression of the form ' The width A will depend on the height Ji, 

and may be written ' - mJh Hence for a weir AVitli w end contractions, 
where 72 is ec|iial to 2, 1, or 0, 

where (X and are constants to be determined b} e^xpeiiiuciit. 

The above formula q^a(b--nfih)U is known as Francin^s formula, 
and although it was first derived empirically from experiments, it 
will be seen from the foregoing that it has a rational basis. This 
forniiila is sometimes called the Lowell fovuiulct, trom the fact that 
the experiments upon which it was founded ’were conducted at Low’ell, 
in Massachusetts. The experiments of Francis were made on wws 
from 4 to 10 feet long, with heads varying from 0-6 to 1-6 feet, 
and the mean values of the constants a and /i were found to be 
3*33 and O’l respectively. Francis’s for niiila may therefore be written 

Q = 3■33(^-0•l7^?^-)R . ■ 

The head h in the discharge fornmhe for w'eirs given in this Article 
is usually taken as the head measured from the crest of the Aveir to 
the still "water level just above the Aveir, as shoAvn in ^ 

Fig. 743, and not as the depth over the cresl Geneially 
the upper surface of the Avater drops and cniw's slightly 
before reaching the AA’cir. In the experinients of Iiancis, 
the head Avas measured from the crest to the IcAel of 
the water 6 feet above the weir. 

The effect of velocity of approach is considered in the next Article. 
391. Velocity of Approach in a Stream.—Wheii the water in the 
stream has velocity before it reaches the AA*eir, this A^elocity is ec|ui valent 
to an additional head at the Aveir. In order that 
the water in a stream may fiow% its^ upper surface 
must slope downwards in the direction of motion, 
and the effective head at any point, neglecting 
friction, must be measured to the level of still 
water up-stream. Fig. 744 showy’s a longitudinal 
section of the stream in the neighhonrhood of the 
AAnir, and the horizontal line XX is the still Avater 
level up-stream. The height \ is the additional head 
velocity of approach. ^ ^ ^ i 

Reasoning as in the three preceding Articles, it folloAvs that the 

ordinary formula Q — M Anlocity of approach being neglected 

becomes Q-|/»7? .^/^/{(7z. + ^ Avlien velocity of approach is con- 
sidered. ,, 

Also Francis’s formula becomes Q = 3-33(/; - 0 - 7^*1 

when velocity of approach is considered. 

Since ho is generally small comparted AAuth the term is often 

neglected, and the ordinary formula then becomes Q ^ 
and Francis’s formula becomes Q — 3*3(5 - 0*h?x7/.)(7t -f /o,)-. 

When it is not convenient to measure directly, the velocity of 
approach Vq may be computed approximately as follows. Let A denote 



wk ., - 





Fig. 744. 

due to the 
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the area of the cross section of the stream above the weir. Calciilate 
Q', the discharge over the weir, neglecting velocity of approach, then 

^ 2 : 

approxinmtely, and = , 

392. Triangular Notches. — A triangular or V notch lias one great 
advantage over the rectangular notch. In the former the linear 
dimensions are in a fixed ratio to one another, whatever be the depth of 
water in the notch, and it follows that the 
cross sections of the issuing streams will be 
similar, and the coefficient of contraction there- 
fore constant. 

Let the edges of the notch (Fig. 745) have 
equal inclinations to the vertical, and let the angle 
between them be 2^. Neglecting in the first 
instance the contraction of the jet and the effect of friction, consider a 
strip of the notch at a depth ■?/ and of width fi^/. The length of this 
strip is 2 (h- y) tan (9, its area is 2Qi - y) tan 6 • dy, and the velocity of 
the wniter through it is J2gy. Hence 


2ktan/0-’ 



Fig. 745. 


dq = 2{li - y) tan 0 • dy J2gy = 2 tan B sJ^Qtyl ~ 


and 


Q 


= 2 tan B J2g^ (%i - y^dy = 2 tan B sJ2gi^d ~ | At) 


tan B J2g • M, 


If h is the coefficient of discharge, then the actual discharge is 
q imi B J2g •lA 

The late Professor James Thomson found h to be 0*617 ; taking this 
value of A, and making 2<9=:90°, which is the usual angle of the notch, 
Q = 2*647it = 2*64AV^/. 

393. Partially Submerged Orifices.— When a rectangular orifice is 
paidially submerged, as shown in Fig. 746, the orifice may 
be considered as made up of two parts, the upper of depth 
7^2 - \ - 7P, and breadth h discharging into the atmosphere 
under a head varying from li^ - 7i' to A|, and the lower of 
depth ¥ and breadth 7> fully submerged and discharging 
under a constant effective head ho — ¥. Let Q-^ and Q., 
denote the discharges from these upper and lower parts 
respectively, then, by ikrticles 389 and 383, 

Qi = and Qo = IcW J2gQi^-^¥), 

The total discharge is + Q.,. 

394. Drowned Weirs.— A weir is said to be droivned or submerged 
wdien the tail water level is above the crest of the weir, as shown in 
Fig. 747. The fornuilte of the preceding Article 
may be applied to a drowned w^eir by putting 
7q=0 and changing Ik^ to A, then the discharge 
over the weir is 



Fig, 746. 


Q = Qj + Q.^ = Ikb Jfgiji - ny + khh' Jig{h - ¥) 
^Ikh J-2g{r-lT){h + lh'). 



Fia. 747. 
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Exercises. XXYIIIa. 


1. A pipe whose axis is horissontal is full of water in motion. At a section A 
the velocity of the water is 300 feet per minute, and the pressure is 20 lbs. per 
square incL The pipe tapers gradually from 6 inches diameter at A to 4 inches 
diameter at B. Assuming that there is no loss of energy between A and B, 
determine the pressure of the water at B. What must be the diameter of the 
pipe at B if the pressure there is reduced to 4 lbs. per square inch ? 

2. A horizontaT tube is tapered slowly from a diameter of 15 inches to a 

diameter of 6 inches. Neglecting friction, calculate the difference in the 
pressures in lbs. per square inch at the two sections when the discharge is 
60,000 gallons per hour. [InstC.E.] 

3. The diameter of a pipe gradually changes from 8 inches at a point A, 40 
feet above datum, to 5 inches at a point B, 20 feet above datum. The pressure 
at A is 30 lbs. per square inch, and the pipe delivers water at the rate of 5 cubic 
feet per second. Neglecting friction, find the pressure at B. 

4. A conical pipe varying in diameter from 4 feet 6 inches at the large end 

to 2 feet at the small end forms part of a horizontal water main. The pressure 
head at the large end is found to be 100 feet, and at the small end 96*5 feet. 
Find the discharge through the pipe. ^ [Inst.C.E.] 

5. A Venturi water meter is 15 inches diameter in the main and 6 . inches 
diameter in the throat. The difference between the pressures of the wrater in 
the main and in the throat is 9-2 inches of mercury. Find the discharge in 
gallons |)er minute. (Specific gravity of mercury, 13'56.) 

6. In a particular Venturi water meter the diameter of the main is 3 feet, 

and the diameter of the throat 1 foot. Q is the number of gallons of w^ater 
delivered per minute, and X* is the effective head, in inches of mercury, in the 
gauge showing the difference between the pressures in the main and in the 
throat. Taking the specific gravity of mercury as 13-56, find the numerical 
value of the constant e in the formula Q for this meter. 

7. Define and describe “ forced ” and “ free ” vortices. A glass tube 2 inches 

diameter, open at the top, containing a liquid, rotates about its axis, which is 
vertical, at 700 revolutions per minute. What is the depression of the lowest 
point of the surface below the surface of the liquid when at rest ? [U-hi.] 

8. A glass tube, internal diameter 2 Inches, and length 12 inches, has its 
axis vertical ; it is closed at both ends, and contains a liquid which fills three- 
fourths of the volume of the tube. The tube is made to revolve about its axis. 
Find the speed of the tube in revolutions per minute (1) when the top of the cup 
formed by the liquid is at the top of the tube, (2) when the bottom of the cup 
is at the bottom of the tube. Construct the speed scale, the gradations to show 
speed increments of 10 revolutions per minute, 

9. A glass tube 3 feet long, of uniform cross section, bent into the form 
of three sides of a square (Fig. 748), and half filled with water, 
rotates uniformly about the axis of one of the parallel limbs, 
which is vertical. Find the angular velocity if the other 
vertical limb is half full of water. 

10. Neglecting the effect of friction, with what velocity 
will water flow through an orifice in the shell of a steam 
boiler at a point 30 inches below the water level when the 
steam pressure gauge indicates 40 lbs. per square inch ? 

11. Water under a pressure of 7 lbs. per square inch is fed 
into a tank containing water to a depth of 15 feet through an orifice In the bottom 
of the tank. Neglecting friction, find the velocity of flow througii the orifice, 

12. A jet of -water under a head of 3 feet enters a condenser where the 
absolute pressure is 5 lbs. per square inch. If the pressure of the atmosphere 
is 14*7 lbs. per square inch, find the velocity of the jet, neglecting friction. 

13. A vertical pipe of 3 inches bore contains water which runs out through 
an orifice at the bottom of the pipe. The diameter of the issuing jet is J inch. 
Neglecting friction, determine the velocity of the jet, in feet per second, when 
the head of water in the pipe is 10 feet, (i.) neglecting the velocity of approach, 
(ii.) taking the velocity of approach into account. Construct a curve showing 
the relation between the velocity of the jet and the head of water over it, 


Fig.. 748. 



Plot on squared paper a curve to show the relation between the discharge 
in lbs. per minute and the head of water above the centre of the orifice. From 
your curve determine the discharge in gallons per hour when the head of water 
was 5J inches. 

Plo^t also on squared paper a curve to show the relation between the discharge 
in lbs. per minute and the square root of the head of water above the centre 
of the orifice. From your curve, what would you consider the relation to be 
between the quantity of flow and head ? 

Determine for each of the experiments in the above table the “ coeificlent of 
discharge ” for this orifice, and plot a curve to show the relation between 
“ coefficient of discharge ” and head of water. [B.E.] 

16. Water flows through a sharp-edged circular orifice 0*3 inch in diameter 
in the side of a tank. The head of water above the centre of the orifice is 4 feet. 
The jet passes through a ring whose internal diameter is slightly larger than 
that of the jet, and the centre of this ring is found to be 48 inches horizontally 
and 13T inches vertically fiom the centre of the vena contracta. In 5 minutes the 
weight of water discharged is 90 '2 lbs. Calculate the coefficients of discharge, 
velocity, and contraction for this orifice. 

16. If the miner’s inch is defined as the flow through an orifice 1 inch square, 
in a vertical plane, under the head of 6^ inches measured to the centre of the 
orifice, and if the flow is found to be IJ cubic feet per minute, what is the 
coefficient of discharge ? 

17. A tank 10 feet square and 10 feet deep has a circular orifice 4 inches 

diameter in the bottom, which may be regarded as a thin plate. Water is 
admitted to the tank until it is full, and is then shut off. In how many seconds 
will the tank be empty ? [Inst.C.E,] 

18. A rectangular chamber 120 feet square contains 15 feet depth of water, 

which is allowed to flow out through a vertical rectangular orifice 2 feet by 1 
foot, the top of which is level with the floor of the reservoir and tail -water. 
Calculate the time it will take to empty. ^ [Inst.C.E.] 

19. Two chambers with vertical sides, each 60 square feet in area, are 

connected by means of a rectangular sluice, 3 feet by 2 feet, near the bottom. 
One chamber contains water to a depth of 25 feet, and the other a depth of 
10 feet. If the sluice is opened, find how long it will be before the water is 
at the same level in the two chambers. [Inst.C.E.] 

20. Find the answer to the preceding exercise when the chamber in which 
the depth of the water is 10 feet has an area of 80 square feet instead of 50 
square feet, the other particulars being the same. 

21. A hemispherical cistern is 20 feet in diameter, and it is full of water. 

How many minutes will it take to lower the depth of tlie water 5 feet, if the 
water escapes through a 3-inch diameter sharp-edged hole in the bottom of 
the cistern ? The coefficient of discharge for the hole is 0*60. ^ [U.E.] 

22. A cylindrical tank 2 feet in diameter and 6 feet high is full of water. 
On opening an orifice 1 inch in diameter in the bottom of the tank it is found 
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neglecting the velocity of approach, for values of the head between 10 feet, and 
1 foot. 

14. The following results were obtained during an experiment to determine 
the quantity of water which would be discharged through a small circular orifice 
in the side of a tank. The diameter of the orifice, which had sharp edges, was 
1 inch : — 


Number of experiment . . . . 

Duration of experiment 

Actual discharge . . . 

Head of water above centre of orifice 

minutes 
. lbs. 
inches 

1 

15 

576 

1'5 

2. 

15 

660 

2-0 

3 

15 

733 

2-5 

: 4 
15 
827 
3*27 

Number of experiment . . . . 


5 

6 

7 

8 

Duration of experiment 

. minutes 

15 

15 

10 

10 

Actual discharge . . 

. lbs. 

915 

1011 

737 

788 

Head of water above centre of orifice 

. inches 

4-01 

5-0 

6-0 1 

7-0 
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tliafc the water level is .lowered 4- feet in 4 minutes. What is the coefficient 
of discharge ? , 

23. A weir 20 feet long has a head of 15 inches above the crest. Taking the 
coefficient 1:=0*6, calculate the discharge in cubic feet per second. 

24. Assinniiig that the weir of the preceding exercise has two end con- 
tractions, calculate the discharge, in cubic feet per second, Francis’s formula. 

25. A rectangular weir with one end contraction is required to discharge 
500,000 gallons of water per hour with a still- water head of 10 inches. Deter- 
mine the necessary length of the weir. Use Francis’s formula. 

26. Find the quantity of water which will flow through a notch 9 feet 

long, the head of water over the sill being 10 inches, and the area of the approach 
channel being 30 square feet. [Inst.C.E.] 

27. Water flows from, a pond over a weir 10 feet long, to a depth of 10 inches ; 

it then flows along a level rectangular channel 8 feet broad, and over a second 
weir the width of the channel, its crest being 1 foot above the bottom. Find 
the depth of the water over the 8-foot weir. [Inst.C.l.] 

^28. What are the. advantages and disadvantages attending the .use of the 
V-gauge notch, and for what purposes is it specially suitable 1 The still-water 
surface level is at a height of 15*5 inches above the bottom of a right-angled 
V-gauge notch. Calculate the discharge in cubic feet' per second, taldng* 0’6 as 
the coefficient of discharge. 

29. A measuring weir is constructed with a 90° angular notch, the edges 

being bevelled to 45° on the outside to a nearly sharp edge. Give the formula 
you think best for the discharge over such a weir, and apply it to calculate the 
discharge in gallons per minute wffien the w^ater depth above the apex of the 
angular notch is 9*36 inches, and the water level 5 feet back from the wmir 
is found to be 0'93 inch above that of the wmir. [Inst.C.E.] 

30. A triangular notch, having an angle of 90 degrees, is used; to measure 
the flow of a stream. Read- 
ings at intervals of 1 hour 
are taken, as shown in the 
table. 

Draw a curve showing 
the rate of discharge at any 
time, and show how you 
would determine the discharge between the time of the first and last readings. 

[Inst.C.E.] 

'31. .Water flows over a rectangular -.notch. 3 feet: wide to a depth of 6, inches, 
and' afterwards passes through a- triangular , right-angled notch. Find ■ the depth, 
of water through this notch. The coefficients of discharge for the notches are 
to he taken as 0'62 and 0*59 respectively. 

32. A weir .at the, edge of a pond is 6 feet wide. The crest , of the weir is 
6 inches below the water level of the pond, and 3 inches below^ the tail- water 
level. Compute the discharge over this weir, in gallons per hour, if the co- 
efficient of discharge 1*= 0*58. 


Reading 

I'l' 

■ 2 

3 


1 5 

Head, in inches 

■ ■ ■ . ' ' i 

* 

5 i 

() 

- 7 

1 (> 

' J 


.'■395. Loss of Energy or Head due to Sudden. Enlargement of 
Pipe, — Let a straight horizontal pipe (Fig. 749) suddenly enlarge in 
cross section from an’ area at A'B' to an 
area a. In passing from the smaller to the 
larger part of the pipe the stream lines will be 
disturbed, and eddies will be formed as shown, 
but at some distance forward in the enlarged 
part of the pipe the motion will again become 
steady and the stream lines parallel. Where 
the eddies form there is a churning of the 
water, and a consequent loss of energy. 

Coiisider a j^ortion of water betw^een the 
sections AB and CD, the motion being steady 




1 

j 

T‘ 



p 


E 

cd 

w 

t^im 


A 



nw 


Fig. 749, 


at these sections. Let this mass of water move forward to the position 
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A'B'D'C/ in t seconds. Let the pressure and velocity at AB be P^^ and 
and let the pressure and velocity at CD be P and v. Experiment has 
shown that in the enlarged part of the pipe where it joins the smaller 
part the pressure is the same as in the smaller part, namely, P^ 

The forces urging the mass of water ABDC forward are, P^^i at AB, 
and P^(a - a^) on the annular surface between A''B' and EF. The force 
retarding the forward motion is Pa at CD. Hence the resultant force 
on ABDC in the direction of motion is P^a^ + P^(a - a j) - P« = (Pj - P)a. 
The impulse of this force is (P^ - 'F)at, which must be equal to the change 
in the momentiini of the mass of water ABDC in the time t seconds. 
But since there is no change in the momentum of the mass of water 
between the sections- A'B' and CD, the change in the momentum of 
ABDC must be equal to the difference between the momenta of the 
masses AA'B'B and CC'D'D, that is, the change in the momentum of 
a mass equal to = vat. Hence 


(Pi 


therefore S. 




- - -(v - yq), 
to g ^ 


from wdrich it follows that 


Ll. 

w 


to 2g 


- vf 


2g to ' 2g ' 2g 

But if there had been no loss of energy in passing from the smaller to 

P ^ 

the larger part of the pipe, Bernoulli's theorem show’'s that 

w 2g 

• . p 

have been equal to — + — , therefore the loss of energy due to the sudden 
w 2g 

enlargement of the pipe is per lb. of w^ater passing. 

In the foregoing discussion no account has been taken of the effect of 
friction, but in the short length of pipe considered the effect of friction 
would be very small. 

396. Loss of Energy or Head due to Sudden Contraction of Pipe.— 

In passing from the larger to the smaller part of the pipe (Fig. 750) the 
stream follows the contour of the larger part 
almost right up to the smaller part, and then 
contracts to a cross section of area 
section AB within the smaller part, 
less than a, the area of the section of 
smaller part of the pipe. The only loss tip 
to AB is due to friction, and may here 
be neglected. After passing AB the stream 
expands and fills the remainder of the pipe, as showm. In passing 
from AB to CD there is a loss due to the' sudden enlargement, as 
in the case considered in the preceding Article. Using the formula of 



Fig. 750. 


the preceding Article, the loss of energy or head between AB and CD is 

If h is the coefficient of contraction at AB, 




2g '2(j\a-j^ ^ ) "^2g 

^ = i. The coefficient varies with the ratio of a to a^, where is 
h 

If ao is very large 


then 


a, 


the area of the section of the larger part of the pipe. 
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compared with -a, the value of is about 0*45^ which imkes ^ = 0*6. If 
ao =:10a, the value of is about 0*36, which makes 0*625. 

397. Loss of Energy or Head due to Obstructions in Pipes. — An 
obstruction in a pipe^ in the form of a diaphragm having a central hole, 
as shown in Fig. 751, is a case of sudden contraction in a pipe, and the 



Fio. 751, FlO. 752. FiG. 753. 

expression for the loss of energy or head obtained in the preceding 

Article, namely, - 1) ==: may be used, where a is the area of 

the section of the pipe, v the velocity of the water through it, and the 
area of the section of the contracted stream as it passes through the 
hole in the diaphragm. If a.^ is the area of the hole in the diaphragm, 
the ratio aya^ — k will depend on the ratio of Values of*w 

corresponding to various values of a^ia are given in the following table 
on the authority of Weisbach : — 


a2,la 

0-1 

0*2 

0-3 


0*5 

0*(> 

0*7 

0-8 

0*9 

m 

i 226 

1 47-8 

i 

30*8 

o 

00 

4>. 

'3*75 

1’80 

i 

0*80 

0-29 

0*06 


The above values of m are also approximately true for a sluice partly 
open (Fig. 752). 

For a cock in a cylindrical pipe (Fig. 753), the loss of energy or head 

• • • I* 

is also given by the expression m— . Weisbach gives the following 


values of a.^ 'a and m for various values of 6^ a being the area of the 
pipe, and a.^ the effective area through the cock when turned through the 
angle B : — 


e 

5° 

i 10“ 

20" 

30" 

40" 

45" 

50" 

60" 

65" 

aja 

0*93 

i 0*85 

0*69 

0-54 

0*39 

0*32 

0*25 

0-14 

0*09 

m 1 

■ 

0-05 

1 0*29 

1 

1*56 

5-47 

17*3 ■ ! 

31*2, 

.52*6 . 

206 

: 486 


398. Flow through a Cylmdricai Mouthpiece. — A short pipe or 
mouthpiece AF (Fig. 754), having a length of from two to three times 
its diameter, projects from the side of a tank, as shown. The water on 
entering the pipe converges, as in sharp-edged orifices, to a jet of sectional 
area at AB within the mouthpiece, and then expands until it has a 
sectional area a equal to that of the mouthpiece. 

Let P and v be the pressure and velocity of the jet at EF, and let Pj 
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and t\ be tlie pressure and velocity of the jet at AB. P, the pressure of 
the water at EF, will be the same as that of the atmosphere. 

The coefficient of contraction at AB is 


-i = A’, and V. = — = 

« ‘ k 


Between AB and EF there is a loss of energy 
or head (Art. 395) equal to 

2<7 2,g\k J ‘ 

If c is the coefficient of velocity at AB. 
then = c j2[/h, and the energy at AB is 


c^2gh 

^9 


The energy at EF is 


it follows that 


^9 


:CVl 

Hence cViz 



o O /•'I 


From which 


c J2gh 


Vf-G-J} 


= C />j2gli^ wffiere C = 


V{-G-)T 


is the coefficient of velocity and also the coefficient of discharge at EF, 
since the jet fills the pipe at EF. 

Taking c- 0*97, and k=^0'63 for a sharp-edged orifice, 

0 . .. ,.. . 0 - 836 . 


V{‘ ■"(<>" 


L 

03" 


)’} 


Experiments with mouthpieces having lengths from two to three times 
the diameter gave C = 0*82. It should be noted that in the foregoing 
investigation the effect of friction in the pipe has been neglected, but 
the pipe being short, this effect wall be small. 


By Bernoulli’s theorem 4 . 

to 2g 






Hence 


P-R 


vVl 

\j\k 


— P — P 

Inserting for v its value Qj2gh^ i .1 - 


: 202^1 




w g \/e / w 

If a vertical tube be inserted into the mouthpiece at B, and its lower 
end be placed in a vessel open to the atmosphere and containing water, 
water will rise in this tube to a height 4', given by the equation 

G-) 


h'-- 


in \k 


2c^h\ 


1 


1 + 


G->; 


Taking c=0*97, and /r-0-63 as before, the above reduces to 
K = 0'82^. By experiment /*?/ is about ih. which corresponds to G = 0*82, 
and k = 0*64. 


460 


APPLIED .MEOHAMICS 


■ Taking tlie lieiglit-of the water barometer at 34 feet, tlieii, w4ieii 
Ii = 34 feet, there will be a’- perfect vacuum round the jet at AB, and for 
4 X 34 

this condition — =454- feet. '.For a greater value of k than 

this the Jet will break up, and the. nioiithpiece will not discha,rge full 
:bore. 

399., Borda’s Mouthpiece. — -The, reason for tlie contraction of a jet 
issuing from an orifice being that the water entering the orifice flows 
towards it in various directions inclined to the axis of the orifice, it is 
obvious that the greater the angle between the extreme stream lines, the 
greater the contraction of the jet. In the case of a simple orifice in a 
fiat plate the angle between the extreme stream lines is 180°. Evidently 
the maximum contraction will occur W' lien the 
angle between the extreme stream lines is 
360°, which is the case in Bordcis motdh- 
piece. This mouthpiece consists of a thin 
tube projecting into a tank, as shown in 
Pig. 755. The jet contracts within the 
mouthpiece to a diameter LN. Let A be 
the area of the section of the mouthpiece, and 
a the area of the contracted section of the 
jet. Let XX, the free surface of the w^ater 
in the tank, be at a height h above the axis 
of the iiiouthpiece. The entrance to the 
mouthpiece being removed from the walls of 
the tank, it may be assumed that the motion of the w’ater does not 
affect the pressure on the walls, which will therefore follow the hydro- 
static law, and, excepting the portion EF of the wall exactly opposite to 
the mouthpiece, the horizontal pressures on the walls will balance one 
another. The resultant pressure on EF is ichX, ami this will also he the 
resultant horizontal force on the water entering the mouthpiece. 

Consider the mass of -water between XX and LN. Let this mass 
move into the position X'X'L'N' in t seconds, then since the momentum 
of the mass X'X'LN does not alter, the change in the momentum of the 
mass considered is the difference in the momenta of the masses XXX'X' 
and LNN'LV But the momentum of XXX'X' is entirely vertical, therefore 
the change in momentum in a horizontal direction is equal to the momen- 
tum of LNNT/, and this is due to the action of the force %okK. 



Fig. 755. 


The mass of LNN'L' : 


avUo T .. , . avHiv ^ 

, and its momentum is , where v is 

(f g 

The impulse of the 


the velocity of the water in the contracted jet. 
force whK is uifikt. Hence equating impulse to change of momentum 

therefore But v- — 2gh very nearly, therefore 

~ = I , or the coefficient of contraction for Borda’s mouthpiece is -|. 

A"' ■ , 

Various authorities have obtained values of a/A by direct experiment 
varying from 0-515 to 0*555, which confirms the foregoing theory. 

400. Fluid Friction. — Fluid friction is the resistance experienced 
when a body moves through a fluid, or when a fluid moves over the 
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siirface of a body. The following laws of fluid friction have been 
established on the results of numerous experiments by Fronde* and 
others. (1) The frictional resistance is independent of the fluid pressure. 
(2) The frictional resistance depends on the amount of surface of 
contact between the fluid and the body, and in general it may be taken 
as proportional to the area of contact surface. (3) The frictional re- 
sistance is proportional to the wth power of the relative velocity of the 
fluid and body, where n is equal to 1 for very small velocities, but for 
velocities which occur in practical hydraulics 7i varies from about 1‘7 to 
about 2*2, and has an average value of 2. (4) At very small velocities 

the frictional resistance is independent of the nature of the surface of the 
body, but at ordinary velocities the frictional resistance increases very 
rapidly with the roughness of the surface of the body. (5) The frictional 
resistance is proportional to the density of the fluid. 

401. Wetted Perimeter— Hydrauiic Mean Depth.— That part of the 
boundary of the cross section of a channel or pipe which is in contact 
with the water in it is called the 
wetted 'perimeter^ and the area of the 
cross section of the stream divided by 
the wetted perimeter is called the 
hydraulic 7nean depths or the hy- 
draulic 7nea;n radius, or the liydratddc 
radius. In this work the hydraulic mean depth, or hydraulic mean 
radius, will be denoted by rn. For examjfle, in a channel of rectangular 

section (Fig. 756), having a breadth b and depth of water d, = ^ — , 

h-h2d 

In a circular pipe (Fig. 757) of diameter d, running full, 

In the same pipe, running half full (Fig. 758), m = = £ asfor the 

full pipe. 

Some writers restrict the term hydraulic mean depth to channels, and 
apply the term hydraulic mean radius to circular pipes. 

402. Usual Velocities of Water in Pipes. —The usual velocity in 
water mains is less than 5 feet per second. Unwin gives the formula 
d; = l‘45d-}-2 as the expression of a fair rough rule for the velocity of 
water in pipes used in town’s supply, wdiere d? is the velocity of the water 
in feet per second, and d is the diameter of the pipe in feet, A velocity 
of 10 feet per second is fairly common in the pipes of centrifugal pumps. 
Velocities greater than 15 feet per second are very unusual in pipes. 
High velocities involve great loss of energy in friction when the pipes are 
long, and since the loss of energy per lb. of -water delivered is greater the 
siBaller the pipe, the velocity should be lower the smaller the pipe. • 

403. Critical Velocity of Water in Pipes. — Professor Osborne 
Reynolds made most interesting experiments on the flow of winter in 
pipes -with a])paratus roughly shown in Fig. 759. AB is a tank 6 feet 
long, 18 inches deep, and 18 inches wide^ containing water. CD is a 
glass tube provided with a trumpet-shat)ed mouthpiece at 0, and pro- 

* For the results of Froude’s experiments see British Association RepartSi 
■1875. 
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iuH’izoiitaliy iiA(> tLe tank froin au iron pipe EF at one end. 
Watei" flows from tht^ tank tliroiigli the glass tulx‘ and tlieiice through 
the ii’cm [dpe. Tlie iron pipe descends 
eei'tically to about 7 feet below the 
tank, and at its lower end it is pro- 
vided with a cock, by means of which 
the rate of flow through the glass tube 
OD may be regulated. -pm. 759. 

A glass tube HK cominunicates 

with a reservoir containing deeply-coloured water and terminates at its 
lower end in a pipette, the axis of which coincides with the axis of the 
tube CD. A jet of coloured winter may thus be sent into the glass 
tube CD to flow with the water going through that tube. 

At' velocities below a certain velocity, called the critical velocity, the 
jet of coloured water travels in a straight unbroken stream along the axis 
of CD, but when the critical velocity is exceeded the coloured stream 
breaks up within CD, and when photographed with an electric spark it is 
seen that tlie coloured winter is whirling and eddying, showing that the 
motion of the winter within the tube is no longer steady and in parallel 
stream lines, ljut sinuous or turbulent. 

In the experiments described above, the wuiter is still before entering 
tlie experimental tube. Professor Osborne lleynolds experimented with 
other apparatus, in wliioh he caused turbulent w^ater to flow through a 
long smooth pipe, and ho found that below^ a certain critical velocity the 
turbulent motion became non-siniioiis, but this critical velocity was much 
lower than the critical velocity first referred to. The first critical velocity 
is called the higher critical velocity, and the second is called the knver 
critical velocity. For example, in a smooth pipe 1 inch in diameter, with 
the water at 0° C., the higher critical velocity is about 3 feet per second, 
while the lower critical velocity is only about | foot per second. 

The critical velocities vary inversely as the diameter of the pipe, and 
they are lowered by raising the temperature of the water. 

For further particulars of Osborne Eeynolds’ researches see the 
Transactions of the Royal Society, 1884, or Dunkerley’s Hydraulics, 
vol. i. chap. vii. 



404. Loss of Energy or Head due to Friction in a Pipe, — At 
velocities below the critical velocity, the motion being non-sinuous, the 
experiments of Osborne Eeynolds show^ed that the loss of energy was 
directly proportional to the velocity, directly proportional to the length of 
the pipe, and inversely proportional to the square of the diameter of the 
/ vl » 

pipe, or h cc where li' is the loss of head, the velocity of the water, 


I the length, and d the diameter of the pipe. But when the critical 
velocity was exceeded, the motion being then sinuous or turbulent, the 
loss of energy w^as proportional to the 1‘72 powder, or nearly as the 
square, of the velocity, directly proportional to the length, and inversely 


proportional to the diameter of the pipe, or h' cc 

In practical cases the velocity is greater than the critical velocity, and 
the pipes in use have varying and uncertain degrees of roughness, so that 
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tile amount of turbulence in the water is a varying and uncertain 
quantity. The coiisec|uence is that there is no exact theory of tlie loss of 
energy in practical cases, and theTormulae in use are therefore to a large 
extent empirical. 

Experiment has sliowui that in practical cases the loss of energy is 
approximately proportional to the square of the velocity of the water and 
to the amount of the wetted surface, and inversely proportional to the 
area of the cross section of the stream. The wetted surface is si, where s 
is the "wetted perimeter, hence the loss of energy is approximately pro- 
portional to ^vhere A is the area of the cross section of the stream, 


and ■ 


1 . 


is the reciprocal of the hydraulic mean radius. 


and the loss of head 


The head or energy due to the velocity v is 

, I ^ 

may be wuitten li' ~f • ^ where / is a coefficient to be determined by 

m 2p 

experiment, and is called the coefficient of friction for the pipe. This co- 
efficient / is not simply a coefficient of friction between the water and 
the surface of the pipe, but includes a coefficient of resistance due to 
eddying motions in the winter itself. 

d 

If A and B (Fig. 7 60) are two sections of a pipe at a distance I apart, 
the heights of A and B above datum being \ and respectively, and 
the pressures and P 2 . If the pipe be of uniform section, then the 
velocity v wdll be the same throughout. The total energy or head of the 

2. 


For a circular pipe running full m — c?/4, hence //=/• 


water at A is 
P 


W 


L2 + I -PA,. 

10 


The 




1 . 

m 


2^7 

loss 

¥ 


•f/q, and the total energy or head at B is 
of energy or head between A and B is 


Hence ^+t + h + f + A, + h\ 

■10 2g to 2g 


and A 




+ (/q - 7 ^ 2 ), which suggests the experimental method of 

finding A. Knowing Jd, if v is determined, / can then be found for the 
particular pipe experimented with. 

405. Darcy^s Formula. — Darcy found from numerous and careful 
experiments on the filow of water in pipes up to 20 inches in diameter 
that the coefficient / varied with the velocity of the water, and also with 
the diameter of the pipe. Since the variation in the velocity in ordinary 
eases is comparatively small, its effect on the value of / may generally be 
neglected, but the range of pipe diameter in practice being considerable, 

Darcy allowed for it in the formula /== 0*005^1 + clean 

pipes, where d is the diameter of the pipe in feet. For old and incrusted 
pipes Darcy found the value of /to be double that for new clean pipes. 

,406. Hydraulic Gradient. — Referring to Fig. 760, A and B are 
two sections of a straight uniform pipe at a distance I from one another, 
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7/,^ anti /i !-2 are the heights of A and' B above datum, and and are 
'the pressures at A-. and B. ..'If pressure tubes, called piezometers, 
be inserted in the pipe at A 
and B, the water will rise in these 
tubes to height P^^Ae? and VJtr, 
as shown. The line CD join- 
ing the tops of the water- 
pressure columns is called the 
hjdrauUc gmdiejii or virtual 
slope of the pipe, and 7/', the 
difference between the levels of 
0 and D, is called the virtual 
fall of the pipe AB. The hy- 
draulic gradient or virtual slope 
is measured by the ratio 7^/ 7, and is denoted by 7 
The virtual fall Id is evidently given by the equation 

-P. 





P 

-7^, + Pi 


and is equal to the loss of head between A and B. In Art. 404 it was 


■?;- 

%-i 


shown that Id is given by the equation Id ==/• 

Since the loss of head is pi'opoidional to the length of pipe, it follows 
that for a straight uniform |npe the hydraulic gradient is a straight line. 
When the pipe is not straight, points in the line of hydraulic gradient 


may be determined from the equation Id—f* 


taking successive 


values of /, the length of pipe, between the points considered. 

In water mains the curvature in the direction of the length is generally 
small, and its effect on the hydraulic gradient is generally neglected. For 
example, in Fig. 761 is shown 
a pipe AEB leading from a 
tank or reservoir at A to 
another at B at a lower level. 

The hydraulic gradient is 
shown straight, and with the 
amount of curvature shown on 
the pipe, this will be found 
to be approximately true. It 
will be noticed that the upper 
end of the line of hydraulic gradient is below the level of the water 
in the tank A, which is accounted for by the loss of head at the 
entrance to the pipe at A. 

Another point illustrated by Fig. 761 is that a part GD of the pipe 
is above the hydraulic gradient, which shows that in that jjart of the 
pipe the pressure is less than atmosphei-ic. If there is a leaky joint in 
CD air will riisli in, and while the pipe from A to E will run full with 
a hydraulic gradient FE, the pipe from E to B will not run full, and the 
discharge will be reduced. Water pipes should therefore be arranged, if 
possible, so as to lie below the hydraulic gradient. 

When a valve or other obstruction occurs in a pipe there is a sudden 
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fall in tlie hydraulic gradient at the obstruction, due to the loss of head 
caused by it. 

407. Ch4zy’s Formula for Flow in Pipes.— From the equation 


‘ hj "" V 7 ■ V“r ^ 


wliere c stands for . 

This formula, v==^c is generally called the Chezy formula for the 
flow in pipes. 

408. Examples on Flow of Water in Pipes. — The following ex- 
amples show the application of the formulae -which have been discussed 
to practical cases. 

(1) A pipe 18 inches in diameter and 6 miles long connects a storage 
reservoir A with a ser\dce reservoir B. The diflerence between the levels 
in the two reservoirs is 100 feet. It is required to find the rate of dis- 
charge through the pipe and the hydraulic gradient. 

Let V = velocity of -water through the pipe in feet per second. 

The loss of head at the entrance to the pipe is 0*45^- (Art. 396), 


The loss of head due to friction in the pipe is 

^ 1 \ 4 x 6 x 5280 

, . _ . ^. 000,(1 + ■ g - 


445-87. 


The head equivalent to — is lost at the outlet into the lower 
reKservoir. 

Total loss of head = -„-V45 + 445-87 + 1) = 447-32|! . 

27 ' 

Hence 447-32;^ = 100, from wMch »==3-79. 

^0 

Discharge in cubic feet per second = j x I’S^ x 3-79 = 6-697. 

Discharge in gallons per day 

= 6*697 X 60 X 60 x 24 x 6*23- 3,604,808. 

Applying the equation of energy to 1 lb. of water at the surface of 
the water in A and to the same quantity at a point in the pipe near to 
the entrance, and taking the level of the water in B as the datum level, 


100-1 + 1 + 0 * 45 ^. 

'll) Ig %j 


rj 1 AA IP 1*45?;^ 

Hence 100 - ~== — = 

w 2g 


= 0*32 foot. 


The hydraulic gradient may now be drawn as a straight line joining 
a point in the surface of the water in B iixtmedia.tely over the outlet end 
of the pipe, with a point immediately over the inlet end of the pipe and 
0*32 foot below the surface of the water in A. 

It is obvious that in examples of this kind, where the pipe is very 
long, the only important loss of head is that due to friction in the pipe, 
and the other losses may generally be neglected. 
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(2) liui[uirecl the diametex" of a pipe to connect two resei'M.iir.s which 
are 10 miles apart. The discharge is to be at the rate of 4,000,000 
gallons I'er day, and the ayailable head is 350 feet. 

, . , , , 4000000 X 10 1000000 

Discharge m cubic teet per second = - - 


Let (I == diameter of pipe in feet., and v = 
pipe in feet jjer second. 

1000000 


- . 

4 628 x 216’ 


and 


.628 X 2ir 
velocity of water throngli tlie 

1000000 


623x 547rc^2 

ISTeglecting all losses except that due to friction in tlie pipej then 


850 = 


f f- 
2^/ " 


4 X 10 X 5280 


1000000 - 

' xTi^TrWxJg' 


4*195 .ci + 


■A) 


from which == 839/. 

If / he put equal to 0*005^1 + # = 

^^•hich is an awkward equation to solve, and it is simpler to assume a 
value for/’ say in this case 0*006, then d^~839 x 0*006 = 5*084, and by 
logarithms d— 1*88. 

Using tliis approximate value of d, a more approximate value of /is 

cleteniiincd, namely, f- O’OOof 1 + ) = 0*0058, 

\. 1 88/ 


A more a}> 2 )roximate value of d is then d = ^889 x 0*0058 = 1*85 feet. 

(8) Reservoirs A and E (Fig, 762) discharge into a reservoir C 
through pipes AD, BD, and DC, as shown. The lengths of the pipes 
AD, BD, and DC are 10,000 feet, 

6000 feet, and 8000 feet respec- 
tively, and their diameters are 
18 inches, 12 inches, and 21 inches 
respectively. The water levels of 
B and C are 40 feet and 100 feet 
respectively below the water level 
of A. It is recjuired to find the 
rates of flow from A and B. 



Let Q,, Q.^, and be the 


Fig. 762, 


rates of flow through AD, BD, and DC respectively, in cubic feet per 
second. 

If li is the loss of head in feet in a pipe of diameter d feet and length 
I feet, V the velocity of flow*' in feet per second, and Q the rate of discharge 
in cubic feet per second, then 




f . A / _ 

2/ V I 


and 


for 

about 0*0054, then Q^43^‘ 


An average value of / for the pipes in this example may be taken at 
A# . , ZQ2 
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Ib order tliat tlie water inay flow from B towards D, it is evi<lent 
that if the pipe BL) be closed the loss of head k between A and i) 
niust be greater than 40 feet. 

43 ‘ 4 x 1 * 5 ^’ 432 X 1-755 V 

where Q is the rate of flow through AD and DC when the pipe Bl) is 
closed. From these two equations, A = 73 feet, nearly. Therefore if the 
pipe BD be open, water will flow from B tow-ards D. 

Now let 7 / 2 5 and be the losses of head betw-een A and D, 
B and D, and between D and C respectively, then 

7 } 7 ,- 7 , 


These equations are sufficient to determine 
solution is somewhat cumbersome, and it is rea 
to proceed by approximation, as follows : — 


10000 


y 8000 

Select values of (which must lie between 40 and 73) and 
calculate the values of Qj, Qg, and Qg from the equations just given, 
until values are obtained which make Q| + Q 2 “ Qs * 
be tabulated as follows : — 


The answers required, as found above, are = 9*350, and Q 2 “ 
For practice, and to illustrate more fully the working of this exaii 
the student would do well to find the answers directly by solving 
equations already given. 

409. Power Transmitted through a Pipe. — Case I. The 
(Fig. 763) is provided with a nozzle at its delivery end, as for a Pe 
wheel, and there is a valve by means of which the area through the nc 


63 

62-1 

62-2 

62-26 

7*937 

7*880 

7-887 

7-890 

23 

22-1 

22-2 

22-25 

4-796 

4-701 

4-712 

4-717 

37 

37-9 

37-8 

37-75 

6-083 

6-156 1 

6*148 

6-144 

9-405 

9-338 

9-346 

9-360 

2*662 

2-609 

2-615 

2-618 

11-850 

11-992 

11-976 

11*969 

12-067 

11-947 

11-961 

11-968 
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mav be varied Diameter of pipe = d feet, length of pipe = ? feet, total 
head at nozzle = A feet, and v = velocity ol water thiough the pipe 
in feet per second. Neglect the lo,ss of 
energy at the entrance to the pipe and at -« 

tlie nozzle. hi 

Energy delivered at the nozzle per ib. ot 

, , 

water per second “ * §5 * 

Total energy delivered at the nozzle per second 

TT 

-4' 



Fig. 763. 


Horse-power delivered at nozzle = 55 0\ d' 2g/ 


To find when H is a maximum 
dB. irdhv 
"Sy ““ 4 X 550 






*’=d/' 


Hence H is a maximum when 3/- • 2g 

mlholi jgjid 

The maximum horse-power is therefore = 6/1 * 

If there were no friction, the horse-power delivered would be 

Trdhnvh 


^gM 


H. 


' 4 X 550 


H 

The efficiency is therefore gf ^ ^ 

When H is a maximum, the efficieiicy is ^ 

If P is the pressure of the water in lbs. per square foot just before 
passing the valve at the nozzle, a the area of the cross section of the pipe, 
a, the area through the valve or through the contracted nozzle, and 
the velocity of the water through the contracted nozzle, then 


__ 

w'^ 2g 2g aj 2g^ 


w 2g d 2g 


therefore -/ 

ai 2g 


U 


and 


^ ^2qM -'4/^#}* 


"d 2g' ' a ^ ^ \2gM-\fMj 

Example. — Let c?=0'5 feet, Z = 400 feet, 7^. = 300 feet, and/^O 006, 
Then 


When H is a maximum, \J V 8/7 


TT 'n'd^vio / 

4>r550V 


0-0667m(100 - 0-0994j;2). 

■ d 2g/ 


H is a maximum when /y - 


= 18*31 feet per second. 

Maximum horse-power — 0*0667 x 18*31(100 ~ 0*0994 x 18*3L) ~ 81 4. 
Efficiency per cent. ~ 100^1 - = 100 - 0*0994t?2. 
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The horse-power and the efficiency per cent, are shown plotted on a 
velocity. basein Fig. 764. 

The maximum possible velocity is when the area through the nozzle 
is equal to the area through the 

■4-7 9?^ ' 

pipe, then A and ^ 

30*93 feet per second. At | 
this niaximuni velocity the horse- ^ 
power is 10 • 1 7 , and the efficiency ^ 

4 ’9 per cent. t§20 

When the horse-power de- 
livered is a maximum, a., the ' 4 3 jg is 20 24 28 32 

necessaryarea through the nozzle, Yebdfy V (Feet per Second) 

isa /jL = 0-161 a. Fig. 764. 

v Sri 

Case II. The pressure energy of the water is so great compared 
with the kinetic energy that the latter may be neglected, also the efiect of 
variation' in the level of the pipe may be neglected. 

Let.^1 and^ denote the pressures in lbs. per square inch at points 
and A in the pipe at a distance I feet apart. Let = horse-power enter- 
ing the portion A^A of the pipe at A^, H = horse-power delivered at A, 
?; = velocity of water in feet per second, and c7 = diameter of pipe in 
feet. 

Loss of energy between Aj and A per lb. of w^ater passing 

. mtlZll ,ker.to p -p, - ,5, ■/• J ^ . 

^ 4 X 550 4 X 550 4 x 550\ ^ 9 / 


^ 4x550 ’ 4xf 

To find when H is a maximum, 

dv 4 X 550 \ d 2g, 

47 -t 1 i 


hence H is a maximum when 


144jJi, or when = 


The maximum value of H is therefore = 0*483,y . 

All the po'^ver is lost in friction in the pipe, and H — 0, when 


Theeffi«encyisg-=l-y-^. 

When H is a maximum, the efficiency is -I* 

Example.— -Let = 1 1 20 lbs. per square inch, l ^ 1 mile = 5280 feet, 

(7 = 0*5 foot, and 
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H is a maximum when 1- = ^ W-S feet per second. 

Maximum value of H = 14*8(57'58 —O'OS/S x 14‘8‘^) = 568. 
H is zero when v = 0, and when 

- 25-6 feet per second. 

y iqfl 

Efficiency per cent. 

100-~0*152?;2 


\ (2pigd/ 

The horse-power and the effici- 
ency per cent, are shown plotted on 
a velocity base in Fig. 765. In 
hydraulic mains the velocity of the 
water seldom exceeds 5 feet per 
second, and in the example just 
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Fig. 765. 


considered the efficiency at this velocity is 96*2 per cent. 

410. Flow of Water in Channels. — When water flow^s in an open 
channel, or when it flows in a pipe or closed channel without filling the 
pipe or channel, the water ■will have a free surface, and the hydraulic 
gradient will be the longitudinal slope of the fi'ee surface, and, since in 
most cases the depth of the water will be uniform in the direction of flow, 
the hydraulic gradient wdll be the same as the longitudinal slope of the 
channel. 

Eeasoning as in Art. 404 on the loss of head due to friction in a pipe, 

If 

it follows that for a channel (Fig. 766) the loss of head li =/ • — ^ ^ , and 

^ m 2g 

!!!^ = c Jmiy wdiichis the Chezy formula. 

It must be kept in mind that the coefficient 
of friction / and the coefficient c, which is a 
function of /, depends on the roughness of the 
surface of the channel, and also on the form and 
slope of the channel. 

411. Bazin’s Channel Fomnla. — The eminent French hydraulic 
engineer Bazin examined the results of a very large number of experiments 
on the flow of water in channels of varied forms and dimensions, and in 
1897 he published a formula based on these results. 


fforizonid 


Fig. 766. 


The Bazin channel formula is = 


157*6 


1 + 


y 

J77l ^ 


J?n% 


The 


where y is a coefficient depending on the roughness of the channel, 
unit of length in the formula is the foot. 

The formula may he written = c where c is the quantity in the 
large bracket above. 
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A few examples of tlie value of y are given below 


Character of the Wetted Surface. 


Verij smooth. — Smooth cement or planed wood 
Planks, brick, or cut masonry . 
Bough.— -UnhhlQ masonry . . . . 

Very rou^/i.— Ordinary earth canals 


0-109 

0-290 

0-833 

2-355 


412. Kutter's Channel Formula. — Two Swiss engineers, Gangnillet 
and Kutter, devised a formula, generally known by the name of the 
latter, which has been largely used, notwithstanding the fact that it is 
somewhat cumbrous. The use of the formula is, however, facilitated by 
published tables. The formula is 


1+41-6 + 


0-00281 


/ J'ln— 


where m is a coefficient depending on the roughness of the channel. 
A few examples of the value of n are given below : — 


Character of Wetted Surface. 


Well planed timber . . ... . . . 

Smooth cement, or coated clean pipes . . 

Eough planks . . . . . . • . 

Ashlar, good brickwork, or iron pipes in ordinary condition 
Rough brickwork, or incrusted iron pipes . . , 

Rough rubble in cement, canals in very firm gravel . 

Rivers or canals in good order . . . . . . 


0-009 
0 010 
0-012 
0-013 
0*015 
0-020 
0-030 


41S. Depth for Maximum Discharge in a Channel of Circular 
Section. — Let r = radius of section of channel (Fig. 767), and 0= angle 
subtended at the centre by the wtted perimeter. 

Assume that c in the formula v — c is constant for 
different depths of stream. 

Wetted perimeter == 


Area of section of stream 
Therefore 


__ 


And the discharge = ^(<9 ■ 

M 


2^ 


■ sin 0)c. 



Fig. 767. 


T 


J{9 - sin 6f 


% Irt 

2 Vr 


J(e-siner 


The discharge will be a maximum when 


IS a maximum. 
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Let = (^ - sin 

= - (6 -~ sin of {I “ cos B)0 “ 1 ^ “{$ - sin 0^ 

du 2 ^ 2 


^ is a maxiuuun when -^^==0, that is, when 

au 



which reduces to sin = ^(3 cos B—^). 

The value of 0, found by trial or by idotting, which satisfies this 
equation, is 308° to the nearest degree. 

The depth of water in the channel is then 

r + r cos (1 80 - = r{l + cos 26®) = 1 ‘SOOr^ 

or practically 0*95 of the diameter. 


Exercises XXVIIlb. 

1. A horizontal pipe 3 inches in diameter suddenly enlarges to a pipe 4 inches 
in diameter. Water is flowing from the smaller to^ the larger pipe at the rate 
of 90 gallons per minute. What is the loss of energy at the enlargeinent, in 
f t. -lbs. per minute ? 

2. If the water flows through the pipes of the preceding exercise at the same 
rate as before, but in the opposite direction. What is the loss of energy at the 
sudden contraction, in ft.-ibs. per minute ? Assume tiiat the coefficient of 
contraction (h) of the stream on entering the smaller pipe is 0*7. 

3. A pipe of 3 inches diameter conveying water is suddenly enlarged to 

5 inches diameter. A U-tube containing mercury is connected to two points, 
one on each side of the enlargement, at points where the flow is steady. Find 
the difference in level in the two limbs of the U when water flow^s at the rate of 
J cubic foot per second from the small to the large section, and wee rersd. The 
specific gravity of the mercury is 13-6. [U.L.] 

4. State briefly the laws of fluid friction deduced from the experiments of 
Fronde. Taking skin friction to be 0*4 lb. per square foot at 10 feet per second, 
find the skin resistance in pounds of a ship of 12,000 square feet immerskl 
surface, at 15 knots. Also the horse-power to overcome skin friction. 

[InstC.E.] 

6. The friction of a thin plate when moved edgewise through wmter is found 
by experiment to be J lb. per square foot of surface in contact with the water, 
when the velocity of rubbing is 600 feet per minute, and that it varies as the 
square of the velocity of rubbing. How many ft.-lbs. of work per minute will 
be expended in overcoming the skin friction in the case of a ship steaming at 
18| knots, if the immersed surface of the ship when floating at her load line is 
27,620 square feet? If this skin friction is 70 per cent, of the total resistances 
encountered by the ship, what is the total horse-power usefully expended in 
propelling the ship ? [B.E.] 

6. Calculate the hydraulic mean depth for (1) a channel having a bottom 
width of 6 feet, side slopes of 2 vertical to 1 horizontal, and a depth of water 
5 feet ; (2) a channel whose section is an arc of a circle of 4 feet radius, the 
greatest depth of water being^ 2 feet. 

7. In a water main 3 feet in diameter the velocity of the water is 3 feet per 
second Find the head lost in friction in feet per mile, using 0*005 as the 
coefficient of friction. 
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8. Find the head lost in friotion in a pipe 15 inches in diameter and 4 miles 
long when the discharge is 2,000,000 gallons in twenty-four hours. Take 0*0054 
as the coefiicient of friction. 

9. Aset of pumping engines has to force 3,000,000 gallons of water per day 

through a pipe 18 inches in diameter and 5 miles long to a height of 210 feet 
Taking the coefficient friction as 0*0053, what is the effective horse-pow« of the 
.engines? _ r , 

10. Two reservoirs, 10 miles apart, are connected by a pipe 3 feet in 
diameter, the difference in their water levels being 40 feet. If the inlet valve 
to the lower reserv'oir is partially closed, so that the water rises in a vertical 
tube let into the pipe on the inlet side of the valve 20 feet above the level of the 
water in the reservoir, what would be the discharge of the pipe ? [Inst.O.E.] 

11. Assuming a coefficient of friction equal to O'OOe, what must be the 
diameter of a pipe 12 miles long to discharge 40,000 gallons of water per hour, 
the available head being 600 feet ? 

12. A pipe, 9 inches diameter and 1 mile long, connects two reservoirs. The 

pipe has a slope of 1 in 80. The level of the water is 25 feet above the inlet 
end, and 6 feet above the outlet end. Neglecting all losses except skin friction, 
find the discharge, and draw the hydraulic gradient. Determine the pressure 
head in the pipe at a distance of half a mile from the inlet. The coefiicient of 
friction may be taken as 0*007. [Inst.O.E.] 

13. A pipe 30 inches in diameter brandies into two pipes of equal diameter 

whose combined area equals that of the 30-inch pipe. Compare the loss of head 
in a mile of the latter pipe with that in a mile of the two pipes, the rate of flow 
being 4 feet per second. ^ [InsiC.E.] 

14. Two reservoirs are connected by a pipe 1 mile long and 10 inches 

diameter, the differenc^in the water surface levels being 25 feet. The value of 
c in the formula 6' is 120, feet and seconds being the units. Determine 
the flow through the pipe in gallons per hour, and find by how much the 
discharge would be increased if for the last 2000 feet a second pipe 10 inches 
diameter is laid alongside the first and coupled to it so that the water flows 
equally along the two pipes. [tJ.L.] 

16. A pipe consists of half a mile of 12-inch and half a mile of 6-inch pipe, 
and slopes at 1 in 100. The discharge is 2 cubic feet per second. Find the 
difference in pressure head at the two ends of the pipe. [Inst.O.E.] 

16. A line of xffping has, in the upper portion of its length, a diameter of 15 
inches for a length of 5000 feet, and an inclination of 4 per 1000. A tapering 
pipe then reduces the diameter to 12 inches, which remains constant for a length 
of 2000 feet, throughout which length the inclination is 3 per 1000. Find the 
rate of discharge in cubic feet per second when the pipe is fully charged and is 
delivering fre^ at its termination. The equation of (discharge may be assumed 

/ hd^ 

where Q denotes cubic feet per second, A the head lost in 

length Z, and d the diameter in feet. [Inst.O.E.] 

17. A pipe AB is fully charged with water at A. Two smaller pipes BO and 
BD convey the water from B to two points C and D. The length and diameter 
respectively of AB are 10,000 feet and 15 inches; of BO, lO.OCO feet and 12 
inches ; of *BD, 10,000 feet and 9 inches. Points Oand D are respectively 50 feet 
and 80 feet below A. At all points the piping is under pressure except at C and 
D, where the water issues freely. Find the discharge at C and D, using the 
equation of discharge in the preceding exercise. [Inst.O.E.] 

18. A reservoir A supplies water to two other reservoirs B and 0 (Fig. 7 68). 
The difference of level between the surfaces of A and B is 75 feet, and between 
A and C 97*5 feet. A common 8-inch cast-iron main 
supplies for the first 850 feet to the point D. A 6-inch 
main of length 1400 feet is then carried on in the same 
straight line to B, and a 5-inch main of length 630 feet . 
branches off at D and goes to 0. The entrance to the 
8-inch main is bell-mouthed, and losses a,t the pipe 
exits to the reservoirs and at the junction of the 
pipes may be neglected. Find the quantity of water 
discharged per minute into the reservoirs B and 0. Take 

tinn 
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19 A -l-inoh fire main is oormeoted to a storage tank,_ the length of the pipe 

hef 800 f et. . ^ ' 

So n'ssle “e coefficient of friction is 

20 A pipe 8 inches in diameter and 1000 feet long leads from a reservoir, and 
ter^L^l ffi a nossle open to the atmosphere The nozzle is faOO feet below 
thrfrS surface of the water in the reservoir. Determine the diameter of the 

nozzle when the kinetic energy of the jet is a maximum. Take the coefficient 

^gf^^Eeferrhig^o the preceding exercise, calculate the velocity of the water in 
the pipfand in the jet, also the horse-power of the jet and the efficiency, for 
nozzles of 1, 2, 3, 4, 5, 6, 7, and 8 inches diameter, and plot the results on a base 
rpwcsentin a: the diameters of the nozzles. 

^22 Prove that when power is transmitted hydraulically through a pipehhe 
mafmum horL-power is transmitted when one-third of the original head p 
XteTih friction Yon may assume that the loss of head due to friction is 

wlirtKrimum if the diameter of the pipe is 6 

inches, its length 1200 feet, the ordinal pressure TOO lbs. per square inch, and 
thp coefficient of friction 0*0075? 

23. Calculate the percentage loss of horse-power per mile, when PO’^er is 
hydraulically transmitted in cast-iron pipes, 6 inches in diameter, for v^ocities 
of flow of 120, 150, and 180 feet per minute, and for pressures of 250, loO, and 

^^'^Draw cmvS^trshow'the results of your oalonlations, and from your curves 
obtain the total loss of horse-power when the 6-inoh pipe is “ 7anare 

the velocity of flow 175 feet per minute, and the pressure 1000 lbs. per s^“e 
inch. Use the formula— loss of head=0-03fr*/2yt^.(^®®*' second units). ^ tBM] 

24. One hundred horse-power is to be transmitted to a distance of 5 miles 

with a loss of 15 per cent, of the head due to an accumulator pressure of ISO l^s. 
per square inch. The beginning and end of the pipe are at the same elevatwn. 
Find fte diameter of the pipe. The equation of discharge in It (fl^ 

be used in this case, but with a coefficient of 36 instead of 42. ^ 

26 Some hydraulic machines are served with water under pressure by a^pipe 
1000 feet long, the pressure at the machines being 600 lbs._ per 
The horse- power developed by the machines is 300, and 

in the pipes 120. Find the necessary diameter of the pipe, taking the loss 
of head In feet as 0*03| . and 0*43 lb. per square inch as equivalent to 1 foot 

head. Also determine the'pressure at which the water delivered by 

What is the maximum horse-power at 'which it would be possible to woik the 
machines, the pump pressure remaining the same ? ^ ^ I • rj 

26. The cross sections of four channels are shown in Fig. 769. They are ai 



1 ii 

l< 3d : — 

1 1 




Fig. 769. 

equally smooth, they have the same slope and the same rate of discharge. Iind 

the dimensions s, and h. , ^ . fn 

27 . If the faces of an open channel are plane and they are tanpntial to 
the surface of a cylinder whose axis is in the free surface of the 
channel, show that the hydraulic mean depth is equal to half the radius ot the 

cylmde^ semicircular channel 10 feet in diameter flows full of water. Compare 
its discharge with that of a rectangular channel of the same cross sectipal area 
9 feet wide, lined with the same material, and having the same inclination. 
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29. A channel, with a bottom width of 30 feet, and side slopes of 2 hori- 

zontal to 1 vertical, flows full of water to a depth of 7 feet. Find the velocity 
of flow in, and the discharge of, the channel, the inclination being 1 in 5000, 
and c in the Chezy formula 100. [Inst.O.E.l 

30. A channel with cement sides is 4 feet wide at the bottom, and its sides 

slope at 2 vertical to 1 horizontal.^ The slope of the channel is 1 in 500. 
What will be the depth of the water for a discharge of 12,000 gallons per 
minute. Take the coefficient of friction as 0*006. [U-h*] 

31. A channel in which the water is to run 3 feet deep has to discharge 

60 cnbio feet per second, the velocity of flow being 2*5 feet per second. The 
sides slope at 1*5 vertically to 1 horizontally, and the value of c in the formula 
v-ojmi may be taken as 110, feet and seconds being units. Find the width of 
the channel at the bottom, and the hydraulic inclination necessary. [IT.!/.] 

32. Apply Kutter’s formula to find the rate of discharge in cubic feet per 
second of a channel having a bed width of 20 feet, side slopes of IJ horizontal 
to 1 vertical, depth 6 feet, and longitudinal slope 1 in 5000. Take the co- 
efficient of roughness, =0*02. 

33. Water flows in a pipe without filling it. Show that the velocity of flow 
fora given slope is a maximum when the wetted perimeter subtends an angle 6 
at the centre given by the equation ^s=tan i9, and that ^=257J degrees nearly, 

34. The cross section of a closed channel is a square with a diagonal vertical. 
s is the side of the square, and y is the depth of the water line below the apex. 
Show that for maximum discharge y=0T27s, and that for maximum velocity 
y = 0*41 4s. 

36. A cast-iron pipe 18 inches in diameter is laid with a slope of 1 in 1000. 
Water flows through this pipe with a depth of 13*5 inches. Taking c in the 
formula v=G/sJmi as 125, find the discharge in gallons per hour. 


414. Impact of a Jet on a Flat Yane. — Case I. Diredion of jet 
perj)e7idicttlar to vane. Vane at rest (Fig. 770). — A = sectional area of 
jet. = velocity of jet before impact. W = weight of liquid reaching 
vane prer second. = weight of unit of volume of liquid. P = total 
normal pressure on vane due to impact of jet. 

Since the motion of the liquid in the direction || 

in which the jet is moving is entirely destroyed, the |l 

loss of momentum per second in that direction is 

— , and therefore f 

9 '1 ■ 

p = = 2?ffA . t. = 2ivKk, Fia. 770. 

g g ^g 

■ where Ti is the head due to the velocity v. But wAli is the static 
pressure on an area A due to a head h. Therefore the total dynamic 
pressure due to the impact of the jet on the vane is equal to twice the 
static pressure on an area A due to a head Ti, In 
other words, the total dynamic pressure of the jet I 

issuing under a head h vdll balance _a static "“ 1 “ 

pressure on an area due to a head 2h. This may j J l -r 

be demonstrated by the apparatus shown in Fig. 9~“ j 

771, where B is a tank containing water to a j y ,|i' 1 

constant height h above the axis of a tube pro- | -i 

jecting from the side of the tank. C is another 
tank containing water to a height 2h above ® ^ 

the axis of a projecting tube of the same size and 
shape as that projecting from B. A flat plate D is suspended loosely 
against the mouth of the tube on 0, and is held there by the force of 
the jet from B, as shown. Experimentally, the head in C will be slightly 
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less tliaii 2h on account .of the' loss of energy in the jet from B due to 
■friction. 

, As to the distribution of ■■■■the pressure on a ii.at plate struck iioiiiially, 
by a jet, this is slio\Tn ai>proxiinately in Fig. 

772, where the intensity of the pressure due to 
the impact of the jet is plotted on the back 
of the plate. At the centre the pressure li, in 
feet of water, is slightly less than the head due 
to the velocity v, that is to say, h is slightly less 
than 

Case II. Same as Case except that the 
vane is moving in the same direction as the jet 
loith a velocity v^. — Loss of momentum of 
water impinging on vane per second in direction 
W 

of motion of jet = ~~(v - vA therefore 

wkf 



Fio-. 772. 


But W ~ - I’j), therefore -vjf , 


Useful work done per second =:Pcj 
Kinetic energy of jet per second 


ickv 




2;/ ‘ 


Efficiency = = 

For a given value of v the efficiency ■will be a maximum when 
i\{v - 'vjf is a maximum. 

Let y = vji) - vjf = ~ 2r<r?4- Ff , 

dy 


dL\ 


- + 3 /:| . 

dy 


y is a maximum when iA- = 0, te. when — or Obviously 
dv^ 3 

~ is the result to take. Therefore the velocity of the vane should be 
one-third of the velocity of the jet for the highest efficiency. 

2r/ 


Maximum efficiency,’ = - 


§) 


8 


, or 29*6 per cent. 


# -^ 27 ’ 

Case III. Direction of jd malms an angle 0 
with vane. Vane at rest (Fig. 773). — Loss of 
momentum per second in direction of normal to g . . 

vane = ~~v sin 6. e M 

9 \W 


Therefore 


P = sin A 


Fia 773. 
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Case IV. Same as Case IIL, except that the vane is moving parallel 
to itself with a velociiy in a direction making an angle (f> tviiJi the 
va7ze (Fig. 774).-— Loss of momentum per 
second in direction of normal to vane AJq 

'Let the vane BC move to B'C' in 1 
second. OD = 'yi, and OE = velocity of , 

vane in direction of jet, 

OE sin (9 = OD sin f/). Therefore /i 


rri7 - ■''■h ^ 

:sin^ ■ '"'sin I *■ 


Eiq. 774. 


Relative velocity of jet and vane in direction of jet == ?; - 


XieiatlVtJ VCiUUlUJ ui. JCU OJIIUL lii j , 

Sin c? 

Therefore W = wAA -'^ 34^^ sin ^ -»i sin 0) 

V sm 6 / sin (3 

and («sin6>-%sin<^)2. . 

g sin <7 

Useful work done per second 

= sin (j) = (?; sin 6 - v^ sin . 

wAl.v^ 

Kinetic energy of jet per second == 

Efficiency = sin 6 - sin 4>f ^ 

■ g sin 0 ^g 

= sin d-y., sin . 

'y'^sin 0 

In the same way as in Case IL this efficiency can be shown to be 

. , t? sin 6 

a maximum when v, = — , — -r . 

^ 3 sin 9 

The maximum efficiency = ^ sin^ 0. 


Case IV. is the general case from -which the others may easily be 
deduced. For example, Case II. may be deduced from Case IV. by 
putting B and <^> each equal to 0. ^ ... , .t. 

In the foregoing demonstrations the losses due to friction and the 
production of eddies have been neglected. 

416. Impact of a Jet on a Succession of Vanes. — In the preceding 
Article the jet was supposed to impinge on a single vane, and it -was seen 
that the amount of water arriving at the moving vane was less than the 
amount delivered by the nozzle. If, ho-wever, a series of vanes come in 
turn in front of the jet, each vane entering the jet at the same point, 
the vanes will receive the whole of the water discharged oy the nozzle, 
and the useful work done will be increased, and the efficiency therefore 
raised. For example, consider Case II. of the preceding Article -with a 
succession of vanes instead of one. 


47.8 


■APPLIED MECHAHIGS 


TIieAveiglit of water reaching the vanes is now W^wA:v^ 'and the 

. W/ 'A IV Av. X 

total pre>ssure on the vanes IS 


Useful work done per second 

Kinetic energy of jet per second 
wAvv. 


^7 


wAi? 


Efficiency = 


<J 


l(’y “ h\) -r ilAv 


’¥■ 

tAv- 

2g ^ 


■^i)- 




For a given value of v the efficiency will be a maximum when 
v^(^v - is a maximum. Let y = v-^{v - y^^), then "V - therefore 
the efficiency is a maximum when v - 2vi^ and the maximum efficiency is 

— |y) == J 5 or 50 per cent. 

The action of a series of vanes will perhaps be better understood 
by reference to Fig. 775. This does 
not represent a practical contrivance, 
and it is designed to illustrate the 
principle only. A frame, carrying 
a series of vanes at intervals q apart, 
travels parallel to the jet, and each 
vane in turn is swung into the jet 
at the same point. The vanes are 
perpendicular to the axis of the jet. ‘ 

At (a) the first* vane has just come 
in front of the jet. At {h) the 
second vane has just come into 
action, cutting the jet in two. The 
forward part of the jet wdll continue 
moving until its rear end B overtakes 
the vane in front of it. At (c) B, 
which is moving faster than the 
vanes, is overtaking the vane in 
front of it, and at {d) B has over- 
taken the vane in front of it, and 
that vane therefore ceases to act. 

Referring to (&), let x be the dis- 
tance which the front vane will have 
to travel before it ceases to act 
after the second vane has come into 
action. Then q~\- x is the distance travelled by a point in the jet while 



a vane travels the distance ir. 


1-r 9 t ^ 

Hence = ~ 4- 1 == — 

■X X 


and the niiinber 


q + x ^ X 


of vanes in action at one time = 

The total pressure on owe vane is, by Art. 414, — Therefore 


V ' 

V ~ 
tvA/ 
¥ 
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tlie total pressure on all the vanes is — {v - 7 ;J‘ 


wAv 


(v- t/j), as 


p ' v-v-^ g 

already shown in another way. Fig. 775 is drawn for tlie case where 

'i;= 27 ;-j_.; 

It is easy to show that in the general case, Case lY. of the preceding 
Article, but with a succession of vanes instead of one, the total normal 
pressure on all the vanes in action at one time is 
^ wAv, 


9 


~{v sin 9 - a7j sin 


and that the efficiency is 


2i\ sin <j> 


('ysin 9 sin (j>), also that the maxi- 


mum efficiency is | sin^ 9 when ?; sin 9~2vj sin <^. 

416. Impact of a Jet on a Cup. — The axis of the jet is supposed 
to coincide with the axis of the cup, 
and the effect of friction will be 
neglected. 

Case I. Ctip at rest — The water will 
leave the cup in a direction tangential 
to the surface at the lip of the cup, as 
shown in Fig. 776, and the velocity of the 
water as it leaves the cup will have the 
same magnitude v as tlie velocity of the 
jet, but its direction will have been turned through an angle 180° — (9°. 

Loss of momentum of water per second in the direction in which it 

Wt? 

is moving before striking the cup =■- —(1 + cos d). 



Fig. 776. 


Wv 

Therefore P — — (1 + cos = 


9 

wAv^ 


(14- cos 9)n 


If ^-0, P = 


2'wAv^ 

9 ’ 


Case II. Cup moving in same direction as jet with velocity 
Relative velocity of jet and cup— t?— and this will be the relative 
velocity of water and cup as the water leaves the cup. Hence the loss 
of momentum of water per second in the direction in which it is moving 
W 

before striking the cup is (1 +cos ^), and this is equal to P. 

But W = wA{v —Vj), therefore P = — (1 + cos 9), 


Useful work per second 
wAv-^ 




ff 
wAu 

9 


+cos 9). 


Efficiency = 


1^2 2v 

(v — 1 + cos 9) -f IV Av • - ‘^ 1)^(1 + cos 9\ 


g ^ ■ / 2g 

The efficiency will be a maximum when v — 3«7j. 

3 16 9 

Maximum efficiency = *^(1 -f cos 9) = cos^ g * 

417. Reaction of a Jet. — When a jet of cross sectional area A issues 
from a vessel with a velocity the momentum given to it per second is 
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■ and this requires that a force. P = shall act on the *et 

g g . ^ 

in the direction of its motion. As a consequence of this there must be 
another force F equal and opposite to P acting on 
the vessel, as shown in Pig. 777, and unless an 
external force be applied to the vessel the latter will 
move under the action of the force F. 

If the vessel moves under the action of the 
force F in the direction of that force with a velocity 
Vt, the magnitude of F and P remain the same„ 



namely, 


F=P- 


9 * 


FiO. 777. 


Useful work done per second = Fiq = 


wkvh\ 

g 

Total energy = useful work + lost work 


g 


^g 


Efficiency = 

g %j V- H- ?; j 

418. Deviation of a Jet in one Direction hy a Vane without 
Shock. — ^In the examples on the impact of a jet on a vane which have 
hitherto been considered, the jet has struck the vane and been deviated 
abruptly. A consequence of this abrupt deviation is a shock, and there- 
fore a loss of energy in agitating the waiter. The full force of the 
impact may, liow’ever, be obtained and the shock avoided by so shaping 
the vane that the jet on meeting it glides along its surface and is 
deviated gradually. 

Case I. Vam at rest (Fig. 778). — AtB,wdiere the jet first meets the vane, 
the direction of the surface of the vane coincides with the direction of the jet, 
that is, the jet meets the vane tangentially. 

The jet is then gradually deviated by the 
curved surface of the vane, and leaves 
it in a direction tangential to the vane 
at G. 

The velocity of the w^ater at B is equal 
to V in the direction BD, and the velocity 
at C is equal to v in the direction of the 
tangent to the vane at C. Draw BE 
parallel to the tangent to the vane at C, 
and make BE and BD each equal to v. 

Join DE. Then DE is the change in the 
velocity of the water, in magnitude and direction, while it passes over 
the vane. If (9 is the interior angle between the tangents to the vane at 

Q 

Band C, then DE = 2i:?cos The change in the momentum of the 



. . W TsYv $ 

water per second m passing from B to C is ~ * DE = - - - - cos ^ , and this 

is equal to R, the resultant force on the vane due to the impact of the 



GENERAL .PEINOIPLES OF HYDRAULICS 4B1 


jet. The line of action of R passes through' O, the- intersection of the 
axes of the jets at B and C. . 

The foregoing result may be obtained in another way. At B the 

Wv 

impulse of the jet on the vane is P = ”^ in the direction BO. At C the 

Wv 

reaction of the jet on the vane is F = -y in the direction CO. The resultant 

of these two forces, obtained by the parallelogram of forces OHKL, is 

^ 2Wv ■■ 0 
R= -~~^cos g. 

Case II. Vane moving parallel to itself in a given direciion with a 
velocity Vj (Fig. 779). — -The jet moving in the direction BD with velocity 
V meets the vane BC at B. The vane is 
moving in the direction BE with velocity 
Make BD — y, and BE^-yj. Com- 
plete the parallelogram BEDH. Then 
BH = ?Jr is the direction and magnitude 
of the relative velocity of the water and 
vane ; therefore in order that there may be 
no shock at entrance, BH must be the 
direction of the tangent to the vane at B. 

The water moves over the vane with 
the relative velocity y,., leaving the vane at 
C, where it has a velocity v^ in the direction 
CK tangential to the vane at C, and a 
velocity in the direction CL parallel to 
BE. Make CK = and CL — Com- 
plete the parallelogram CKNL. The diagonal CN = y 2 direction 
and magnitude of the absolute velocity of the water leaving the vane at C. 

Draw BS parallel and equal to CN. Join DS. Then DS is the 
change, in magnitude and direction, of the velocity of the water while 
passing over the vane. If R is the resultant force on the vane due to 

W — 

the impact of the jet, then R — — • DS, where W is the weight of w’ater 

impinging upon the vane per second. Draw ST perpendicular to and 
meeting DH produced at T. Then if P is the component of R in the 

W 

direction of the motion of the vane, P = . DT. 

■ ■ ■ ■ ' . ■' ^ ■ 

CN, the absolute direction in which the water leaves the vane, should 
be perpendicular to CL, the direction of motion of tlie vane. CN has 
then no component in the direction CL. The component of CN in the 
direction CL in the case of a revolving vane is called the velocity of whirl 
at exit, and for maximum efficiency this should be zero. 

If ON is perpendicular to CL, then BS and ST are in the same 
straight line, and DT = v cos /5, where ^ = angle BDT = angle DBE. Then 

Yi' ■■ ■ ■ A ' 

P =r 'y cos But W = lokiy v-^ cos ^), where A is the area of the 

section of the jet, and cos /3 is 


Fig. 779. 
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Useful work per second = Pt'i = —('« - cos /3)i\v cos 


2^' 


wAv^- 


Energy of jet per second =•• wAv * 

Efficiency —{v - n. cos I3)v^v cos ^ cos /3) cos /?, 

Eor given values of v and /S the efficiency will be a niaximiiin when 

_ A]S- 

It is obvious that. when 


f^) is a maximum, that is, when i\ = -y 
maximum efficiency is i, or 50 per cent 


^ . — 7^ , and,2^o — 0. 

1 2cos/> ’ ' “ 

It is evident that unless is a small angle a single vane of limited 
length BC could only remain in action for a very short time, and while 
the vane is receiving water, that part of it upon which the jet is iniping- 
ing must be straight and parallel to BH in order that there may be no 
shock at entrance. 

Eor a succession of vanes, with CN perpendicular to CL, the total 

yy , 

pressure on all the vanes in action at one time is P = “ t?cos/^, where W 
is now the total ^veight of water delivered by the jet per second, and is 
equal to wAi\ Therefore P = , and the useful work per second 


^ loAviV^ cos /5 


g 


g 

It would therefore seem that the useful work in- 


is P/q 

creases indefinitely with but if the vanes are driven by the jet, the 
useful work cannot exceed the energy of the jet. Hence tlie maximum 

'fvA.v^ 't? 

useful work ~ ; the efficiency is then unity, and ' 

419. Action of a Jet on a EevoMng ¥ane. — A case of great im- 
portance in connection with turbines and certain forms of water wheels 
is that in which the vane upon which the water impinges is part of 
a revolving wheel. Beferring to Fig. 

780, O is the axis of the wheel which 
is perpendicular to the plane of the 
figure ; the acting surface of the vane 
is also perpendicular to that plane. 

The inner and outer edges of the vane 
are at distances ?\ and from the 
axis " of the wheel. In what follo-ws 
the wffieel is assumed to be moving 
with uniform angular velocity. The 
linear velocities of the inner and outer 
edges of the vane are and Cg re- 
spectively. Evidently ~ 

At entrance the axis of the jet makes 



an angle 0^ wdth 


The absolute 


Fig. 780. 


velocity of the water at entrance is v^. Completing the parallelogram 
of velocities at B^, the relative velocity % water and vane at 
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entrance is found, and its direction determines the direction of the 
tangent to the vane at entrance, so that there shall be no shock there. 
At exit the relative velocity is in the direction of the tangent to the 
vane at that point, j the absolute velocity of the water at exit, is the 
diagonal of the parallelogram, having and ^2 adjacent sides. The 

angle between i?2 and Cg is ^2- 

Consider a small portion of the water of mass m. At entrance the 
velocity of this mass in the tangential direction is ; this is the 

velocity of whirl at ent’ ance. At exit the velocity of whirl is v^cos^ O2* 
Taking moments about O, the angular momentiiin of the mass at entrance 
is mvi 7 \ cos $1, and at exit its angular momentum is 2 ^2* H^J^ce 

the loss of angular momentum of the mass in passing over the vane is 
cos 6^1 - ^»2r2 cos ^2). If W is the weight of water impinging on 
the vane per second, then the angular momentum lost by the water per 

W . ■ . . . " 

second is — ('-t^i^’pcos ~ ^2)- there is a succession of vanes, 

then W is the weight of water supplied by the jet per second, and the 
turning moment on the wheel, due to the action of the water on the vanes, 

W ■ . 

is M — “(yifi cos <9^^ - ^y’2 cos 6^2), since the angular momentum gained 

by the wheel is equal to that lost by the water. In the foregoing discus- 
sion the effect of friction has been neglected. 

If (0 is the angular velocity of the wheel, then the ■work imparted to 
the wheel per second is 

W W 

CQS 0^ _ ^^2^2^ cos ^2) " cos $i - V2P2 COB 

Exercises XXYIIIc. 

1. A jet of water 3 inches in diameter, and having a velocity of 30 feet per 
second, impinges upon a fixed flat plate. Find the total pressure on the plate 
due to the impact of the jefc, {a) when the plate is perpendicular to the axis of 
the jet, (?;) when the plate is inclined at 30° to the axis of the jet. 

2. A jet of water 3 inches in diameter, and having a velocity of 40 feet per 
second, strikes a flat vane which is perpendicular to the axis of the jet. Deter- 
mine the total pressure on the vane, {a) when it is fixed, {h) when it is moving 
in the same direction as the jet with a velocity of 15 feet per second. 

3. A fixed nozzle discharges 2 cubic feet of water per second. The jet, which 
has a cross section of 10 square inches, impinges on a flat vane wliich is moving 
in the same direction as the jet with a velocity of 10 feet per second. Find the 
work done on the vane in horse- power. 

4. A series of flat vanes come in turn into a jet of water 4 inches in diameter. 
“The vanes when in action are perpendicular to the axis of the jet, and they are 
driven forward by the jet with a velocity Vj feet per second. The velocity of the 
jet is 50 feet per second. On a base representing values of Vi from .O to 50, plot 
the horse-power delivered to the vanes. State the value of the maximum horse- 
power, and the corresponding value of Vj. 

5. A jet of water has a sectional area of 20 square inches, and delivers 1869 
gallons of water per minute. The jet impinges at right angles on a flat vane, 
which is driven in a direction inclined at 30° to the axis of the jet with a 
velocity of 12 feet per second- Find the work done on the vane in ft.-lbs. 
per second, and the efiiciency. 

6. Taking the data of the preceding exercise, except that the jet impinges 
on the vane at an angle of 30° to its normal, find the work done on the vane in 
ft.-lbs. per second, and the efficiency. 

7. Same as Exercise 5, except that there is a succession of vanes at equal 
distances apart. 
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8. ' A jet .of .water 1 iacli ia diameter, coming from a Reservoir at a height of 

200 feet, strikes a fixed hemispherical cup so that the direction of its motion is 
reversed. Find fche,fox‘ce it exerts .■upon the cup, assuming that the jet. has 
90 per cent, of the full velocity due to its head. [Inst.C.l.] 

9. A jet of w.ater '2 inches in diameter, moving with a velocity of 40 feet per 
second, strikes the interior of a cup. The axis of the Jet coincides with the axis 
of the cup. The interior surface of the cup is part of the surface of a sphere 
whose radius is 6 inches, and the depth of the cup is 3 inches. Find the total 
pressure on the cup, (a) when the cup is fixed, (S) when the cup is moving in 
the same direction as the jet with a velocity which makes the work done per 
second on the cup a maximum. 

10. Taking the data of the preceding exercise, except that there is a succes- 
sion of cups instead of one cup. Find the work done on the cups in ft. -lbs. per 
second when the efficiency is a maximum, and determine the maximum efficiency. 

11. A small steam-boat is provided with two jet propellers, one on each side 
of the vessel. The combined area of the two jets is 2 square feet. The water 
for the jets is taken from the sea and driven astern, below the wmter line, by a 
centrifugal pump. The velocity of the jets in relation to the vessel is 25 feet 
per second, and the speed of the vessel is 9 knots. Determine the resistance to 
the motion of the vessel, also the horse-power developed in the cylinders of the 
engine, assuming that the useful work done by the jets in propelling the vessel 
is 40 per cent, of the work done in the cylinders. Take the 'w eight of 1 cubic 
foot of sea water =64 lbs., and 1 knot =6080 feet per hour, 

12. The cross section of a jet of wmter is a rectangle 6 inches wide and 1 inch 
deep. This jet impinges upon a vane without shock. The cross section of the 
vane is a quadrant of a circle. The velocity of the jet is 30 feet per second. 
Find the coinponent of the total pressure on the vane in the direction of the 
motion of the jet, (a) when the vane is fixed, {/>) when the vane is moving in the 
same direction as the jet with a velocity of 15 feet per second. 

13 . AB and AC are two lines inclined at 30'*, A jet of wmter moves in the 

direction AC with a velocity of 24 feet per second, and a vane in the direction 
AB with a velocity of 12 feet per second. Show how to find the form of a vane 
so that the water may come on it tangentially, and leave it in a direction per- 
pendicular to the direction of motion of the vane. Determine the pressure on 
the vane in the direction of motion due to each pound of water striking the 
vane. ^ [Inst.C.E.] 

14 . Indicate how a vane, moving with a velocity of 25 feet per second In a 

horizontal direction, must be shaped in order to abstract the maximum amount 
of energy from a jet of water impinging upon it at an angle of 45® to the 
horizontal with double the above velocity. What pressure 'would be exerted 
on the vane per cubic foot of water impinging per second ? [Inst.C.E.] 

15. A jet of water, area 1 square inch, velocity 160 feet per second, has its 
axis inclined at 15° to the direction of motion of a bucket upon wduch it 
impinges, the velocity of the bucket being 70 feet per second. Find the 
direction and magnitude of the total pressure and the pressure in the direction 
of motion, if there is no loss due to shock at entrance, and no velocity of whirl 
at exit from the bucket. Find the maximum possible hydraulic efficiency of a 
wheel provided with such buckets, and find also the speed corresponding. [IT.K] 

16. The rim of a turbine is going at 50 feet per second; 100 lbs. of fluid 

enter the wheel each second, with a velocity in the direction of the rim’s motion 
of 60 feet per second, leaving it with no velocity in the direction of the wheel’s 
motion. What work is done per second upon the wheel ? [B,E.] 

17. A wheel having curved vanes is driven by a jet of water delivered on 
to the vanes, as shown in Fig. 780, p. 482. rj = 2 feet, r2=2| feet. The jet 
delivers 2 cubic feet of water per second. The absolute velocities of the water 
at entrance and exit are 100 feet per second and 10 feet per second respectively. 
If ^1=20°, and ^2=^5°, what tangential resistance will this wheel overcome 
at uniform speedy and at a radius of 10 inches, neglecting friction? 

18. A locomotive going at 40 miles per hour scoops up water from a trough. 
The outlet to the tank is 8 feet above the mouth of the scoop, and the delivery 
pipe has an area of 150 square inches. If half the available head at entrance 
is wasted, find the velocity at which the water is delivered into the tank, and 
the^ number of tons lifted in a trench 500 yards long. What, under these con- 
ditions, is the increased resistance to the motion of the train ; and what is the 
minimum speed of the train at which water can be delivered to the tank ? 


CHAPTER XXIX 


WATER WHEELS AND TURBINES 

420. Water Wheels and Turbines are prime movers, which utilise 
the potential and kinetic energy of water. In one class of water wheels 
the wheel acts by the direct weight of the water delivered to it. In a 
second class the wheel acts partly by the weight of the water and partly 
by the impulse due to the weight and velocity of the w-ater striking the 
wheel. In a third class the action is entirely by impulse. In a fourth 
class the action is entirely due to the reaction of the moving water on 
the wheel. 

In a water wheel there are usually a considerable number of buckets 
or vanes placed round the periphery, and the water is delivered to the 
wheel on a part of its circumference, filling or striking one or a few 
buckets only at one time. 

In a turbine the revolving wheel has numerous buckets or vanes, 
which are all supplied with water simultaneously. Turbines have 
almost entirely superseded the slow-moving and cumbrous vertical water 
wheels. Turbines occupy less space, and are cheaper to construct than 
the older vertical w^heels of the same power; they are also highly 
efidcient, and suitable for large or small falls. 

421. Overshot Wheels. — An overshot water wheel is shown in Fig. 
781. The water is led to the wheel by a head race^ and the quantity 
entering the buckets is regulated by a 
sluice A, which is operated by hand, or 
controlled by a governor driven by the 
wheel. The water enters the buckets at 
or near the top of the wheel, and acts 
almost entirely by its weight, descending 
in the buckets on about one half of the 
wheel. The buckets empty themselves, 
when near their lowest position, into the 
tail race. A small part of the effort on 
the wheel is due to the impulse of the 
water as it enters the buckets. 

If is the total fall in feet, and Q the 
number of cubic feet of water delivered 
to the wheel per second, and w the weight 
of 1 cubic foot of water, then the avail- 
able horse-power is 

To utilise as much as possible of the available power an overshot 
wheel must have a diameter nearly equal to the fall A, but to obtain 
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sufficient velocity .of water tlie top of...tlie wheel requires to , be , about 
2 feet below the headrace. Hence for high falls the overshot wheel is 
of large diameter. Wheels over TO feet in diameter have been used. 

The velocity of the buckets is from 3 to 6 feet |)er secoiich cr about 
half the velocity of the entering water. The efficiency of overshot water 
wheels is; from. 70 to 85 per cent.' when 'we'll designed and properly 
constructecL It is interesting to notice that the hydraulic efficiency of 
the overshot wheel is greater at lo\ver loads wdien the buckets carry less 
water, because then the buckets do not begin to empty until a greater 
part of the descent has been made. 

422. Breast Wheels.-— The feature which gives its name to the 
hreast wheel is the casing, apron, curb, or breast bet'ween the head race 
and tail race, which enables the 
buckets to retain the water for a 
greater portion of the fall. This 
breast fits as close to the wheel as 
is consistent with security from 
actual contact. Wheels wdth breasts 
are also termed kigMjremt^ breast^ 
and loio-hrenst wheels, according as 
the water is delivered to the wheel 
above, at, or below the middle level 
of the wheel. Fig. 782 sho\vs a 
higli-breast wheel as made by Fair- 
bairn. The regulating sluice and 
its seat are curved, so as to fit close 
to the wheel The w^ater passes over 
the top of the sluice through guide 
passages designed to deliver the water to the buckets without shock. 
The sluice is operated by a rack and pinion under the control of the 
governor. 

The powder is taken from the wdieel by a pinion gearing with a large 
internal toothed wdieei attached to the rim of the wheel, as showm. The 
position of the pinion is such that the downw^ard thrust, due to the 
weight of the water in the buckets, is taken by the pinion without being 
transmitted to the axle of the w’heei, and no torque is carried by the 
arms, which have only to carry the weight of the wheel. The arms are 
comparative slender rods, and are in tension like the spokes of a bicycle 
wheel.',,. 

The buckets are of iron, and it will be observed that they stand out 
a little w’'ay from wliat is called the so of the wheel, permitting a free 
circulation of air over the water in the buckets, wliich facilitates the 
discharge of the water from them when they reach the lower end of the 
breast. With this arrangement for the admission of air to the buckets, 
the latter are said to be ventilated.’’ 

The high-breast wheel, like the overshot wffieel, acts almost entirely 
by the weight of the water, and its efficiency is about the same. 

In low^-breast wheels the w^ater acts on the wffieel partly by impulse 
and partly by w^eight. 

Breast and low-breast wheels have efficiencies varying from 50 to 80 
per cent., being greater for large than for small wheels. 
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Fia. 783. 





Fig. 784. 


423. Undersliot WLeels. — The undershot wheel acts entirelj by the 
impulse of the water on its vanes. The older undershot wheels had 
radial vanes, as shown in Fig. 783, and on 
account of the loss of energy, due to shock, the 
efficiency of these wheels was only from 20 to 
30 per cent., the maximum theoretical efficiency 
being only 50 per cent., the velocity of the 
vanes being then half that of the impinging 
stream (see Art. 415, p. 477). 

The undershot wheel was greatly impro'/ed 
by Foncelet, who curved the vanes, as shown 
in Fig. 784. In the Poncelet wheel the water 
enters without shock, leaves it with a small 
velocity in a nearly vertical direction, and during the whole time that 
the water is in the wheel it exerts an impulse on the vanes. The 
supply of water is regulated by a 
curved sluice A. The theory of 
the form of the vanes has been 
discussed in Articles 418 and 
419, pp. 480-483, and the obser- 
vations there made apply to Fig. 

785, which shows the vanes of a 
Poncelet wheel in action, with the 
parallelograms of velocities as the 
water enters the wheel at B and 
leaves it at C. BD = 'y is the direction and magnitude of the velocity 
of the water in the impinging stream. BE is tangential to the wheel at 
B, and equal to the velocity of the 
outer circumference of the wheel. 

Completing the parallelogram BEDH, 
the Vane at B must be tangential to 
BH. The water glides up the vane ^ 

with the relative velocity tv? 

turns, gliding down the vane, leaving Fig. 785. 

it at C. At G the water has a velo- 
city v-^ in the direction CL tangential to the wheel at C; it also has a 
velocity in the direction CK tangential to the vane at C, and slightly less 
than on account of loss by friction. Neglecting this loss, if CL be 
made equal to = BE, and CK = -y,. = BH, and if the parallelogram 
CKNL be completed, then ON is the absolute velocity of the water as 
it leaves the wheel at C. 

The efficiency of the Poncelet wheel is about 60 per cent. 

Common undershot wheels with radial vanes should not be used 
for falls greater than 5 feet. Poncelet wheels are suitable for falls up 
■ to 7 feet. ^ 

A suitable diameter for undershot wheels is from two to four times 
the head due to the velocity of the impinging stream, and the linear 
velocity of the tips of the vanes should be about half that of the 
impinging stream. 

424, Pelton Wheel.— The Felton wheel is a' development of the old 
huTdy-gurdy^ which was introduced into tho mining districts of California 
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about 1865. , The burdy-giirdj was a vertical wlieel, liaviiig flat radial 
vaiiesj , upon whicli^. a jet ■ of water, with liigb velocity impinged. ; The 
maximum theoretical efficiency of the hurdy-gurdy is only 50 per cent.^ 
and its actual efficiency from 25 to 35 per cent. 

The substitution of curved buckets for the flat vanes was the great 
inaprovement which converted the hurdy-gurdy into the Pelton ■wheel 
Fig. 786 shows a Pelton wheel consisting of a disc, to the periphery of 



which the buckets are attached. The jet issues from a nozzle at the end 
of a pipe and strikes against the buckets, as shown. The form of the 
Pelton bucket is shown in Fig. 787, from which it will be seen that the 
jet is divided by a sharp ridge in 
the bucket, and is then gradually 
deflected through an angle slightly 
less than ISO"*. It is necessary to 
make the angle through which the 
jet is deflected less than 180'", in 
order that the returning stream 
may clear the bucket which 
follows. The Dohle buckets shown 
in Fig. 788, is an improvement 
on the Pelton bucket. The im- 
provement consists in making the 
two compartments of the bucket 
of ellipsoidal form, and in cutting 
away a part of the outer lip to 
into action. 

The disc of the wheel may be of cast-iron or steel, and the buckets 
may be of cast-iron or hard bronze. 

Assuming a complete reversal of the jet, it is evident that if the 
velocity of the buckets is half that of the jet the absolute velocity of the 
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Fig. 788. 


clear the jet as the bucket comes 
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water on leaving the buckets is zero, and the hydraulic efficiency is unity. 
The actual efficient jy of Pelton wheels is from 70 to 90 per cent. 

The Pelton wheel is vSiiitable for situations where a comparatively small 
amount of water at a high pressure or under a great head is available. 

There are difficulties connected with the governing of Pelton wheels 
which may be here referred to. The opening through the nozzle may be 
varied by a curved stopper at the end of a screw'ed rod, which works in a 
nut, as shown in Fig. 7 86. The area through the nozzle, for a given 
energy of jet, depends, howwer, on the friction of the supply-pipe as w^ell 
as on the head of water, and is determined in the manner discussed in 
Art. 409, p. 467. The central stopper, or needle as it is sometimes called, 
may be operated by a governor driven from the shaft of the wheel. A 
sudden throttling of the jet due to the action of the governor when there 
is a sudden reduction in the power required causes a sudden check on the 
flow of the water in the supply-pipe, and if this pipe is long the result is 
a water-hammer action, which may unduly strain the pipe. This difficulty 
may be got over by providing a spring-loaded relief valve. In another 
system of governing the nozzle is at the end of a short pipe, so jointed as 
to permit of the jet being deflected so that only part of it strikes the 
buckets, A difficulty with this system of governing, however, is that a 
very considerable force is required to deflect a jet moving at a higdi velocity. 

The power of a Pelton wheel may be increased by having two or 
more nozzles, instead of one, directing jets in tangential directions at 
diflerent parts of the circumference of the wheel. 

425. Girard Impulse "WTieel.— One form of the Girard impulse 
wheel is showm in Fig. 789. This wheel is mounted on a horizontal 
shaft A. The water enters through a pipe B, wffiich bends over and 



terminates opposite to one or more guide passages 0, which direct the 
w^ater on to the vanes D of the wheel. The quantity of water entering 
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the' 'wheel is regulated by a sluice E, which has teeth oii its upper 'face 
gearing with a pinion, F, which is secured to, the s,liaft H, x4.' worm K 
gears with a, -worm wheel Lj wdiich is fixed to the shaft H. , The worm K 
is fixed to a shaft operated by a governor or by hand. 

■ The rim of the particular wheel illustrated runs at a ^ high speed, over 
100 feet ,per second, and it is strengthened by. steel hoops, .\I .shnink.oii. 
In some wheels of this tjrpe these steel hoops are made of inucli larger 
section than shown in Fig. 789, in order to increase the fiy- wheel action, 
preventing a too rapid change of speed with change of load. 

Owing to the greater obliquity of the vanes at exit than at entrance, the 
distance d between two consecutive vanes at exit is less than the distance 
between them at entrance, and to prevent the choking of the passage by 
the water the passage is widened transversely towards the circumference 
of the wheel, as shown in the left-hand view in Fig. 789. 

In impulse wheels the water flows over the vanes under atmospheric 
pressure, and to ensure free access of air ventilating holes e are made 
through the sides at the back of the vanes, as shown. , 

426. Speed, Power, and Efficiency of Girard Impulse Wheel-- 
Beferring to Fig. 790, and are the inner and outer radii respec- 
tively of the wheel. 

— is the tan- / 

gential velocity of the 
wheel at radius 
Cg — B 2 O 2 is the tan- 
gential velocity of the 
wheel at radius 
Obviously == Cg/rg. 

Vi = Vi is the ab- 
solute velocity of the 
water as it enters the 
wheel. 

the absolute velocity 
of the water as it 
leaves the wheel. 



= angle 0^ - angle GgBgTg. and are 

the parallelograms of velocities at entrance and exit respectively. 

= is the relative velocity at entrance, and BjUi is the direction 
of the tangent to the vane at entrance. %=s B 2 U 2 is the relative velo- 
city at exit, and B 2 D 2 is the direction of the tangent to the vane at exit. 
= angle CiEj^Ui. < 5^2 = supplement of the angle CgBgXJg . 

As the water in entering and passing through the wheel is under 
atmospheric pressure, the velocity depends only on the effective head 
at Bj,, and is to be calculated from the formula where 

BLj is the effective head. 

If W is the weight of water entering the wheel per second, then, neglect- 
ing friction, the energy given to the wheel per second is 
But by Art. 419, p, 482, the energy given to the wheel per second is 

also equal to — ■” ^ 2 )- 

Y . „ ■ ' 
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Therefore 2{v^c^ cob 0^ ~ cos $2)- 

But vl == cf + uf 4• 2q^^JL cos <ft^, 

^o.d 'i?| ==: C2 4* wl — 2(52^2 cos <f>2 9 

also cos = C]i + Wj cos , 

and V2 cos 82 — 62—112 cos (l>2* 

Substituting these equivalents in the equation 

v\ - vl - cos V2 6>2), 
the result is = cj - c| . 

It is evident that the efficiency of the wheel will be greater the 
smaller ^^2 is, and ^^g will be smaller the smaller ^2 i®- But since there 
must be a sufficient area of passage between the vanes at exit, (j)2 cannot 
be made indefinitely small. For a given value of <^2 velocity V2 will 
have nearly its minimum value when U2 is equal to Cg, and if Mg be made 
equal to Cg, this leads to very simple relations between the various 
quantities. For since ul — m| = cf — cf , it follow^s that if Mg ~ then 

% = and <l>i =■■ 2<9j. Hence c. =: — ■ -1 , and the angular speed of the 

2 cos C/jL 


wheel is w = 


Ti 2r2 cos 


The energy given to tha wheel per second = but since 


Mn = 2co sin 


r^p-. sin 2 


2g V cos $1^ j 

expression divided by 550. 


^ , therefore energy per second 


and the horse- power of the wheel is this 


The energy in the water per second as it enters the wheel is 

/r^sinl^Y 

1 1 1 " J mi,-, 


Hence the efficiency of the wheel is 1 — I pt- /• The efficiency is 

\r-^ cos 

therefore greater the smaller the angles ^2 

In practice the angle generally between 20° and 25°, and <f>^ 

is generally between 15° and 20°. The ratio of to is generally 
betW'Cen 1*15 and 1*25. 

Taking friction into account the efficiency is about 80 per cent., and 
the efficiency is not reduced by diminishing the sluice opening when 
there is a reduction in the load. 

The axis of the wheel may be either horizontal or vertical. 

427. Jet Reaction Wheels.- — The simplest form of the jet reaction 
wheel is that generally known as BarJeer^s mill. Fig. 791 shows a 
Barker’s mill constructed of ordinary wrought-iron or steel tubing. The 
vertical central tube AB has jointed to it two horizontal tubular arms 
CD and EF, which are opposite to one another. These arms are closed 
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at. tlieir outer ends. A ■‘‘bend ” H leading from tlie tank K enters a 
short distance into ;tbe . tube- AB, and serves as a bearing for xiB, 
permitting tlie latter to rotate freely. ' A 

footstep bearing, is arranged at the- lower ^ 

end of ABj as sliowm.. -' _ , , r 1 

; Water flows, from the -.tank Etbirngli ,. ■ ^ K . 

H into AB, and thence ill to the anris CD jX ^ 

and EF. In CD and EF ' are oriflces L . 1 q 

and M, through w^hich ' the water . issues ^1^ | 

in jets perpendicular to the arms and jA ^ 

horizontal, as shown. Tlie reactions of 

the jets on the arms 'cause the latter to "L===^^=i* 

rotate, driving the central tube AB. The i 

power developed may be taken oif at the '"-g j 

pulley K, wfliich is, secured to AB. Leak- ^ Cri^E 1 ^ 

age at the joint at, the upper end of AB .. □ . ; _ ■ -i 

is ' prevented by a, simple gland . and , 

stuffing-box, as shown. b r- - - - r~ -h 

sometimes called ^ j|| 

thevS^co/c‘/i- fiirhim, instead of the straight ru 

arms of the Barker’s mill, there are casings cL-- J I — — L 

of a more or less spiral form leading the si'. ' F 

water to the orifices, the casings contract- pxo. 791. 

ing as they approach the orifices. 

Jet. reaction wheels are not now in practical use, but they are 
interesting from the student’s point of view. 

The theory of the jet reaction wheel is as follo^vs. Beferriiig to 
Fig. 791, let 

/^ = static head of water at orifices. 
r = distance of orifices from axis of wheel, 
o=s linear velocity of arms at radius r. 
velocity of jets relative to arms, 

W = weight of water passing through wdieel per second. 

The pressure exerted by the water in the neighbourhood of the 
orifices is due to the static head h and to the centrifugal force of the 
revolving water in the arms. The head, clue to the centrifugal pressure 
. 

at the orifices, is , and the total head at the orifices is therefore 


+ Hence u = sj^gh -f c^, neglecting losses. 

The reaction of the jets on the arms at radius r is 


work imparted to the wheel per second is 


The efficiency is 


expression 


efficiency becomes 
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A loss wiiicli is ill© vi table is the kinetic energy in tlie water as it 
leaves tlie wlieelj and this aiiioiints to 


% 


per second. 


428. Classification of Turbines. — A turbine consists of two main 
parts, tbe wlied or runner^ and the stationary guides. The wheel consists 
of two plates or rings called a’ow/Lsy between w-hich lie numerous rawea. 
The guides direct the water on to the vanes of the ‘wheel. 

Turbines may be divided, according to the manner in which the 
water acts on the moving vanes, into two classes, namely, mipnlse 
turbines and reaction turbines. In impulse turbines the water does not 
fill the passages between the wheel vanes, and there being free access of 
air to these passages, the velocity of the -water as it enters them is that 
due ■ to the head. Also the energy of the -water as it enters the \Yheel is 
entirely kinetic. In reaction turbines tlie water completely fills the 
passages between the guides and between the wheel vanes, and the 
velocity of the Avater at the entrance to the wheel may be, greater or less 
tbaii that .due to the head there. Also the energy of the water as it 
enters the -wheel is partly kinetic and partly pressure energy. 

An impulse turbine must discharge into the atmosphere, and 
must therefore be clear of the tail race, but a reaction turbine may be 
completely immersed or 

Another classification of turbines is according to the direction in 
which the water flows through the wheel. This leads to four classes. 
(1) OuUvard flo w turbines, in -which the direction of flow is radial and 
outwards. (2) Imoarcl flotv turbines, in which the direction of flow is 
radial and inwards. (3) Parallel flotv ov a, turbines, in which 
the direction of flow is parallel to the axis of the wheel. (4) Mixed floto 
turbines, iii which the direction of flow is 
partly radial and partly axial, changing 
from one to the other on the vanes inside 
the "wheel. 

The various types are also frequently 
refexTed to by the names of the engineers 
who were identified with their introduction 
or improvement, as the Fourneyron turbine 
(radial outward flow), the Francis turbine 
(radial inward flow"), and the Jonval turbine 
(parallel flow). Mixed flow turbines, in 
which the water enters in a radial inw^ard 
direction and leaves in an axial direction, 
are lai’gely used in America, and this type 
is often called tlie American tiii'bine. Fig. 792 sho"Ws the wheel or 
runner of the Victor (American) turbine. 

The Girard turbines are impulse turbines, and they may have either 
radial or axial ^iow^ 

429. Formulse for Eeaction Turbines. — The notation to be used in 

this Article is partly shown on Figs. 793, 794, and 795, which represent 
outward flow-, inward flow, and parallel flow turbines respectively, and 
is the same as was used for the impulse wheel, Art. 426, p. 490. " 

Values of the Angles , — The angles and ^2 assumed in designing 

a turbine. 6^ varies from 10° to 25° in inward flow turbines, and from 
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to l>5" ill outward flow and parallel flow turbines. 4>. varies from 

t< > 

drens nf Aj and Aa = areas of guide passages and wheel 


OUTWARD 

FLOW 


INWARD 

FLOW 


WHEEL 


Bevebped Seetbn 
at Mem Rodim. 


PARALLEL FLOW. 


GUIDES 


VANES 


WHEEL 


SHAFT 

PILLAR 


f ^WHEEl 

\^MemBadim=r. 


passages respectiveij at exit, measured at right angles to direction of 
flow. 

If n is the number of passages, and h the distance between the 
crowms, then, referring to Fig. 796, the area of ^ 

the passages referred to above is A ~ ndh. If t 
denotes the thickness of the guides or vanes, - — L — 
then, approximately, ^ 

= sin d, and A ~ sin B - n()K 

27rr 

The ratio A| ~ A 2 may be assumed in • < • 

commencing the design of a turbine. A^ 4- A 2 varies from 0*5 to 1 in 
outward flow turbines, and from 0*6 to 1*5 in inward flow turbines. 
In parallel flow turbines A^-rA^ is usually about 1. 
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Ratio of . Radius r^to Radiiis r 2 ^.~--llh.^ ratio is also assumed. 

For outward flow varies from 0*7 to 0*85 , and for inward flow 

from 1*2 to 2. In parallel flow turbines take the mean 

radius. 

Eesidt of Continuity of Floio, — Since tbe water completely fills the 
passages in flowing through them, it follows that v^Ai — u^A^^. 

Velocities of Whirl.- — At entrance to wheel the velocity of whirl is 

cos and at exit ?;2 cos ^2 • 

Work Imparted to Wheel. — If W = weight of water passing through 
the wheel per second, then by Art. 419, p. 482, the work imparted 
to the wheel per second is 

cos - C2?;2 cos ^2)* 

Efficiency. ---Wae, energy available per second is W/r, where li is the 
available head of water. Hence the efficiency is 

E = cos dj - ^2^2 cos Bf). 

9 k 

The efficiency varies from 75 to 85 per cent., and may he taken, 
wffien unknown, at 80 per cent. 

Velocity of Elotv fro7n Guide Passages — First assume that the 

velocity of whirl at exit cos ^2 = 


The angle is then 90°, and 


cos cj >2 


Ao 


Also Vi = ^*2^2 == • ^ C2 = — C-L . 

^ ^ Ai cosd>9 ^ r. 


Ai 

Therefore Vi = 


A. 


cos <f >2 


, and 63^ = ^ . ^ 
A2 ^*2 


% cos ^2--‘ 


Work imparted to wheel per second = ~CiVi cos B-^. 

Efficiency E = -i . CiV^ cos ^ ^ • cos 6-x cos <^2* 

gk ■ gti A2 r2 


Hence A- 


E 


. A cQg g cos <j>2 

Aa r2 ^ 

" g-” “ ^ 


\j2gh^K^J2gh, 


where = /y . !i cos 6^ cos <^2 ^^7 called the coefficient of velocity, 

y A2 ,^2 

If instead of assuming that B2=^^0° it be assumed that W2="C2, then 
it may be left as an exercise to the student to show that 
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Assuming'' ^2 = ^^ si^owii tlml 


A9 ’ T 


. Vj cos (f> 2 , tlierefore 




2 




cos c/>^i v'2;/A = K2 s/%fe.' 


-V: 


where 

E 




Ag /’o 


E 


. ll'cos ^2\/ 2x“ • ^p2 

A. if T(f 


_. . -El . A cos ^i> may be called tlie coeJjkieni of wheel speeds 

2 cos <9;^ Ao, ,?’2 " *' *' ' 

If instead of assuming it be assumed that 2.^2 = ^'2? then it 


follows that K., = 


E 


A, 


-1 cos E cos 


os ^2 ■“ I^* 


Effeelive or Brahe Horse-^iower 
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430. Use of Suction Tube for Eeactioii Turbines. — Since a reaction 
turbine Avorks full of water, it is not necessary that it shfuild l>e placed 
at the level of the tail \Aater in order to utilise the full head. A reaction 
turbine may witli adA^antage be placed at a lieigiit, less tlian tin* heigiit 
of the Avatcr barometer, uhove the tail AAiiter, ]a*(.>vi.ied that it discljarges 
into a pi[)e Avliich, runnitig full, opens under tlio tail Avater. The advan- 
tages of this arrangement are that a shorter shaft is necessary, and the 
turbine is more accessible. 


Exercises XXIX. 

1 . The eifecfcive horse-power of a vertical water wheel is 28, and its efficiency 
is 70 per cent. If the total fail is 20 feet, how many gallons of Avater must be 
delivered to the wheel per minute ? 

2. The head race of a vertical water wheel is 5 feet wide, and the AA^ater in 
it is 6 inches deep, and has a velocity of 10 feet per second. The total fall is 
30 feet, and the efficiency of the wheel is 75 per cent. What is the effective 
horse-power of the wheel ? 

3. The stream impinging on the vanes of a common undershot winter wheel 
passes through a sluice opening 6 inches deep and 0 feet wide. The head of 
water is 4 feet 6 inches. Taking the coefficient of discharge for the sluice 
opening at 0'62, and the efficiency at 30 per cent., what is the useful horse- 
power of the wheel ? 

4. If in a Poncelet wheel the water enters in a direction bisecting the 
angle ^ between the tangents to the wheel and vane at the tip of the latter, 
and if the points of entrance and exit are at the same level, show^ that, so far 
as the action of the water on the vanes is concerned, the efficiency is equal to 

1 - tan- the friction of the water on the vanes being neglected. 

6. The centres of the buckets of a Felton w-heel move in a circle 3 feet in 
diameter. The actual head of water for the jet is 2000 feet, and the diameter 
of the jet is J inch. The wheel makes 1000 revolutions per minute, and develops 
80 horse-power, using 28 cubic .feet of w^ater per minute. Determine, (a) the 
resultant efficiency, (b) the loss of head estimated at the jet, and (c) the ratio 
of the mean velocity of the buckets to the actual velocity of the jet. 
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6. In a series of brake tests of a small Pelton wheel the following tabulated 

results were obtained I — . 


w 

6-5 

5*7 

6-4 

4-7 

4-4 

3-5 

2*9 

2-1 

1-0 

0-0 

N 

960 

1360 

1480 

1 

1800 

1900 

2240 

j 2520 

2800 

■,3280 

3580 


where W = effective load in lbs. on brake lever at 12 inches from axis of wheel, 
and N =: speed of wheel in revolutions per minute. The weight of water used 
in each test was 41-5 lbs. per minute, and the pressure of the water was 700 lbs. 
per square inch in the pipe behind the orifice. The diameter of the orifice was 
0-0835 inch. Complete the above table by adding the brake horse-power and 
the efficiency per cent. Plot the brake horse-power and efiiciency on a speed 
base. Scales. — Horse-power, 2 inches to 1 horse-power; efficiency, 1 inch to 
20 per cent. ; speed, 1 inch to 500 revolutions per minute. State the maximum 
brake horse power and the maximum efficiency. 

7. Show that the efficiency of a Pelton wheel is a maximum, neglecting 

frictional and other losses, when the velocity of the cups equals half the velocity 
of the jet. 25 cubic feet of water are , supplied per second to a Pelton wheel 
through a nozzle, the area of which is 44 square inches. The velocity of the 
cups is 41 feet per second. Determine the horse -power of the wheel, taking a 
reasonable value for the efficiency. [Inst.G.K] 

8. A Pelton wheel is to run at 900 revolutions per minute. The head of 

water is 720 feet, and the maximum water supply is 15 cubic feet per minute. 
Determine the diameter of the wdieel, the diameter of the nozzle, and the 
maximum power developed, assuming an over-all efficiency of 0*8. [U.L.] 

9. Explain why it may happen that- when the opening through the nozzle of 
a Pelton wheel has a certain area the power of the wheel may be diminished by 
increasing and also by decreasing the opening. 

10. The following particulars relate to a Girard impulse wheel. Using the 

notation of Art. 426, p. 490, ^i = 19°, ^1 = 36'", <j{>2=l5'’, ri=4 feet, rg=4*6 
feet. Total head =500 feet. Absolute velocity of water at entrance = 85 per 
cenfi. of theoretical velocity due to total head. Volume of water entering wheel 
per second = 8 cubic feet. Determine the velocities Vj, Cj, Cg* ^2 

feet per second, also the angle 6^, the speed in revolutions per minute, and 
the horse-power of the wheel, neglecting losses in the wheel itself. 

11. In a Girard impulse w&el, using the notation of Art. 426, p. 490, 

^1 = 20®, 01=40®, 0.2=15“, ^1 = 2 feet, ^2=2*5 feet, ^’l = 80 feet per second, and 
water passing through wheel per second = 25 cubic feet. Determine the velocities 
Ci» <'’ 2 » ^’2 second, also the angle & 2 i the speed in revolutions 

per minute, and the horse-power of the wheel, neglecting losses in the wheel 
itself,' 

12. A simple reaction wheel of the Barker's mill type is supplied with water 

at a head of 10 feet. The combined areas of the orifices amount to 40 square 
inches, and the velocity of the centres of the orifices is 24 feet per second. 
Find the horse-power, if the net efficiency is 60 per cent., and find also the 
hydraulic efficiency, ' [U.Ij.] 

13. Certain experiments with a jet reaction wheel showed that the maximum 

efficiency was obtained when (using the notation of Art. 427, p. 

491). Taking the coefficient of velocity for the orifices as 0-95, calculate the 
maximum efficiency and the percentage of the energy due to the head h which 
is carried away by the water leaving the wheel. 

M. A parallel flow impulse turfcne works under a head of 64 feet. The 
water is discharged from the wheel in an axial direction with a velocity due to 
a head of 4 feet. The circumferential speed of the wheel at its mean diameter 
is 40 feet per second. Neglecting all frictional losses, determine the mean vane 
and guide angles. [U.L.] 

15. The rim of an inward flow turbine moves at a speed of 30 feet per second, 
and the vanes are there at right angles to the rim. Water enters the rim with 
a radial velocity of 5 feet per second. If the water is to enter without shock, 
what must be the angle between the rim and the guide blades ? Find the 
weight of water entering per second if the circumferential area of ail the open- 
ings of the rim is 2*4 square feet, 




498 ^ APPLIED- MECHANICS 


16. I». an inward flow turbine the water enters the inlet; circumference, , 

2 feet diameter, at 60 feet -per '.second, and at 10’"- to the. taegent to the circu.m« 
ference. The '-water leaves ■ the^ .inner circumference, 1 foot diameter, with „a 
radial velocity of o feet per second. ' The peripheral velocity of . the inlet surface . 
of the wheel "is 50 feet per second. Find the angles of the vanes at, the "inlet 
and outlet surface. : [Inst.C.E.] 

17. An Inward flow turbine wheel works under a head of 60 feet, and makes, 
380 revolutions per minute. The diameter of the outer circumference of the 
wheel is 21 inches, and of the inner circumference 12 inches. The velocity,, of 
the water entering the wdieel is 44 feet per second, and the angle it makes with 
the tangent to the wheel is 10'’. Assuming the radial velocity of flow through 
the wheel to be constant, and that the water leaves the wheel in a radial direc- 
tion, determine the direction of the tangent to the vane of the vrheel at the 
inlet and outlet. Sketch a suitable form of vane. Determine the hydraulic 
efficiency of the turbine, 

18 . Using the notation of Art. 429 and the result proved In Art. 446, p. 516, 
apply Bernoulli’s theorem to show that in a radial flow reaction turbine 

' tf I - uf Cg - (Cf 

where 7i is the available or effective head at the inlet surface. 

Show also that in an axial flow reaction turbine 



— A' + A|, 


where Jij is the depth of the -wheel. 

19 . The supply of water for an inward flow reaction turbine is 600 cubic feet 
per minute, and the available head is 40 feet. The vanes are radial at the inlet, 
the outer ra<lius is twice the inner, the constant velocity of flow is 4 feet per 
second, and ilia revolutions are 350 per minute. Find the velocity of the wheel, 
the guide and vane angles, the inner and outer diameters, and the width of the 
bucket at inlet and outlet. [U.L.] 
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431. Distinction between a Piston, a Bucket, and a Plunger.— A 
piston is generally a cylindrical piece which slides backwards and forwards 
inside a hollow cylinder. A piston may be moved by the action of fluid 
pressure upon it, as in a steam-engine or as in certain types of winter 
pressure motors. A piston may, however, be used to give motion to a 
fluid, as in certain types of pumps. A piston is usually attached to a 
rod called a piston-rod. Numerous forms of packing are used to prevent 
leakage past the piston. In the piston shown in Fig. 797 eup-Ieatkers are 
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Fio. 797. Fia. 798. . /yy. 

used for packing ; the pressure of the water acting on the inside of the cup 

presses the leather outwards against the cylinder. 

A bucket (Fig. 798) is a piston provided with one or more valves 
which permit of the fluid passing through it in one direction. 

K plunger (Fig. 799) may be looked upon as a piston having the same 
diameter as its piston-rod, _ 

432. Bucket Pump —Bef erring to Fig. 8GD, AB is a cylinder or 
barrel, in which is made to reciprocate a bucket C, A pipe DE, called 
suction ptpOi leads frc n the lower end of the barrel and dips into the 
water which the pump is re [uired to raise. A pipe FH, called thedeliverg 
pipe, leads from the top of the barrel to the vessel into which the water 
is to be delivered. There are three valves, all opening upwards, one m 
the bucket, one at the top of the suction pipe, called the suehon valve, 
and one at the bottom of the delivery pipe, called the delivery valve. 

The action of the pump is as follows. The bucket being at the 
bottom of its stroke, and the barrel and pipes full of air at atmospheric 












pressiirej tlie bucket is pulled upwards, the valve i]i it .being kept shut by 
its own weight and the excess- pressure of the :a!r above it As the space 
between the bucket and" the suction- valve increases, 
the air in that space expands and its pressure falls. 

This enables the pressure of the air in the suction 
pipe to lift the suction wulve, and a portion of that 
air then flows into the barrel below^ the bucket. 

The pressure of the air in the suction pipe there- 
fore falls below the pressure of the atmosphere, 
and ill coiisecpience ivater is forced into the suction 
pipe from beloiv by the pressure of the atmosphere 
outside until the water stands at sucli a height that 
the pressure at E due to that column of water, and 
the pressure of the air above it, is ecpial to the 
pressure of the atmosphere. During the down- 
ward stroke of the bucket the air beneath it is 
compressed, the suction valve having closed, and 
when the compression is sufficient, the bucket valve 
opens and a portion of the air beneath the bucket 
passes through, it into the space above. In tlie 
next upward stroke tlie air beneath the Imckct is 
still further raretied, and the ivater is foi’ced by 
the pressure of the atinosjihere to a greater height 
in the suction pipe. This goes on until the ivater 
gets into the liarreL The bucket in descending 
then enters the ivater, part of wdiich passes tli rough 
the bucket to the space above. The whole space below the Imcket wdthin 
the barrel and suction pipe is now full of water, and subsequent up strokes 
of the bucket lift the water higher and higher, until it reaches the top of 
the delivery pipe. After this, during each u|> stroke, a volume of water 
equal to the volume swept through by the bucket is discharged tlirough 
the delivery pipe. 

Since the -water beneath the bucket is held up by the pressure of the 
atmosphere it is evident that the bucket in its highest position must not 
be at a greater height above E than the lieiaht of the water barometer. 
For a pressure of 14*7 lbs. per square inch the height of the water 
barometer is 34 feet. The height of the bucket above the level of the 
water at E is called the sw^tion head. In practice the suction head is 
generally not more than about 26 feet. 

It may be observed that in the pump just described the delivery 
valve is not absolutely necessary, but during the dowm stroke of the 
bucket it acts as a check on the suction valve ir. holding up the column 
of water. 

433. Force req.uired to Work a Bucket Pimp. — Once the barrel and 
pipes of the pump are fully charged wdtli water it is evident that, neglect- 
ing the volume of the pump-rod, the volume of wmter delivered during 
each up stroke of the bucket is equal to the volume swe}>t through by the 
bucket in one stroke. Let a = area of bucket in square feet; / = length 
of stroke in feet ; li ~ total height through which the winter is raised, in 
feet; Enforce fin lbs.) required to lift the bucket, neglecting friction and 
the weight of the bucket and bucket-rod. 
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Weiglit of water raised ill oiie up stroke = 62* 

Woidc done in one up stroke == 62* 3a/7i = PZ. 

Therefore P = 62* 3a/?.. That is, the pull on the pump-rod is equal to the 
weight of a column of water, whose base is equal to the area of the bucket, 
and whose height is the total head. Hence when friction is neglected, 
P is independent of the cliameters of the suction and delivery pipes. 

During the dowmvard stroke no water is raised, and only friction. Las to 
be overcome. Strictly speaking, a volume of water is discharged during 
the down stroke equal to the additional volume of piirnp-rod entering the 
barrel, but in the pump under consideration this may be neglected. 

Considering the effect of the pump-rod, if Uj == effective area of bottom 
of bucket = 0*7854/:/'^, where d is the diameter of the barrel, a. 2 ~ effective 
area of top of bucket (a^ is less than by the area of the section of the 
rod), 7.^3^ = suction head, then P== 62*3(a37?.| 

434. Plunger Pump. — Fig. 801 shows a short stroke plunger pump 
provided with ball valves. S is the suction valve, and I) the delivery 
valve. The action of this pump 
during the out or suction stroke is 

the same as that under the bucket \ t 

of the bucket pump wiien the bucket W 

is ascending. During the in or de- 11 

livery stroke the air within the pump || | J 

is compressed and a portion of it is 11 

discharged through the delivery valve, J L 

and wiien the pump becomes charged 

with water a volume of water equal ^ I 

to the displacement of the plunger HH i i ill 

is discharged through the delivery iiiiii ill""' ^ 

valve during each delivery stroke. I J I I I 
By t\m displacement of the plunger is I I 

meant the volume equal to the area 1 ' '' ^ ' 

of the cross section of the plunger — wBOB 

multiplied by the length of its Fia, 801. 

stroke. ■ , ■ 

A. duplex pump, consisting of two plunger pumps side by side and 


delivering into the same pipe, is shown in 


Section at AB, 
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are driven so that the delivery- 
stroke of the one takes place 
during the time of the suction 
stroke of the other. The result 
is a continuous flow of water in 
the main delivery pipe. The 
particular pump shown in Fig. 
802 is used for delivering water 
at a high pressure, such as is 
required by hydraulic machines. 
Another form of high pressure 
pump is described in Art. 437, 
p. 503. 

435. Double-Acting Piston 
Pump.— Fig. 803 shows one 
form of douhle-actmg piston 
pump. There are two suction 
valves Si and S 2 , and two de- 
livery valves Di and Dg . The 
action of this pump will be 
readily understood by an in- 
spection of the illustration. 
There is a continuous flow of 
water through the suction pipe, 
and also through the delivery 
pipe. 

436. Combined Plunger 
and Bucket Pump.— -A plunger 
pump is single-acting, discharg- 
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ing water during the imvard stroke. A bucket pump is also single-acting, 
discharging water during the oidtoard stroke. By combining these two a 
double-acting pump is obtained, and this has two valves only. Fig. 804 
shows a compact form of combined plunger and bucket pump,*®* designed 
by Mr. Arthur Bigg. P is the plunger, and B the bucket, D and S are 
the delivery and suction air chambers respectively. The valves are of the 
annular seated ring type, provided with rubber-packed stop sockets. 

The area of tlie cross section of the plunger is half that of the barrel. 
Hence, during the up stroke, half of the water raised by the bucket goes 
to fill the space left by the jiunger, the other half going to the delivery 
pipe. During the down stroke the plunger displaces the other half of 
the water raised by the bucket. 

437. Continuous Delivery Pump for High Pressures.— For charging 
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hydraulic acumulators, in wMcli the pressure of the water may ^om 
700 to 7000 lbs. per square inch, the type of pump shown in iig. euo u 
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generally used. . Tiie piston A has an area twice that of the piston-rod 
B. ' During the outward stroke the water to the left of the piston is dis- 
charged through the passage C and valve D to tlie ae<‘iiinnlatorj and 
water at the same time enters by the suction valve E and passage F, and 
fills the space to the right of the piston. During the inward stroke the 
water to the right of the piston is discharged throngh the passage F and 
valve H into the passage K, but only half of this waiter goes tlirongli the 
valve D to the accumulator ; the other half goes by the passage C to the 
annular space in the barrel or cylinder to the left of the piston. A volume 
of water, ecjiial to half the volume sw^ept through by the piston, is 
evidently discharged to the accuniiilator during each stroke. The valve 
D is not absolutely necessary, but it acts as a check on the others wiien the 
pump is not w^orking. To make the valves close promptly they are loaded 
with springs, w^hich consist of rubber rings separated by metallic w^ashers. 

438. Air and Vacuum Chambers. — In a pump of the single-acting 
type w^ater is delivered during alternate strokes only, and the flow- 
through the delivery pipe is therefore 
intermittent. The result of this is 
that in the neighbourhood of the 
delivery valve there is a great fluctua- 
tion of pressure due to the inertia of 
the water, and a consequent series of 
shocks. To I'emedy this defect an 
air chamber A (Figs. 806 and 807) 
is placed over or near the delivery 
valve D. 

The theory of the action of the 
air chamber is as follow^s. Eef erring 
to Fig. 808, the base line is a time 
base. The height of the straight line 
MN above the base represents the static pressure of the w^ater due 
to the head in the delivery pipe. The height of the line marked “ total 




resistance above MN represents the additional pressure required to 
overcome the friction in the delivery pipe. Suppose that the pump 
starts from rest. The water in the delivery pipe being at rest, the 
pressure of the air in the air chamber is equal to the static pressure of the 
water. At the beginning of the first delivery stroke the delivery valve 
opens, and the water, flowing through, finds two passages open to it, 
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one leading into tlie delivery pipe, and the other leading • into the 
air chamber. To flow into the delivery pipe the entering water must 
exert a pressure greater than that due to the head of water in that pipe 
in order to overcome the inertia of the column of water and the friction 
in the pipe, but to enter the air chamber the resistance is practically 
only that due to the air pressure in it, and this pressure is only the 
static pressure due to the head in the delivery pipe. Hence the water 
coming from the pump barrel, taking the path of least resistance, enters 
the air chamber. As the w^ater enters the air chamber the air in it is 
compressed and the pressure rises gradually. This gradually increasing 
air pressure acts of course on the column of water in the delivery pipe, 
and sets it in motion gradually without shock. Up to the time A 
(Fig. 808) all the water going into the delivery pipe has come direct 
from the pump barrel, but the greater portion of the water coming from 
the pump barrel has gone into the air chamber. At the time A the 
velocity has increased until the flow through the delivery pipe is equal to 
the discharge from the pump, and after this a diminishing pressure is 
sufficient to keep up the delivery. The air now forces water from the 
air chamber, and in doing so it increases in volume and falls in pressure. 
At the time B the air pressure has fallen until it just equals the resist- 
ance. Up to this point the driving force on the water has been greater 
than the resistance, and therefore the velocity of the water has been 
increasing, and is now a maximum. After the time B the water con- 
tinues to flow from the air vessel, although the air pressure is now less 
than the resistance, because of the kinetic energy in the moving water. 
At the beginning of the second delivery stroke the water from the pump 
has again two passages open to it. A quantity sufficient to keep up the 
flow at the now reduced velocity will go into the delivery pipe, but to 
send a greater quantity would mean increasing the velocity, and there- 
fore increasing the pressure above that in the air chamber, hence the 
remainder of the water enters the air chamber, and the pressure increases 
gradually. At the time C the air pressure is just equal to the resistance. 
Between B and C the air pressure, which is the driving force, has been 
less than the resistance, and the velocity has therefore been diminishing, 
and will have reached a minimum at 0. Between C and H the air 
pressure increases, and at D the flow through the delivery pipe is again 
equal to the discharge from the pump. At E the velocity is again a 
maximum, and at F the flow through the delivery pipe is again equal to 
the discharge from the pump, and so on. 

It is seen, therefore, that the air chamber makes the flow of water 
through the delivery pipe continuous, and shocks due to sudden changes 
of pressure are eliminated. 

The positions of the points A, B, C, etc., will depend on the char- 
acter of the motion of the bucket or plunger, the volume of air in the 
air chamber, and the friction in the delivery pipe. ^ 

The volume of the air chamber varies greatly in practice, being from 
two to six times the displacement of the bucket or plunger per stroke, 
and sometimes as much as ten times. 

An air chamber is not so necessary on a double-acting pump, but it 
is still advantageous, because the velocity of the piston not being uniform, 
the discharge through the delivery valves is hot uniform. The capacity 
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of' the. ai,r cliainber for ti double-acting pump may, however, be less' than 
for a single-acting one. ■■ ■■ " 

, .On the suction side of ' a pump the water in the suction pipe requires 
time to .acquire, under the action of .the pressure of the atmosp.'here, 
sufficient velocity to make it flow into the pump 
barrel and completely fill the space left by the 
bucket or plunger ; and when the suction pipe is 
long, or when the speed of the pump is high, the 
aiBOuiit of water entering the barrel during the 
suction stroke may not be sufficient to fill it. 

Again, at the end of the suction stroke the suction 
valve is suddenly closed, and the water in the 
siiction pipe is suddenly brought to rest and a 
shock is produced. To remedy these defects a 
vacuimi chamber Y (Fig. 809) is placed on the 
suction pipe near to the suction valve S. This 

vacuum chaniber is not entirely devoid of air, Wlieii the water is at 
rest the pressure of the air in the vacuum chamber, together with the 
pressure due to the head of ’water in the suction pipe, is equal to the 
piressure of the atmosphere. 

The theory of the action of the vacuum chamber is similar to that of 
the air chamber, already discussed, l^ut ■while the air chamber converts 
the intermittent discharge of the pump into a continuous flow in the 
delivery pipe, the vacuimi chamber converts a continuous flow in the 
suction-pipe into an intermittent flow in the pami). 

The volume of the vacuum chaniber may be about half that of the air 
chamber. 

439. Pump Valves. — In nearly all pumps in •which valves are 
essential, the valves are operated automatically by the pressure of the 
water passing through them. The valves permit the ■water to pass freely 
in one direction, bnt when the actuating force is removed, the valves close 
and prevent the return of the water. Kinematically, these valves are the 
same as the pawl which permits a ratchet wheel or rack to move in one 
direction only. 

There are many designs of valves in use in pumps, but it will only be 
necessary to refer to a few^ of them here. A simple conical direct lift mlm 
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Fig. 813. 


is shown in Fig. 810. The body of this valve is a slightly arched disc 
with a conical edge, which forms the face of the valve. The valve face 
beats on a corresponding conical seat, formed on a bush or on a part of 
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tlie valve casing. Tlie valve is guided as it rises or falls by means of tlie 
central stem, forniing part of the valve body, which slides in a hole in a. 
bridge stretching across the opening below the seat. The amount of lift 
of the valve is determined by a stop on the casing above the valve. A 
inodification of this type of valve is shown in Fig. 811. Here the body 
is made conical so as to direct the how of water more gradually towards 
the opening, and thus reduce shock. This valve is guided by three 
wings cast on it, which slide in the opening below the seat. In valves 
with conical faces and seats, the slant side of the cone is usually inclined 
at 45° to its axis. 

The valve showm in Fig. 812 differs from the one shown in Fig. 810, 
in having its face and seat flat, and in having the central stem above 
instead of below the valve. This stem slides in a guide forming part 
1>f the valve casing. The interior of this guide is in free comimmication 
with the interior of the casing through the small holes showm at the top, 
otherwise the stem would not rise and fall freely in the guide. The final 
grinding of the valve on its seat should be done when the guide is in 
position. The lift of the valve is limited by the collar on the stem 
striking the lower end of the guide. 

Fig. 813 shows a hall valve. The hall is guided and its lift deter- 
mined by the cage surrounding it. 

In the valves just described the width of the seat may be as small as 

inch, and it is sometimes as much as inch. The narrower the seat, 
the easier is it to make the valve tight, but the area of the seat nmst be 
sufficient to prevent the crushing of the material of the valve or seat. 
These valves are generally made of brass or gun-metal. 

Eef erring to Fig. 812, where the seat is fiat, d is the diameter of the 
valve, and li its lift. The lateral opening through the valve is irdli, and the 

area through the seat is hence when these tv^o are equal, 

The valve is therefore full open when the lift is one quarter of the 




o o 


Fig. 814. 








Fig. 815. 
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diameter. In practice the lift of single^6eat metal valves working on 
metal seats, and actuated by the fluid, is generally considerably less than 
one quarter of the diameter, especially when the speed of the pump and 
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the pressure of the water are high. In the valves shown in Fig.s. 810 and 

811, the area through the .seatisle.ss than on account of the presence 

of the ’arrangements for guiding .the valve. These valves are therefore 
Ml open when the lift is something less than |/i. 

An annular valve which has two seats is showxi, in Pig. 814. If 
and fig ..are the diameters of the annular opening between the, seats, and 
li the lift of the valve, then, -neglecting the effect of the ribs bet.ween. the 

seats, the valve, is full open when - dl) == 7r(d^ + that , is, when 

Jh = If rig = |(i|, then li = . 

The india-ruhher disc valve is shown in Fig. 815. The thickness of 
the india-rubber is generally | inch to | inch for small valves, and may 
be as much as inch in the largest sizes. The area of the seat or grat- 
ing in contact with the india-rubber should be sufficient to prevent the 
pressure betw’'een them exceeding 40 lbs. per square inch. The per- 
forated guard limits the angular lift of the disc to about 30°. 

The Gfdermidli valve^ shown in Fig. 8 16, is an ingenious form of ffap 
valve. This valve is made from a sheet of special bronze of high 
tenacity. Part of the sheet forms a spiral coil, the inner end of wffiich is 
turned over and enters a slot in a spindle. The flat or uncoiled part of 
the sheet forms the valve proper, and this is thicker than the rest. The 
projecting ends of the spindle are rigidly lielcl in bearings, so that the 
flap is always in its correct position over the port. Before clamping 
dowm, the spindle is rotated until the spring of the coil is of the necessary 
stiffness. The advantages claimed for this valve are, (1) the port is 
entirely uncovered with a relatively small deflection of the metal of the 
valve, (2) quite a small force exerted by the w'ater is sufiicierit to 
deflect the valve, (3) the valve closes promptly wdien the flow ceases. 

440. riuctuatiou of Delivery in Craak-driven Pumps.— In many 
cases the plunger or piston of a pump is driven through a crank and 
connecting-rod, the crank being fixed to a shaft which has uniform 
angular velocity. In other cases the plunger or piston is connected 
directly to the piston-rod of a steam cylinder, and there is a crank shaft 
wffiose crank is also connected to the piston-rod by a connecting-rod. On 
the crank shaft is a heavy fly-wheel, which causes the angular velocity of 
the shaft to be fairly uniform. 

In all such cases the velocity of the plunger or piston varies during 
each stroke in a well-defined manner, and the curve which represents the 
variation of the plunger or piston velocity may be constructed as fully 
explained in Art. 260, p. 300. The velocity of the -water through the 
delivery valve at any instant will evidently be proportional to the velocity 
of the plunger or piston at that instent. Hence a plunger- or piston- 
velocity diagram wail also be a rate of delivery diagram. This diagram 
may be drawn on a toe or, preferably, on a time base. 

First consider a simple plunger pump having one plunger. During 
the suction stroke there is no discharge through the delivery valve, but 
during the delivery stroke the variation of the velocity of discharge is 
shown by the plunger-velocity diagram. The result for one revolution of 
the crank is shown at (a). Fig. 817, on a time base. 
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l^^ext: consider a double-acting piston pump. Here tlie delivery from 
one side of tlie piston takes place at the same time as the suction on the 
other side, and the variation in the rate of delivery through the delivery 
valves for one revolution of the crank is as shown at Fig. 817, on a 
time base. 

The student should have no difficulty in constructing the rate of 



delivery diagrams for cases where there are two or more plungers or 
pistons driven from the same crank shaft through cranks making known 
angles with one another, there being one delivery pipe for all. 

The resultant rate of delivery curve for a three-plunger pump is 
shown at (r), Fig. 817. The plungers are supposed to be all of the same 
size, and to be driven through cranks A, B, and C, which make angles of 
120° with one another. 

At (d), Fig. 817, is showm the resultant rate of delivery curve for a 
double-acting piston pump having two pistons driven through two cranks 
D and E, which are at right angles to one another. The displacements of 
the pistons per stroke are assumed to be equal. 

441, Direct Driven Steam Pumps. — The shocks and irregularity in 
delivery which are almost inseparable from crank-driven pumps are to a 
large extent obviated in pumps in which a water piston is driven direct 
from a steam piston. In the latter type of pump the steam and water 
pistons arc at opposite ends of the same piston-rod, and there is no fiy- 
wffieel and no crank shaft. The motion of the pistons being controlled 
mainly by the steam and water pressures, the pistons can more readily 
follow the moving water, the velocities of the pistons and water adapting 
themselves to one another without shock. 

In a pump the head of water in the delivery pipe is usually constant, 
and therefore when the water is in motion with fairly uniform velocity 
the resistance is fairly uniform. Hence the pressure of the steam on the 
steam piston must not vary to any great extent, unless means are adopted 
to store up energy during one part of the stroke and restore it during 
another. A fly-wheel will do this effectively, permitting the steam to be 
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nsed expansively, and therefore more' economically. Hence the advaiitage 
of eel pumps. 

Many contrivances, other than the fly-wheel, have been tried to enable 
the direct driven steam pump to use the steam expansively. One, which 
has been used with great success on large pumping engines, will now be 
described. This is the compensating cylinders of the Wortliingtoii pimiping 
engine. Fig. 818 show's a triple-expansion pumping engine having three 
steam cylinders and a water cylinder in line, the tliree steam pistons and 



the ^Yate^ piston moving together. In the particular engiiie considered, 
the hia'h ])ressure piston and the w^ater piston are at opposite ends of a 
piston-rod connected to a cross-head A. Tlie intennodiate and low' pres- 
sure pistons are connected by a central piston-r«;)d B. The Ionv pressure 
piston is connected directly to the cross-head A. hy tw'o other piston-rods 
wdiich pass through the front end of the low' pressure cylinder, but these 
rods pass outside the intermediate and Idgli pressure cylinders. GC are 
the coini)ensating cylinders, w’hich are mounted on trunnions to permit 
them to oscillate. The compensating cylinders are provided with rams, 



on the outer ends of which are formed gudgeons, which -work in bearings 
OB the cross-head A. 
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Detailed illustrations of a compensating cylinder and its ram are 
showiiinPig.'819/ , \ ^ 

The compensating cylinders contain water, which is in free communi- 
cation with an accumulator under air pressure. During the first half of 
a stroke of the pistons the excess work done by the steam is used to push 
the rams into the compen sating cylinders, thereby eompressing the air in 
the accumulator, and during the second half of the stroke the work done 
during the first half in compressing the air is restored, the rams being 
forced out, and, as they now slope the other w^ay, they assist in driving 
forward the cross-head. , 

The action of these compensating cylinders presents an interesting 
problem which is worthy of careful study by the student. Dimensions 
and further particulars relating to the engine just described * will now 
be given, so that the problem may be fully wurked out. 

The dimensions are as f ( Hows. Diameters of steam cylind ers, 14, 
22, and 38 inches. Diameter of water cylinder, 10| inches. Stroke of 
all pistons, 24 inches. Diameter of rams of comi^ensating cylinders, 
5 inches. Distance between axes of trunnions, 29| inches. Distance 
between axes of gudgeons, 13 inches. The pressure in the compensating 
cylinders is 515 lbs. per, square inch. ' , . 

The indicator diagrams taken from the steam cylinders are given in 
Fig. 820, while Fig. 821 shows these diagrams corrected to show effecMm 



Fig. 820. 


Fig. 821. 


pressures per square inch on the several pistons for one stroke. The 
dotted lines on the intermediate and low pressure diagrams in Fig. 821 
represent the pressures on the intermediate and low pressure pistons per 

^ Kindly supplied by the Worthington Pump do., London, 
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square incli of higli pressure piston to^ the. same sealers the Jiigli pressure' 
diagram. These various conversions were discussed in Art 272, p.,., 3 14. 
Adding together the corresponding ordinates of these corrected diagrams 
would give the total effective pressure on the three pistons per square 
inch of hi fjh pressure pwt07t. 

It remains to construct the diagram whkdi shall show tlie liorizorital ' 
thrust on the cims-head due to the action of the.coiiipeiisating .'Cylinders.. 
This is shown by the dotted curve ^ . 

DE (Fig. 822) constructed on the p— 

base XX. To construct the curve " 

DE, the first step is to find the mf- — 

pressure on the rams per square |20 I — - — ■ — 

inch of high pressure piston. . \ 

This amounts to ? ' ■ 1 | 

0-7854 x 62x515 ^ ^ i7'^ ! 

-07854714^-“" ' «r — f— =:c 1 

per square inch for each ram, ^ , i 

neglecting the effect of the piston- ^ 

rod. As there are two rams, the 24 — — ^ 

total effect is equal to 131*4 lbs. 4 g I / 

per square inch of high pressure 

piston on one ram. Referring ^ ^ 7iJx\ 

now to Fig. 822, O is the axis of 

the trunnion of one ram, and XX iao — — * — l—r 
is the line of stroke of its gudgeon. g22 

When the gudgeon is at F, the 

axis of the ram is OF. On OF make OH equal to 131 A lbs. to the 
pressure scale of the high pressure diagram. Draw the horizontal line 
HK to meet the vertical line OK at K, then HK is the horizontal thrust 
exerted on the cross-head by the rams. Make the ordinate FL equal to 
HK. L is a point on the curve DE. For the first half of the stroke the 
horizontal thrust of the rams on the cross-head is reckoned as negative, 
since it is opposing the motion of the cross-head. 

The upper boundary line of the final diagram, shown shaded in Fig. 
822, is determined by laying off the sum of the respective ordinates of 
the corrected curves in Fig. 821 above the ciuwe DE in Fig. 822. For 
example, ah ^ ed + ef -h gh, 

^ The ordinates of the final diagram represent the resultant horizontal 
driving force on the pump piston square mch of high presstire piston. 
The total resultant driving force is of course obtained by multiplying the 
force shown by the shaded diagram by the area of the high pressure 
piston. In constructing these diagrams, the effect of the various piston- 
rods in diminishing the effective areas of the pistons has been neglected. 

^ Direct driven steam pumps arc generally of the duplex type, there 
being two sets of steam and water cylinders side by side with one common 
delivery pipe. 

442. Centrifugal Pumps. — The ordinary form of centrifugal pump 
consists of a ivheelj disc^ or runner, provided with a number of vanes, 
which revolves within a casing. When fully charged with •water the 
revolving wheel carries the water round with it, and the centrifugal force 


Fig. 822. 


PUMPS 


513 


of tlie revolving water causes it to travel outwards from the centre to the 
circumference of the wheel. The suction or supply pipe leads the water 
to the centre of the wheel, and the delivery pipe takes it from the casing 
at the circumference of the wheel. The centrifugal pump is to a certain 
extent a reversed turbine, and the principles involved in the theory of 
the centrifugal pump are the same as for that of the turbine. 

Pig. 823 shows a type of centrifugal pump made by Messrs. W. H. 
Allen, Son, & Co., of Bedford, who kindly supplied the drawings from 



which this illustration has been prepared. A is the wheel, which is of 
the shrouded type, provided with six vanes B between the shrouds. For 
pumping ordinary water the wheel may be made of cast-iron, but for salt 
or brackish wmter a gun-metal wheel is generally used. The wheel is 
keyed to a steel or bronze shaft C, which runs in white metal bearings 13 
carried by the casing. Where the shaft leaves the casing there is a gland 
and stuffing box to prevent leakage. The water enters from the suction 
pipe connected to the pump casing at E, and flows to both sides of the 
wheel, entering the latter at its eye or centre opening. Passing through 
the wheel the water flows into the expanding chamber F, and thence into 


E 
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the delivery'pipe,-' wMcli- is conaected to tlie,,piimp casiag at H. .The 
expanding chamber or vohite F, which collects, the water from the wheels 
ha,s a varying radial, section proportioned to tlie.qiiaiitity of water passing 
through it in a given time, so that the mean velocity of the water .in the 
volute is niiiforiB. ■. ^ 

The object of the volute is to gradually reduce the \-elocitj of tlie 
water after it leaves the wheel, and so convert }^art of its kinetic energy 


into pressure energy. 

A centrifugal pump will not act unless it is fully charged wuth water. 
A foot valve in the suction pipe will keep the immp charged once it has 
been filled with water. A common method of ciiargirig large piimps is to 
withdraw tlie air by means of a steam ejector ; this requires tliat the 
delivery pipe be fitted with a valve, which is cl<»sed while the ejector is 
acting. 

Comparing the ordinary centrifugal pump with a plunger or piston 
pump, the former is much more efficient at low lifts, say under 30 feet. 
The centrifugal pump also gives a uiiifonn delivery, and having no 
vahes, it is much better adapted for pumping dirty waiter. 

443. Design of Vanes of CentrifugarPumps. — Keferring to Fig, 824, 
and '^2 wiieel respectively. In 

practice /q generally lies 
between 2/‘| and 3?\, and 
is froque!i% equal to 2rj. 

B,B 2 J’cpresents one vane. 

Water enters the wiieel at 
B^ in the direction 
with an absolute velocity 
and moving over the 
vane, leaves the wheel at 
Bg in the direction B^Yo 
with an absolute velocity 
The tangential velo- 
cities of the wheel at B^ 
and B,, are C{ and c., re- 
spectively. The parallelo- 
grams of velocities at B|^ 
and B 2 are constructed 
as in the case of turbines. 

BjTJi is the relative velocity of the winter and vane at and is 
the inclination of the vane at to the tangent to the wdieel at that 
point. BoCT^^i^o relative velocity of the wuter and vane at B 2 , 

and is the inclination of the vane at B^ to the tangent to the wheel 
at that point. 

is the radial velocity of the w^ater at and B^So is the 

radial velocity of the w^ater at Bg. If A| and are the areas of the 

circumferential sections of the wheel at radii and resjiectively, then 
Generally then Ao — A^. If fq and A are the 

breadths of the wffieel at inlet and outlet respectively, A-| ~ 27r}\dj , and 
A 2 = 27r?’25o. Hence if Ag — A,, radial velocity of 

the water throughout the wheel is to be constant, then the breadth d at 



Fig. 824. 


any radius r is given by the equation br = 
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cos 6j — w^ is the velocity of whirl of the water as it enters 
the wheel, and S 2 Y 2 =='y 2 0 ^ 2 -w^ is the velocity of whirl of the water 

as it leaves the wheel.. 

It is generally assumed that the velocity of 
whirl at entrance is zero, that is, the direction 
of motion of the water at entrance is radial, as 
shown in Fig. 825. In this case tan — ^ihv 
The radial velocity of flow through the wheel 
may be from 2 to 10 feet per second, and is com- 
monly about 5 feet per second. 

444. Work Imparted to the Water hy the 
Wheel, — The increase in the angular momentum of 
1 lb. of water in passing through the wheel of a 

centrifugal pump is • ('/-r 2^2 ~ equal 

to T, the turning moment on the wheel. Hence if 
(0 is the angular velocity of the wheel in radians per second, the work 
done per second per pound of water passing through the wheel is 



Fia. 825. 


To) == - {w^r<2(3i — ' 


If is zero, then Tw = 

9 




(See also Art. 419, p. 482.) 


If H is the maximum theoretical head or the height to which the 
wheel will raise the water, neglecting all losses, then obviously 

and when = H = 

445. Efficiencies of Centrifugal Pnmps.~If v denotes the velocity 
of the water as it leaves the delivery pipe, then the energy or head loss 

2 

on account of this velocity is ~ per lb. of water delivered. The loss of 

energy or head in friction in the suction and delivery pipes may be 
computed as in Article 404, p. 462. Let the loss due to friction in the 
pipes be denoted by and let h be the actual height through which the 

water is raised by the pump, then 4* Hh — is called the gross 

head or gross lift of the pump. 

The ratio of the gross head to the maximum theoretical lift H 
(see preceding Article) is called the hifdraulic efficiency of the j)ump. 

Except in small lifts the term ^ is unimportant, and for small lifts 

the term hi is unimportant. The velocity v may be reduced by making 
the delivery end of the pipe bell-mouthed. 

The actual or commercial efficiency of a centrifugal pump is the ratio 
of the work represented by the product of the weight of water raised, 
and the height to which it is raised to the work done in driving the shaft 
of the pump. 

The kinetic energy or velocity head water as it leaves the 

wheel can only be utilised for lifting the water by first converting it into 
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pressure energy by gradually reducing the velocity in an expanding 
chamber or volute. If no part of the velocity head is utilised, tlien the 

tlieoretical lift is reduced from , 

0 -ff 


446. Centrifugal Head Imparted to Water hj Wheel of OeEtrifugal 
Pump,— 'Suppose the -pump -to.. be fully charged with w^ter, and. that the 

wheel is rotating with angular Telocity o>p but that 

no water is being cleliTered. The water witliiii the 
wheel will have rotary motion only, and the centri- 
fugal force of this water will cause the pressure at 
the outer circumference to be greater than that at 
the inner circumference. 

To determine the difference of pressure at the outer 
and inner circumferences of the wheel due to the cen- 
trifugal force of the water iu the wheel, consider (Fig. 

826) a wedge of this w^ater of breadth h and angle 5, 
as shown. Take an element FH of this wedge at radius r and thickness 
dr. If to is the density of the water, then the weight of the element 

FH is lobrddr, and its centrifugal force is To prevent FH 

from moving outwards in a radial direction the intensity of the pressxire 
on its outer face must exceed the intensity of the pressure on its inner 

face by an amount dp, and dp • or dp = , The 

difference of the intensities of the pressures on the outer and inner ends 



of the wedge of water within the wheel is 

P\ 9 9 

if \ is the head equivalent to this difference of pressure, 




tm'hrir W(d^ r: 


, and 




ct)2(r|-rf) c| 




% , ^9 

In order that the pump may discharge water through the delivery 
pipe the actual head must be less than the centrifugal head. 

447. Turbine Pumps.— A greater amount of the kinetic energy of 
the water as it leaves the wheel of a centrifugal pump may be converted 
into pressure energy by providing suitably designed guide passages in 
the chamber surrounding the wheel. The centrifugal pump then becomes 
a turbine pump, A single wheel turbine pump will raise water to a much 
greater height than an*ordinary centrifugal pump. 

448. Multi-stage Turbine Pumps. — Water may be pumped to almost 
any height by mounting a series of turbine pump wheels side by aide on 
the same shaft, each wheel being provided with a suitable casing The 
water enters the eye of the irst wheel, and is delivered through its 
casing to the eye of the second wheel, and so on to the delivery pipe, 
which leads the water from the casing of the last wheel. 

Fig. 827 shows a multi-stage turbine pump, as made by Messrs. 
W. H. Allen, Son, & Co., of Bedford. This pump is provided with a 
balancing arrangement, designed with a view to reducing the leakage of 
water through the clearance between the balancing piston A and the 
bush E. The cylinder C is attached to the pump casing, and is provided 
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witli a facing against wMch. the radial facing on the balancing piston A 
runs with a small clearance. When the radial facings of the piston and 
cylinder touch one another there is a small clearance between the collars 
and the facings of the multi-coliar thrust-bearing D, thus allowing the 
spindle a very small axial movement. This movement also gives a very 
small clearance between the two balancing facings mentioned above. 

When the leakage water from the periphery of the end wheel or 
runner enters from the annular chamber E to the chamber F it is not 
drained away directly, but passes between the two radial facings of the 
piston A and the cylinder C. The maximum clearance between these 
two facings is very small, and therefore only a very small quantity of 



has to be drained away. 

In chamber F there will be a pressure which will vary with the head 
against which the pump is working, and also with the clearance between 
the piston A and the bush B, and between the piston A and the cylinder 
C. When water in the chamber F reaches a certain pressure it will 
force the runners and spindle to move in an axial direction, thus slightly 
increasing the clearance between the facings of the balancing piston and 
cylinder. The water in the chamber F will drain away through the 
increased outlet opening, and the two facings will move away from each 
other until the intensity of the pressure between them and also in the 
chamber F is so small that the thrust on the runners overcomes it,^ and 
brings the runners back into their first position, consequently the sjnndle 
will make a small reciprocating movement in an axial direction, thus 
materially helping to ensure perfect balance. 
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Exercises XSX. 

stroke of the bucket is 2 fee . revolutions ner ininnte The total head 

rod coupled to a 0-“^ ^“^0 per minute, and 

the crank if the efficiency of the pnoip is 

ntuoLt pump works under ^ -o" 

deliirery head of iO feet of water. The dmmeteis ot ^ 

are 12 inches and ^Ihafc is the pull on the rod during the 

up roUT Ms^ffiat [fthe\oW of water discharged during («) one up 

rotioTauTdelivery heads of a plunger pump are 20 feet and 50 

feefraSf :r “h^e 

ifissislisIS 

Se ie“?: "FMf(h) HOW many gallons of water -e lifted per minute 
fii^ The useful 'torse-power when the pum^ ai^ 

°TThetZZ^ofa°double.aotingpistonpumphas a diameter of 9 inches, 
and Je pistrrod ims a diameter of I inches.' The piston-rod goes through one 
And of the cvlinder only. The suction and delivery heads are 10 feet and oO 
feet retoeZely. NeglLting friction, calculate the force necessary to work the 
™VofdZn- the “in” and “ out” strokes. If the mean speed of the piston 

FsTfeer^e? minute, howmany gallons otwaterdoes^ 

fi Tn fl dunlex Worthington pumping engine (see i ig. bl8, p. oiU) eaon oi rne 

two Dumn-niSoSslO,Vinches diameter,and the pump-rodsare.3pnches diameter 

The ratetiFpumpino- ii 1,442,312 gallons per 24 hours. What is the mean speed 
of thfpis olsTteet p^r minntli The head is 6^8 feet inclu^ngfrm^^^^^^^^ 
,*c tiiA mimry horse-power ? The duty of the engine is 183,dOy,OUU tl.-ios. 
per owt of coal, and the steam consumption is 12T lbs. per pump horse-power 
IS hZ. What is the weight of steam produced per lb of coal used ? 

7. Beproduce the indicator diagrams given in B ig. 820, p. 31 1, enlargm turn 
to, say, twice the size shown. Then, taking the particulars of 
Tinmnina- ensine given in Art. 441, construct, on a stroke base, the diagiam 
whoL ofdinftes show the effective driving force on the 

in Art. 441, but allow for the effect of the ’^f'^ons , piston-rods on the^arca. 
of the pistons. All the steam piston-rods are 24 inches diameter. On the final 
diat'ram add a horizontal line whose height above the base is „ 

the diagram. Also add the line whose height ®^5^®Sex«dse If 

of the pump obtained from the particulars given m the p ■ ^ ti,pm should 

several students in a class should work this "eton 

construct the diagram for the forward stroke, and the olhers for the return 

A*^’show, by drawing the rate of delivery curves, that the 
delivery from a pump having two single-acting plungers driven in o ^ 
cranks'^ at right mgles to one another is considerably greatei than for one 

Draw^the rate of delivery diagram for a pump of the type shown in Fig. 
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805j p. 503, the area of the piston-rod being half that of the piston. Then 
constmot the rate of delivery diagram for two such pumps driven through cranks 
at right angles to one another. Take the length of the connecting-rods equal 
to 5 cranks. 

10. A “ three-throw ’’ deep well pump has three pistons each 6 inches diameter, 

^ with piston-rods 2 inches diameter. Stroke of each, 24 inches. .The pistons are 

driven through a crank shaft having three cranks making 120° with one another. 
The connecting-rods are so long that the pistons may be assumed to have 
harmonic motion. Draw the rate of delivery diagram for this pump. 

11. A centrifugal pump with vanes curved back has an outer radius of 10 

i inches and an inlet radius of 4 inches, the tangents to the vanes at outlet being 

inclined at 40“ to the tangent at the outer periphery. The section of the wheel 
] is such that the radial velocity of flow is constant, 5 feet per second; and it 

runs at 700 revolutions per minute. Determine, (1) The angle of the vane at 
inlet so that there shall be no shock, (2) the theoretical lift of the pump, (3) the 
velocity head of the water as it leaves the wheel, _ [U.L.] 

12. Determine the circumferential speed of the wheel of a centrifugal pump 
which is required to raise water to a height of 5 feet, having given that the 
efficiency is 0*6. The velocity of flow through the wheel is 4*5 feet per second, 
and the vanes are curved backwards so that the angle between their directions 

I and a tangent to the circumference of the wheel is 20°. 

f 13. A centrifugal pump 4 feet diameter, running at 200 revolutions per minute, 

I pumps 5000 tons of water from a dock in 45 minutes, the mean lift being 20 feet, 

i The area through the wheel periphery is 1200 square inches, and the angle of 

I the vanes at outlet is 26“. Determine the hydraulic efficiency, and estimate the 

I average horse-power. Find also’ the lowest speed to start pumping against the 

; head of 20 feet, the inner radius being half the outer. [U.L.] 



CHAPTER XXXI 

SOME HYDRAULIC PRESSURE MACHINES 

449. Packing for Hydratdic Bams and Pistons.~To prevent 
leakae-e of the v?ater between a ram, plunger, or piston and tbe 
cylinder various forms of packing are used, llie ^u-Immer padmig 
shown in Fig. 828 has been extensively used. The water leaks past 
the ram as far as the packing, and, entering its interior, presses one ade 
a':'ainst the recess in the cylinder and the other against the ram. The 
treater the pressure of the water the greater is the tendency to leak, but 
fn the U-leather packing the force with which the leather is pressed 
against the ram and against the recess in the cylinder^ to prevent 
leakage is proportional to the pressure of the water. 1 his is one gi’eat 
merit of the U-leather packing. 

The U-leather packing is made from a disc or fiat ring ot^^leather, 
which is moulded between two cast-iron blocks, as sliown in Fig. 829. 



The leather is softened in hot water and placed between the blocks, 
which are then pressed together in a hydraulic press or by bolts and nuts, 
the bolts passing through the blocks. The leather is kept ni the niould 
for about twenty-four hours, when it is removed, and after it is dried, it 

is trimmed to the form shown in Fig. 828. _ 

The -hat-leather ^paeldngie shown in Fig. 830. This is more commonly 

used for small rams, valve spindles, etc. _ * - x i i 

The is mainly used for pistons. A piston pacKea 

with two cup-leathers is shown in Fig. J797, p. 499. A cup-leather 
packing on a ram is shown in Fig. 839, p. 626. _ 

Hat- and cup-leathers are moulded in a similar manner to tiie 

U-leather. , 

The leather for hydraulic packings should be the best cpality oalj:- 
taniied, sole leather. It is- planed to a uniform thickness of about 
three- sixteenths of an inch. The flesh side of the leather is made the 
rubbing side of the packing. 
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An objection to tlie U -leather packing is that the ram must be 
removed before the packing can be renewed, and this, in many cases, 
is very troublesome. In such cases the ordinary stufiing-box is generally 
used. The ordinary gland and stuffing-box for hemp or other packing is 
shown XU Fig. 799- ,p.: 499. 

To give a smooth and non-coiTosive surface to a ram, it is frequently 
sheathed with brass. Cylinders are also lined with brass for the same 
reasons and to niake them non-porous at high pressures. 

450. Joints and Connections for Hydraulic Pipes. — Hydraulic 
mains are generally made of cast-iron. For a pressure of 800 lbs. per 






Fig. 831. 


Fig. ,832. 


square inch the diameter of these mains does not exceed 7 1 inches. 
The form of joint used for cast-iron hydraulic mains is shown in Fig. 831. 
The joint is made water-tight by a gutta-percha ring, which is forced into 
the V-shaped recess formed between the spigot and socket. 

For smaller pipes, solid-drawn steel tubes are used. A common form 
of joint for these tubes is shown in Fig. 832. Strong cast-iron flanges 
arescrew^ed on to the ends of the tubes. One of the two flanges has 
a shallow socket to receive a spigot on the other. The joint is made 
water-tight by a leather or gutta-percha 
washer placed between the spigot and 
socket. The end of the spigot and the 
bottom of the socket in contact with the 
leather or gutta-percha have concentric 

grooves turned on them, and the leather , , l il l 'l'ri f 1 18 [Hi '3 

is forced into these grooves. m illl ^ 

A very convenient form of joint 
between a steel tube and a hydraulic 
cylinder is shown in Fig. 833. A screwed 
recess is formed in a boss on the ///// /'f 

cylinder, and into this is placed, first Fig. 833. 

a leather or gutta-percha washer, and ■ . v , -o 

then the end of the tube, on which is screwed a collar A. A gland B 
screwed into the recess completes the connection. 

451. Hydraulic Accumulator.— Hydraulic pressure machines are 
usually intermittent in their action, and their demand for power is 
therefore very variable. In an installation of ^ these^ machines the 
pressure water is obtained from pumps, and it is desirable that the 
pumps should be kept, as far as possible, working continuously. This 


A gland B 
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■/OS tlie introduction of a liydraulic accixiimlator, -wliicli shall 
the pressure water when the pumps are delivering more than is 
hy the machines, and give it out again when the delivery of the 
less than the machines require* There are two principal types 
dinary hydraulic accumulator. In the one type there is a fixed 
itted with a loaded ram, and in the other there is a fixed ram 
is fitted a loaded cylinder. An example of the fixed ram type 
ulator is shown in Fig, 834 A is the ram, and B the cylinder* 
,e delivery of the pumps is . ^ _ 

r less than is required by the If;' 'Pl 

, the water enters or leaves the I Ijj 

at C through the ram, which ||| | || ' 

Resting on the flange at the m 11 I 

i of the cylinder is a strong |||j |i ip I 

base D, which carties the |1 1^ i 1 

: of the load. The remainder M . I Ml t H 

.d may consist of a number of ||| li | l| 

cast-iron, or, as in the form | IMI I 

) carries a cylindrical casing |£\ 1; I | 

jteel plates, which holds scrap |1' 1^1 

les, or other suitable heavy 1 ;| | 

When at the bottom of its 1 ‘ |i h f| , 

3 load rests on the wood blocks | I ; 1 ; ' i 

EE are two timber posts sunk j I 'i i 

3rete foundation at their loww M ‘ L 

fixed at their upper ends to l| r ' 

of the building containing the | |// 

■or, or in any other way com ^ 

To the inside fac^ of these || ^ 

sts are attached steel or iron ! jl 
in which slide blocks attach^ 
ad casing, as shown in the 
and more clearly in the cross 

■ (a). In this way the load is guided as it rises and falls, 
buffer or stop is provided to prevent the cylinder rising 
and if there is only one accumulator, there are levers w'hicii 
atically brought into action at or near the top of the stroke, 

. stop or restart the pumps. 

;e installations where one accumulator would be inconveniently 
or more are used, in which case the second carries a heavier 
^the first, and the third a heavier load than the second. Each 
F load corresponds to an increase of pressure of about 20 lbs. 

. inch. The second accumulator does not come into action until 
^ fully charged, and the third does not come into action until the 
ully charged. Only when the last of the series is fully charged 
mps stopped. 

diameter of ram in inches, j? = pressure of 'v^ater in lbs, per 
W = total moving load in lbs., and ^ = stroke in feet, then, 

i friction, and the capacity of the accumulator is 
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452. Tweddeirs Differential Accumulator, — In tMs aceumuktor' 
there is a fixed ram ABC (Fig. 835), the lower part BC being' of larger 
diameter than the upper part AB. The 
lower end of the ram is fixed in the base 
shown, and the upper end (not shown) is 
rigidly held by a bracket attached to a wall 
or in any other convenient way, T> is the 
cylinder which slides up and down on the 
ram. The lower and upper ends of the 
cylinder fit the larger and smaller parts of 
the ram respectively, leakage being prevented 
by packings, as shown. The cylinder is 
loaded with cast-iron weights as shown, the 
amount of the load depending on the water 
pressure required. Water enters or leaves 
the accumulator by the pipe E, and passes ^ ^ 

along a central hole in the larger part of the ^ ^ 

ram ; this central hole communicates with the ^ ^ ^ ^ 

water vspace in the cylinder by transverse 
holes in the ram at B, When at the bottom ^ ^ 

of its ^stroke the cylinder rests on the 

If M"== total moving load, larger 
diameter of ram, — smaller diameter of 

ram, and jp = intensity of water pressure, F 


then, neglecting friction, 


dDi^'^W. 


From this it will be seen that if the difference 
between and dt^ be small, ^ will be large for 
a comparatively small value of W, but the 335 ^ 

capacity of the accumulator is small. 

If d is the diameter of the ram of an ordinary accumulator carrying 
the same load W under the same pressure j?, then d= ^/(dl — tfa)* The 
ordinary accumulator wmuld therefore have a much more slender ram 
than the differential accumulator. 

The difterential accumulator is usually comparatively small, say 
= 6 inches, ffg ~ 5 inches, and a stroke of about 4 feet. 

The differential accumulator is used in connection with one hydraulic 
machine only, such as a hydraulic riveter, where the force exerted at the 
beginning of the operation is comparatively small, but at the end it must 
be large. The capacity of the differential accumulator being small, the 
load descends rapidly and with increasing speed, and as the operation of 
the hydraulic machine approaches the end, the falling load is brought 
quickly to rest, with the result that there is a considerable rise 
in the pressure of the water, and therefore a considerable increase 
ill the force exerted by the hydraulic machine at the conclusion of its 
operation. 

453. Intensifting Accumulator, — An accumulator in- which the 
produced by low pressure water, say from the ordinary 
on a piston, is shown in Fig. 836. This is called an 


This is called an 
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int&mifymg mmmulator, because the pressure of the water ou the 
piston* intensifies the pressure of the water on the ram. , The low pres« 



sure water enters at A. The action is obvious, and need not be further 
described. 

If is the diameter of the ram, D the diameter of the piston, the 
pressure of the water on the ram, and P the pressure of the water on the 
piston, then, neglecting friction, = 

454. Hydraulic lutensifiers. — When a hydraulic machine, in 
finishing the operation which it is designed to perform, has to 
exert a much greater force than is required during the earlier part of 
the operation, the increased force may be obtained by the use of an 
intensifier. 

The intensifying accumulator described in the preceding Article may be 
used as an intensifier by first charging the smaller hydraulic cylinder with 
water, and then introducing the power water from the pumps into the 
larger cylinder at A. The effect of this will be to raise the pressure 
of the water in the smaller cylinder and in the pipes leading from it. 
Generally, however, the hydraulic intensifier has two rams instead of 
a ram and piston. 

If d and are the diameters of the smaller and larger rams 
respectively, p the pressure of the water supplied by the pumps, and 
the intensified ]}ressure, then, neglecting friction, ~pdi* 

A hydraulic intensifier, which may be operated to give three 
different higher pressures, as required, with the same pump pressure, 
is shown in Fig. 837.* A is the smaller ram, and this is stationary. 
B is a cylinder fitting over A, but it is also a ram fitting into 
C. While 0 is the cylinder for B, it is also the ram for D ; and 
while D is the cylinder for 0, it is also the ram for the fixed outer 
cylinder E. 

On the tension rods FF are placed sleeves HH, which have 
lugs KK, which, when brought round into action by turning the 
sleeves, prevent D from rising. The sleeves also have lugs LL, which, 
when brought into action, prevent C from rising. MM are handles 
for turning the sleeves to put the lugs LL or LL and KK into or out of 
action. 

The cylinder B and the pipes connected with it through the interior 

* American MaekinistyJ^o^. 5, 1904. 
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of tlie fixed rani A are cliarged witli the water whose pressure is to be 
intensified, and water at the ordinary pump pressure is introduced into 
the outer cylinder E. The lugs on 
the sleeves are shown in action 
in Fig. 837 preventing C and D 
from rising. 

Let dy d^, Q>nd d.^ be the 
external diameters of A, B, C, 
and D respectively. Let p be the 
ordinary pump pressure of the 
water, the intensified pressure 
when B alone rises, inten- 

sified pressure when B and C rise 
together and D is fixed, and p.^ 
the intensified pressure when B, C, 
and D rise together. Then, neglect- 
ing friction, 


OTd%-- 


■dlp. 


Similarly, 

In the 


shown in Fig. 837 the ram A 


'2 ~ d^p^ and d p^ = d^, 
particular intensifier 
and 

cylinder B are made of forged steel. 
The other cylinders are made of 
cast-iron. To diminish the clear- 
ance spaces all the cylinders except 
the outer one are bored out. 

In operating a hydraulic machine 
which works in connection with 
an intensifier, the machine is first 
driven directly by the ordinary 
power water, and at the point in 
the operation where the greater 
force is required the power water 
is switched on to the larger 
cylinder of the intensifier, and 
at the same time the delivery of 
the intensifier is switched on to 
the machine. 

455. Hydraulic Press for mak- 
ing Lead Pipes. — Fig. 838 shows 
a form of hydraulic press used for 
“squirting lead pipes. A is a 
large ram, on the top of which is 
the cylinder B, containing the lead. 
C is a smaller fixed ram, which is 
hollow, and provided with a die at 
its lower end. This die has a hole 
in it of a diameter equal to the 
outside diameter of the lead pipe. 




Fig. 837. 
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of tlie cylinder. The space round the |)ump in the casing forms a cistern 
for the water. A spindle, one end of which passes through the casing, 
carries at that end the hand lever, and inside the casing it carries a short 
crank, the free end of which works in a rectangular slot formed in the 
plunger of the pump. By this arrangement the oscillation of the lever 
puses the reciprocation of the plunger. The suction valve of the pump 
is at the side, and the delivery valve at the bottom of the pump. The 
valves are loaded with light spiral springs. 

When the lever is worked the pump takes in water from the cistern 
and delivers it into the cylinder above the ram, and thus causes the 
cylinder and the load on it to rise. During the operation of raising the 
load the lowering screw 

must be screwed up tight. (1 11 11 

The inner end of the lower- \ 

ing screw is conical, and // \\ _ _ p, 

forms a valve which, when j J /CA /If If I 

shut, closes the passage \ \ / \ / / ■ 

between the cylinder and x"/. 

cistern outside the pump. IHIH iuinJ 

To lower the cylinder the p*? ^ 

lowering screw is un- jTJ TTr 

screwed, and the water \|> m/ 

may then flow freely from i rfh ^ Kfb 

the cylinder to the cistern. ' [" ' | = 

When the jack is in j H | W | 

use the air screw at the r:*: A 

top should be slackened. I 

Overliftiiig is prevented by M m 

the hole H in the cylinder T* ^ ® 

allowing the water to 

escape when the proper ^ 

lift is exceeded. Rotation I 

of the cylinder on the ram ^ | h ' | A I ^ ^ 

is prevented by a key ^||b li B || 

secured in the cylinder at ||y 

the lower end by a set iff ii 11 

screw ; this key fits in a 1 1 ■ i | y ^ 1 1 

keyway extending nearly 1 1 ^ | p | 1 1 

the whole length of the |p 1 1 M i 

ram. aQ -. 

457. Hydraulic Crane. 1 [ C | j I n [V 

— Comparing the principal — i ^ J CPr ^ ^ ^ ^ -j-tiJ 

part of the mechanism of £ LjOc" ^ I 

a hydraulic crane with \ ^ \ \ jj'l I f » 

the ordinary block and \2/ • 1 _ 1 i. 

tackle.” In the block and V\^ / J 

tackle one force acting on ^ ^ ^ 

the ^^fall” of the rope ^ 

overcomes a greater by Fia. 840. 

bringing the two blocks 

closer together. In the hydraulic crane the action is reversed ; the two 
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blocks or sets of pulleys are pushed apart by a great foreej which is made 
to overcome a smaller- force' at. the free end of the cliaiii. One block is 
rittached to the bottoiu of adiydraulic cylinder, and the other to the ram. 
A chain passes over the pulleys in the two blocks in the same manner as 
.in the .ordinary block and- tackle, the free end of the cliairi passing up the 

crane post and over guide pidlejns to the load to 1)0 lifted. ^ 

Referring to Fig. B'40, A is the .stationary cylimlor, a?:id B the, .ram. 
Fixed- to the bottom of the cylinder 'is the frame C cariying one set of 
pulleys, and fixed to the outer end of the ram, is the .frame B carrji.iig 
the other set of pulleys. ' One end of the c].iain is attached to the bracket 
E on the fixed' frame Cl 

From the fixed end at E the chain passes over the pulley F, and then 
.down and up over the . various . pulleys, end fi.nally passes up to and over 
guide pulleys ill the frame of the crane to the load to be raised. 

Neglecting friction, the load lifted is equal to the tension in the chain, 

' which is -equal to the total force on the ram divided by the number of 
straight lengths of chain which proceed from the pulleys on the ram. 

Exercises XXXI 

1. If a hydranlic power company charges 15 pence per IWO gallons of water 
at a pressure of 750 ibs. per square inch, what is tlie cost per horse-power hour 
to the consumer? 

2. How many ft, -lbs. of work may be stored up in a bydranlic accuniulator 
whose ram has a diameter of 12 inches, and a lift of 13 fcfet, w^hen the pressure 
of the water is 750 lbs. per square incli ? 

3. What is the pressure of the water in a hydraulic acciixmilator having a ram 
11 inches in diameter when the total load is 45 tons and friction is neglected ? 

4. What must be the diameter of the ram of a hydraulic accumulator wdiich 
is to have a capacity of 100 horse-power minutes with a water pressure of 
1120 lbs. per square inch, if the stroke is 14 times the diameter of the ram ? 

5. The ram of a hydraulic accumulator (Fig. 834, p. 522) is 12 inches in 
diameter, and the total moving load Is 55 tons. If the force required to move 
the cylinder along the ram against the resistance of friction only is 2*5 tons, 
what is the pressure of the water, in lbs. per square inch, (a) when the load is 
ascending with uniform velocity, (S) when the load is descending with uniform 
velocity? 

6. The ram of a hydraulic accumulator is 18 inches in diameter, the stroke is 
23 feet, and the water pressure is 1120 lbs. per square inch. If the useful work 
given up by this accumulator during one full downward stroke is utilised in 
raising W tons to a height of 40 feet by means of a hydraulic crane whose 
efficiency is 55 per cent., find W. If this work is done in three minutes, what is 
the gross horse-power of the crane ? 

7. The ram of a hydraulic accumulator is 4 inches in diameter. The pressure 

of the water from the accumulator is to be 1*5 tons per square inch, aiui the 
water is used to work the hydraulic ram of a testing machine, which is 9*5 inches 
in diameter, (a) What total load must be placed on the 4-inch ram if 5 per cent, 
of the load is wasted in the friction of the cup-leathers, etc. ? (5) What total 

load is the testing machine capable of applying, if there is a further loss of 
5 per cent, in the cup-leathers of the large cylinder ? [B.E.] 

8. The diameters of the two parts of the ram of a differential accumulator 
(Idg. 835, p. 523) are 6 inches and 5 inches, and the stroke is 50 inches. If the 
pressure of the water is 1500 lbs. per square inch when the load is at rest or when 
it is moving with uniform velocity, what load is required, including the weight of 
the cylinder ? How many ft.-lbs. of work may be stored in this accumulator ? 
What would be the diameter of the ram of an ordinary accumulator to carry the 
same load with the same water pressure ? 

9* The. total moving load on a differential hydraulic accumulator is 3 tons. 
The diameters of the larger and smaller parts of the ram are 4|- inches and 
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4 inclies respectively. Neglecting friction, what is the pressure of the water in 
lbs. per square inch ? 

10. In an intensifying acoiimnlator (Fig. 836, p. 524) the diameter of the ram 
is 4 inches, and the diameter of the piston is 20 inches. If the head of water on 
the piston is 60 feet, what is the pressure of the water on the ram in lbs. per square 
inch ? If the stroke of the ram and piston is SO inches, what is the capacity of 
this accumulator in ft. -lbs. ? 

11. On board ship an accumulator is used in which the ram is 9 inches 
in diameter, and the pressure of the water is 800 lbs. per square inch. The load 
is produced by steam pressure of 60 lbs. per square inch acting on a piston 
connected directly to the ram and working in a separate steam cylinder. 
Neglecting friction, what must be the diameter of the steam piston ? 

12. A hydraulic intensifier is required to increase the pressure of 700 lbs. per 

square inch in the mains to 3000 lbs. per square inch. The stroke of the 
intensifier is to be 4 feet, and its capacity 3 gallons. Determine the diameters 
of the rams. [Inst.C.E.] 

13. Referring to the hydraulic intensifier shown in Fig. 837, p. 525, if the 
diameters of the rams are 2|, 4, 6, and 8 inches respectively, and if the pressure 
of the water introduced into the outer cylinder is 700 lbs. per square inch, what 
are the pressures, in lbs. per square inch, which may be obtained in the pipe 
leading from the interior of the smaller ram, neglecting friction ? 

14. What would the results of the preceding exercise be if the friction of the 
stuffing-boxes is allowed for, assuming that the frictional resistance of one 
stuffing-box, in lbs., is equal to 0*05PD, where P is the pressure of the water in 
lbs. per square inch, and D is the diameter of the ram in inches? 

16. In a hydraulic press for squirting lead pipes (Fig. 838, p. 526) the larger 
ram has a diameter of 20 inches, and the smaller ram has a diameter of 5 inches. 
Find the intensity of the pressure on the lead when the water pressure is 1 ton 
per square inch, and the bore of the lead pipe is ^ inch. If the stroke of the ram 
is 12 inches, and the lead pipe weighs 1*1 lbs. per foot of length, find the length 
of pipe produced in one stroke if the lead weighs 712 lbs. per cubic foot. 

16. The diameter of the ram of a hydraulic jack is 3 inches, the diameter of 
the plunger of the pump is f inch, and the mechanical advantage of the lever is 
20. If the efficiency of this jack is 75 per cent., what weight will be raised by a 
force of 70 lbs. at the end of the lever ? 

17. What is the efficiency of a hydraulic crane which uses 70 gallons of water 
at a pressure of 700 lbs. per square inch in raising a weight of 10 tons to a 
height of 27 feet ? 

18. In a hydraulic crane the ram is 9 inches in diameter, and the velocity 

ratio (or the ratio between the velocity of the lift and the velocity of the ram) is 
10. The water is delivered to the crane under a pressure of 1 200 lbs. per square 
inch, and the mechanical efficiency of the crane is 52 per cent. Find (1) what 
load this crane will lift; (2) the quantity of water used in gallons per 35 feet 
lift. Why do these cranes have such a low mechanical efficiency? [B.E.] 

19. Calculate the displacement of the ram of a hydraulic crane, whose 
efficiency is 55 per cent., in order that, with a water pressure of 700 lbs, per 
square inch, it may raise a load of 5 tons to a height of 30 feet. Find the 
diameter of the ram if its stroke is six times its diameter. 

20. A hydraulic lift with ram, load, etc., weighs 10 tons, the ram is 9 inches 
in diameter, and the friction in the mechanism is equal to 0*05 of the gross load. 
The accumulator is half a mile away, and is loaded to 800 lbs. per square inch ; 
the diameter of the supply pipe is 3 inches. Estimate the speed of ascent of the 
lift, if the loss of bead in the pipe is 0‘0005I/v^ld, I being the length in feet, 

the diameter in feet, v the velocity of the water in the pipe in feet per 
second.., [B.E.] 




ANSWERS 


II. pp. 21-23. 

1. 66; 3-75; 19; 8-2. 2. 210; 1584 ; 1824; 2952-9. 

■3. 22-5 ; 35 ; 19'; 29*83. 4. 31*42; 28*27. 5. 601*6. 6. 0*0432. 

7. 14f. 8. 0*55. 9. 0*449. 10. 6 seconds. 11. 14 feet per second, 
ik 93*9 feet. 13. 22*5 seconds. 14. 0*0675 ; 16*59. 

15. 1343; 25*66 seconds. 16. 224; 23*47 ; 1*91, 

17. 26*64 feet per second at iV 21' to tbe vertical. 

18. 25“ 37' north of east ; 3*889 miles per hour. 

19. 48“ 15', assuming that the man is approaching the line of flight of the 
object. 20. 17*32 feet per second. 

‘ 22. B, 5*8 feet per second ; middle point of AB, 3*2 feet per second. 

23. 12*42 ibs. 24. 238*75 feet. 26. 3821 lbs. ; 4631 lbs. 

26. 2 minutes 4*6 seconds ; 54*72 miles per hour. 

27. 2.4f feet per second per second ; 10*23 tons. 28. 8*93 feet per second. 

29. 10*93 lbs. 30. 3*22 feet per second per second. 

31. (1) 844*7 lbs.; (2) 1000 lbs.; (3) 1155*3 lbs. 33. 2020 lbs. 

34. 488*13 ft.-lbs. 


Ilia. 


pp. 28-30. 
4. 366,000. 


1. 40*594. 2. 5727*6. 3. 514*3. 4. 366,000. 6. 47,099. 6. 302, 
7. ItV 8. 130*2 ft.dbs. 9. 6, 10. 2200 lbs. 11. 992*3. 12. 226. 
13. 30*55 ; 22,790; 170; 0*0035. 14. 44*24; £840. 

16. 10*02 lbs. ; 83*3 per cent., 56*4 per cent., 74*2 per cent. 

16. 85 ; 112*5 ; 0*437 ; 15*5 Ibs. ; 0*573. 17. See Big. 841. 
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IS. Q=0*02W + i. 

= 38*6 ijer cent. 

21. p = 1*25, g = 5 ; efficiency 


19. 22*45. 20. P5=0*162W + 2*8 ; maximum efficiency 

67*14 per cent. 
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. Illk pp. 32--33V:-. 

X 4489 feet I 209-5 lbs. 2. 16’56 feet. 3. 0*863 lb. 

4. '37 *51; 261*24. 5. 4445 feet. , 

6. 59*86 feet ; result independent of diameter of wheel. 

7. 7,339,185 in lb. and foot units ; 1250 ft.-lbs. 

8. 54,0.0 ft.-lbs ; 118*6 tons. 9. 260,741 ft.-lbs. ; 237. 

10. 365,783 ft.-lbs. ; increases at the rate of 3*087 revolutions per minute per 
minute, 11. 173*5 feet. 12. 78*22 ; 0*039. 

13. 1,171,780 ft.-lbs. 14. 8*7 feet per second. 

16. {a) 6*77 ; (6) 11*4 ; (c) 2236 in lb. and inch units. 16. 778 feet. 

17. 17*3 B.Th.U. 18. 13*6 per cent. 19. 500*87 ; 171*73 tons. 

20. 508*8 lbs. 


IV. p. 41. 

1. Magnitude, 1’99 ; line of action inclined at 23® 57^to the horizontal. 

2. Magnitude of resultant, 3*18 ; line of action inclined at 38® 56' to the 
horizontal ; horizontal force, 2*48 ; vertical force, 2. 

3. Magnitude, 50; line of action, 1*2 inches from the force 20 and 0*8 inch 
from the force 30. 

4. Magnitude, 10; line of action, 6 inches from the force 20 and 4 inches 
from the force 30. 

6. Magnitude, 30 ; line of action, 3*83 inches from A and 0*67 inch from B. 

6. Magnitude, 2 ; line of action midway between A and B. 

7. P, 21i; Q, 23f. 8. R„ 3^; 

9. Magnitude, 4*17 ; line of action inclined at 78® 17' to AB, and cuts the 
latter at a point 1*4 inches to the right of A. 

10. Magnitude of force at A, 6*32; magnitude of force at B, 4*99; lines of 
action inclined at 75° 8' to AB. 

11. Magnitude, 3*66 ; line of action inclined at 82° 42' to AB, and cuts AB at 
a point 0*76 inch to the right of A. 

12. P, 4*14 ; Q, 1*8 ; line of action of Q 1*41 inches above A. 


Va. pp. 49-50. 

1. 11*25. la. 28*75. lb. Magnitude of P, 20 lbs. ; line of aotion is perpen- 
dicular to BO, and cuts AC at a point f inch from A. 

2. Within the rectangle ABDE, 1*81 inches from AB, and 1*30 inches from AE, 

3. Within the triangle ABC, 1*06 inches from AC, and 0*69 inch from BC. 

3a. Within the triangle ABC, 0*96 inch from AC, and 0*61 inch from BC 

4. The string cuts CD produced 2*65 inches from C. 

5. 0*89 inch below AB, and 0*39 inch to the left of AO. 

6. 0*87 inch above AB, and 0*63 inch to the right of AC. 

7. 9*01 feet to the right of A. 

8. 0*89 inch below AB, and 1*13 inches to the right of AG. 

9. 0*85 inch above AB, and 2*58 inches to the right of AC. 

10. 1*23 inches from OA, and 1*31 inches from OB. 

11. 1*61 inches below AB, and 0*98 inch to the right of AC. 

12. 1*90 inches below AB, and 1*78 inches to the right of CE. 

13. 17*6 ; 177,498 ; centre of pressure, 25 feet from ground, 

Vb. pp. 61-63. 

1. 265 in inch and lb. units. 2. 2*146 in inch units. 

8. (a) 56*30, (&) 9*71, both in inch units. 

4. 549*1 and 364*5, both in inch units. 

5. v = 6*34 inches; 1 = 1385 in inch units. 6. 3*61. 7, 15*4. 

8.6*34. 9 . 5*96 and 5*24. 10.0*49. 11. 0*568. 13. 9*65 inches. 

14. (1) 8*9 square inches; (2) 8*1 inches; (3) 54*5. These answers are the 
means of five solutions. 
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. 15 . 424 lbs.*,' 10*23 inches. 

16. Bending moment at centre,. 27*5 foot-toBs; shearing force at centre, 
1*4 tons. ' , 

17 . 37*5 foot-tons; 5 tons. 18. Tension in chain. 2640 lbs. . ,, . 

m Reaction at C, 12*4 tons ; .reaction at D, IT *6 tons; benciing mo.ment at 

centre, 43*6 foot- tons; shearing force at centre, 4*6 tons. 


¥Ia. pp. 70-72. 

1. (1) 22,282; (2) 0*4456 ; (3) 0*0007427 ; (4) 24-95. 

2. (1) 25,133 lbs.; (2) 0*0256 inch. 3. 460*9 ; 4609. 

4. (1) 0*0432 inch.;- (2) 4800 lbs. per square inch ; (3) :7248‘5 lbs. 

6. 9447 lbs. per square inch tensile stress in steel; 6144 lbs, per square inch 
compressive stress in copper ; 0*2X82 inch ; 3-6,551 lbs. 

7. (1) 19*9882 inches; (2) .24,083 lbs. per square inch;, (3) 16,85-8 lbs., per 
square inch, 8. 21*9875 inches; 7000 lbs. per square inch ; 19*9951 inches. 

9. 500 feet ; increase in length, 0*18 inch. 10. 0*1055 inch. 

11 . (c) 6972 ft. -lbs. ; (i^) 8*21 ft. -lbs. ; (a)-f (6) 849. 12.1. 

13. 17,112 lbs. per square inch ; 0*041 inch. 14. 21,231 lbs, per square Inch, 

16. 12,937 lbs. per square inch ; 0*588 inch. 16. 1989 inch-lbs. 

17. 13,650 lbs. per square inch ; 0*505 inch. 


VIh. pp. 78-79. 

Ei=5tear,ing efficiency per cent, shearing efficiency per cent. , E.,#=com.-, 
bined shearing and tearing efficiency per cent. 

1 . Ej;, 66*25; E«, 56*45 ; crushing stress, 36 tons per square inch, 

2. E^, 71*7 ; Es, 71*7 ; crushing stress, 23*61 tons per square inch. 

3 . p ='3 inches ; Ef, 68*75 ; E^, 67*2. 

4. = inches; |) = 4| inches; Ej;, 72*4; E^, 72*9. 

6. E?, 75*7 ; E„ 75*3; E,f, 70*2. 

6 . = inches ; p = 7| inches ; E^, 79*8 ; E^, 79*8 ; E^f, 79*6. 

7. p = 6| inches; 1,, 84*9; E„ 85*2; 86*85. 

8. p = 7| inches ; E^, 86*7 ; E,. 86*0 ; E«f, 90*5. 

9. E^, 86*6; E„ 115*2; E,,, 87*6. 

10. p-li inches; d=| inch ; E#, 88*9 ; E„ 89*2; 88*9. 

11 . E«, 68*2 ; E«, 71*8 ; E„ 84*1 ; E*, 89*8 ; 86*1. 

12. 81*35 per cent. ; shearing of outer rivet and tearing between rivets in 
next row. 

13. inch ; di=lf inch ; E^, 82*5; E^, 84*9 ; E*;, 82*3. 

16. I- inch; 89*8. 16. 140 lbs. per square inch; 2*917 tons per square 
inch. 

17. 9600 lbs. per square inch ; 5 feet 4 inches. 18. 10,377. 

19, 200. 20. 8=V\d; b-l'S7d; t=0'38d, 

21. <i~l*60; &=^s=l*80; ^==0*69. 

22. cZi=l*24c?; 5;=l*55c^ ; #=0*34fl5 ; D = l*C6cl; Dj = 2‘48<l. 


Vie. pp. 84-86. 

I. 26,260; 2*46 inches. 2. 2941 lbs. per square inch. 3. 3*4 inches, 

4. 2885 ; 5557 lbs. per square inch. 6. 6016 lbs. per square inch. 

6, 311,953 inch-lbs.; 35*7 ; 121*2 revolutions per minute, 7, 13,122. 

8. 14*39 inches. 9. 0*714 ; 50. 

10. (1) 14,181 lbs. per square inch ; (2) 43,507 inoh-lbs.; (3) 124*25. 

II. 90*8; 15*7. 12. 1*87 inches; 5672 lbs. per square inch. 

13. 8*52 inches; 1 : 1*057. 

14. Total twist, 3*7 degrees ; the diameters of the pulleys are not required. 
16. n=2*95 ; 0 = 11,980,000 lbs. per square inch. 

16 , 40*9 lbs.; 4*11 inches ; 7*0. 17 . 4*614, 18. 63*4 inches. 

19. 0*226 inch ; 22 inches. 


ANSWERS. 


■ ¥IIa/ pp. 101-103, : ■ 

S. See Fig.. 842. ^ 

9. See Fig. 843. 

16. See Fig. 844. 

18. w = 0-l. 

. 20 . . 20 = 0 * 36 . 

■ 21. 20=0*442. 

, 23. 20=0*87. 

24. Bending moments — 1000; 2000; 
2163 ; 2530 ; 1265. Shearing forces — 
500; 361; 632. 




Fig. 843. 




Fig. 842. 


B.M.D. 


Fig. 844. 


Vllb. pp. 111-112. 

1. 0*682; 1*484 ; 2*618. 2. 0*625 ; 1*484 ; 1*25. 

3. 197*34 inch-tons ; 53 inch-tons. 4. 5*29 inches; 1*92. 

5. (a) 127*83; (5) 118*44. 12. d=7*59 inches ; Z= 13*72 inches. 

13. d = 7’61 inches ; Z = 13*69 inches. 14. 6*02 sq. in. ; 8 tons per sq. in. 

16. 33*8. 17. 2*693 inches ; 56. 18.70*76. 19. 3272*5 lbs. 

20. 6*71 inches; 7*89 ; 13,669. 21 . 1 | sq. in. ; 6| inches. 

VIII pp. 133-137. 

1. 13*44 inches ; 12*48 inches ; 9*62 inches ; 0*868 inch ; 395 feet 10 inches. 

2. Depths in inches, 7*53, 6*35, 4*40; deflection, 0*163 inch; radius, 
746*23 feet ; maximrim stresses in lbs. per square inch, 7694, 7146, 6028, 4179. 

4. 6*476 inches ; 0*0736 inch. 5. I inch. 

6. 16,394 lbs. per square inch ; 0*874 inch. 7. 6667 ; 0*32 inch. 

8. 9600. 9. 13,989 lbs. ; 14,961 lbs. per square inch. 

10. (a) 1223 lbs. per square inch; (5) 2*64 inches. 

11. (5) 1008 lbs. ; (c) 12,150,000 ; {d) 388 ; (e) 43,200 lbs. per square inch. 

12. {a) 2*52; (b) 2*10. 14. 0*367 inch. 16. 

16. 2636 lbs. per square inch; 0*47 inch. 17. 0*03 radian = 1*72 degrees. 

18. Each side beam load 60 lbs., stress 166| lbs. per square inch ; centre beam 
load 480 lbs., stress 333^ lbs. per square inch. 

19. 18,000 lbs. per square inch ; 68*9. 

21. Taking E = 13,000 tons per square inch, maximum deflection = -j~ inches, 

where I is the moment of inertia of the section of each girder in inch-units ; 
maximum deflection at 19*4 feet from left-hand support. 

22. 11*2 2 tons; 0*27 inch. 

23. Thrust =32xV tons ; bending moment zero at 2*725 feet, 10*275 feet, and 

16 feet from fixed end. , ^ . 

24. 45 foot-tons at ends ; 15 foot-tons at centre ; zero bending moment at 
4*5 feet from ends. 
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St 

27. 


- 312*5 foot-tons; -f 175*8 foot*toiis| S2*5 tons at' centre; 18*75 tons at eiicls. 


96 


iiioli-toiis 




mch-tons, where L is the length of each 


span in inches, E is in tons per square inch, and I is in inch- 'units. 

' .28. 10*51 tons, or 0*263 tons per foot, 29. 159f to.n.s ; 444|| tons ; Oof tons, 
.,30. .66*46 tons; 234*84 tons ; 73"7 tons ; -2104 foot-tons. 

31. “'.2707 ,foob-lons ; - 1382 foot-tons. 85. Ilf; ,100. 


IXa. pp. 

2. I ; 0*866. 4. /= tan 

5. p=/cQt,^ ; g=:/tan^; s =/(ta.n. 0 - cot ^). 6. 49,672 ; 12,418. 

7. 19,763. 8. 2-876 inches. 9. 3119. 10. 338*7. 11. 4 inches ; 2*98 inches. 

12. Bending luornent, 432 inch-tons; twisting , inomerib; 288 inch-tons,; 
stress, 0*58)5 ton per square inch. 

13. 36,000 inch-lbs. at- A; 3487 inch-lbs. at C. 

14. 36,000 inch-lbs. at A ; 26,358 inch-lbs. at Cl 

15. (a) .B, 4*4/ inches ; C, 5*03 inches ; D, 4*75 inches ; 

(5) B, 4*68 inches ; C, 5-05 inches ; D, 4*77 Inches. 

16. 345 lbs, per square inch. ■ 

17. Maximum shear stress | ton per square inch on e^acli section ; maximum 
direct stresses f and |--| ton per square inch on the respective sections. 

19. 4*324 tons per square inch ; 1*0‘^3. 

20. (a) 4500; (b) 3122; (c) 6000; (d) 4500; (e) 4153; (/) 2280; 

(g) 2068. 21. 0*81. 


IXb, pp. 159-“161. 


1. 12*108; 4*629 tons per square inch. 2. 20 tons; J-inch. 3. id. 

6. 1*72 ; compressive ; 3*298 tons pier square 
inch. 

6. 1 *674^5? ; compressive ; 4*091 tons per 
square inch. 

7. (a) 2968 ; (5) 3471. 8. 0*33iKA¥, 

9. 3*32 tons per square inch ; 3*53 tons 
per square inch. 

■ 10. 55*55 feet. 

12. 0*0736 cubic inch, or 0*0077 per cent. 

13. 3|- tons per square inch ; — inch. 

14. (a) 0*00033; (b) 0*00029. 

15. E=: 29,878, 000 lbs, per square inch; 

0 = 11,672:000 lbs. per square inch ; K= 22,625,000 lbs. per square inch ; Poisson’s 
ratios 0*2799. 

16. 5 inches ; 1000 lbs. per square inch. 17, 973. 18. 1*32 inches. 

19. 1585 lbs. per square inch; 2300 ; 1877 ; 1603 ; 1415. 21. See Fig. 845. 

X. pp. 168-m 

1. 14*9 lbs. 2. 324-5 tons. 3. 24*13 tons. 4, 42*4. 6. 4*10 inches, 

7. 4*11 inches ; 37*4, 8. 1 2*65 inches ; 10*12 inches. 9. 6*2 incheSt 

10. 62,112 1bs, 11. \/7*66 inches ; 220*6 tons. 

12, 106*3 tons, with factor of safety 5. 13. 1*045 inches, 

16, 4*7 inches; 0*47 inch. 


XI pp. 187-190. 

3. (5) 29,900,000; (o) 4*4; (d) 4*6; (/) 5040. 

6. c = 77*3; 6=19*2; e=26. 6. 1*52:1. 7. a = 67‘5; 6=40. 

8. c=ll*5. 9. 25*21 tons per square inch; /a = 0*29. 

10. 21*18 tons per square inch ; fi= 0*445. 11. 3*4 square inches. 
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AlN'BWEES 

XII pp, 198-200. 



BK andGT 


Wind on Wind on 


Thick underline de 
notes compression. 



8 [a). 8 (5). 


BM and JY 



DC 2946 


BC 1771 



6-71 13-42 
6 12 


L 12 . 

F'94 13*42 


LM 4*47 


6*71 6*71 13*42 

6*71 6J1 671 

6*71 6*71 6*71 

4*47 2*24 0 

4*47 2*24 0 

4^ 2*24 671 


4*47 2*24! 


8*94 13*42 


8(6) co^inued.--ReB.<,tion at top hinge 

at each bottom hinge =4333 lbs. and inclined at angle <p to vertical, tan ?> ft. 
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APPLIED MECHANIOS 

,9. X=:11'8 outwards; Y=8*0 inwards ; .2=6-7 outwards; fo,rce In AB, 3*5, 
compression. 


14. Total tlinist in top member =71*67 ; thrust in BJ, 'Dli, EM, and FN = 10 ; 
thrust' in .CK=2(); tension in, AJ . and HX = li*7B; tension in AK = 26'81 ; 
tension in AL and H1j= 15‘S1; tension in HK = 27*-li); tcmsion in AM=:13*r4; 
tension in HM=- 14'91 ; tension In .AK and .HJ=8*5Ct 

16. 1'otal thrust in top member =67 *2,; thrust in BF and ,I)K = 8 ; thrust in 
OH = 16; thrust .in EL =32; tension in AF,, CF, CK, and E,K = 5*12 ,; tension in 
AH and .EH .= 15 *09 ; tension in AL= 53 *64. 


X¥I. pp. 278-282. 

% 0=^^. 6. 1 in 7*11. 7. 37,600.; 5600. 8. .396 ; 454*9. . 

9. 24*6. 10. 20*48, neglecting difference between le.ngth a.nd 'base o.f. plane. 

12. (1) 0*30 ; (2) 0*26 ; (3)0*24. 


4 

1 

li 2 

2 | '• 

3 

34 

25*7 i 

20*3 ^ 

: 18-2 i 18*3 i 

16*6 

, 15*9 

I 

: 14: *8 



14. 32*3 lbs. ; 36*8 per cent. ; 8*2 lbs, 16. (1) 22,620 ; i2) 3343. 

16.0*193, 17. 71*2; 1*58. 18. (1) 51*5 lbs. ; (2) 48*5 IKs. 

19. To raise W, {a) 207 lbs. ; (5) 203 lbs.; to lower W, (aj 193-1 lbs. ; (ij) 197 
lbs, 20. (a) 203*6 lbs. ; (b) 196*5 lbs. 

21. (1) F=550 lbs. ; (2) F=598 lbs. ; (I) R=1260 lbs. ; (2) R = 1291 lbs, 

23. (a) 4885 lbs. ; (b) 4603 lbs. 24. 515 lbs. 26, 0*34. 

26. 135*7. 27. 352*3. 28. 7*1. 29. 128 lbs. 

30. 0*00066 lb. ; 0*0264 ; 37*7 : 1. 

31. Horse-power = 1866 K, if V is in feet per second. 

32. 257 lbs. ; 39 lbs. 33. 1174 lbs. ; 8*5 lbs. 34. 0*22, 

35. 3i. 36. (a) 215 lbs, ; (b) 497 lbs. 


XVIIa. pp. 294-296. 

I. 98 ; 63*91 lbs. 2. 128 ft. -lbs. ; 10*15 feet per second ; 11 feet per second. 

3. 14*11. 4. Mean pressures, (a) 99; (b) 99*2; (c) 95*4 for forward stroke, 

and 103 for return stroke. , 

5, 60*5 feet per second. 6. 2*48. 7. 2*8. 8. 28*09 feet per second. 

9. 1-21. 10. Velocities: 19; 30; 36; 39. Accelerations: 3; 1*4; 0*9; 0*6. 

II. When =0*075 second, angular velocity =8*3, and angular acceleration 
= 17*4; 8679 ft. -lbs. 

12. I. : (a) 6| ; (b) 2-32 ; (c) 3| ; (d) 0*644. II. : (a) 10 ; (5) 4*01 ; (a) 5 ; (cl) 
1*93. Ilf. : (a) 13^ ; (b) 6*55 ; (a) 6§; {d) 4*51. 

13. (^d 10*72 ; (5) 4*23 ; (c) 4; (d) 1*07. 

14. a: = 10, v = 25*43 ; a;=30, v=42T5 ; a;=50, t’ = 51*5; a; = 70, t’ = 57*54 ; from 
33=45 to 33=55, time = 0*194 second ; from £c,= 0 to a:=75, tinie = 2‘24 seconds. 

15. Stops at 18*2 feet ; time from start to stop, 1*92 seconds. 

16. Time average of force=: 262*4 lbs. ; space average of force =267 *9 lbs. ; 
average velocity = 12*73 miles per hour; distance = 653 *0 feet. 

17. Length of stroke, 9*46 feet ; time for up stroke, 1*12 seconds. 


XVIIb. p. 299. 

1. 1226 lbs. 2. 0*495 second. 3, 3*25 lbs. 4. 1*107 seconds. 

5, 6*12 inches. 6. 2*06 seconds. 7. 289. 8. 2*972 in ib. and foot units. 


. ' ANSWERS ■ 

XYIII pp. 309-312. 

1. (1) 7-07 ; (2) 8*20; (3) 9*74.' 


1*62 ! 18-94 


1-97 19*30 ... 


V 1 5-0 6*0 5-97 4*03 6*55 5*49 7*24 2*76 1 7*28 I 4*93 


400; 641. 5. 104 and 42 feet per second. 

6. (1) 104 ; (2) 117 ; (3) 136. See Fig. 846. 

7. (1) 190; (2) 182; (3) 176. See Fig. 847. 8. 218*8. 

11. (1) 2*32: (2) 5*36; (3) 12. 

12. Piston, 1148 ; shaft, 759 ; cross-head pin, 126 ; crank pin, 989. 


4-5 


■ Mid-stroke. 




\\\^Md-‘$troke. 


Fig. 846. 


Metum Stroke ,-^ 
Cutting Stroke . -^ 
Crank toBight — 

line of Stroke. 

Fig. 848. 


yr“ Vo 



Fig. 847. 


13 (1) 31*5 ; (2) 77*7 ; (3) 0. 14. liength of stroke, 16*16 inches. 

16.* E-idius of crank, 2*806 inches ; (a) 28*6 by construction ; [h] 36*1 by con- 
struction ; 1*17:1; for curves, see Fig. 848.^ , , 

16 (rt) 1*47 ; {b) 10*88 ; (c) 420. 17. 5§ inches; 1*51 :L 
18 1*38 : 1. 19. Velocities of sliding in feet per minute.— At G, 125; at E, 

109 or 275 ; * time ratio of cutting and return strokes, 2*, 78. 

20. 132 feet per minute. 
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APPLIED MECHANICS 


XIX. pp. 322-328. 

1 . 30*5, assiini mg ' exhaasfc ■ pressure to . be. atiiio.splier.ic ; 34.3. 2. 578. 

3. ' («) 2554 lbs. .; {b} 1277 lbs. 4. 1 100 ibs. 

6. .15*1. and 8*1 lbs. per square Inch of piston, both downwards ; 127 rev.olu* 
tions per minute ; 28*5 lbs. per square inch of piston, downwards. 

7. («) 0*105 ; {/do-m 

B. Coefficient of fiiictuatioii .of energy, (a) 0*16 ; (5) 0*18. 

Katio 

mean torque 

9. 42*02 lbs. ; 9*45 Ib.s. 55*43 lbs. 

10. Forward stroke : 38*4 lbs. ' ; 7*4 lbs. ; 59*2 lbs. Beturn .stroke ; 46*3 lbs, j 
li*71bs. ; 53*1 lbs. 

IX. 109,495 lbs. ; 133,390 ft,.lbs. 

12. 0*049. 13. 0*044. 


14. ^ . 

16. (i.) mean of nine solutions, 0*076. 

17. (6) 

18. 15,258. ■ 19. 284,462 ft.-lbs. 20 . 1392. 21. 574*2 lbs. 22. 101*6, 

23. 84*879 and 85*121 revolutions per minute ; 2760*5. 

24. 27*54, 26. 0*00137. 26. 1118*5 ; 50,994 ft.-lbs, 

27. 404 ; 606 revolutions per .minute. 

28. I = 15,377 in lb. and foot units. 29. 30,000 ft. -lbs. . 

30. 1*2. " si. 41,671 in lb. and foot units ; 207. 


XX. pp. 341-343. 

2. 24° 35' ; 50® 50' ; 51*2; 56*7. 3. 0*92 inch ; 1*05 inches. 

6. 6*33; 10*98; 3*18. 

6. 6*33; 11*07; 3*06. 

7. See Fig, 849. 

8. 4*93 lbs. ; 196 to 221 re- 
volutions per minute. 

8. 0*82 inch. 

10. (1) 3*18; (2) 212, 222, 

234 ; (3) 221, 232, 245; (4) 223 

212 , 202 . 

.. 11. 1*45. 

12. 198 and 212; 198 to 224 
revolutions per minute. ‘ 

13. 6*73 inches ; 2*23 lbs. at 
sleeve ; 13*3 revolutions per minute, or 5*54 per cent. 

14. 411 revolutions per minute; 100*8 lbs. 

16. T = 16*84 lbs. ; Q = 695*2 lbs. 16. (a) 290; (5) 111-T lbs. 



Fig. 849. 


XXL pp. 361-362. 

1. 284*8. 2. 48*4 lbs. S. 4*61. 4. 60*12 feet. 

stop from speed of 60 miles per hour equals 2+16=: 18 seconds, 
and the distance covered in that time is 880 feet; retardation compared with 

gravity =0-171; resisting force = 383 lbs. per ton. 6. (a) 120-96; {6)89-6. 

7. 4-27. 8. 34-86. 9. 5-51. 10. I'M. 12. 2742. 


XXII. Kp. 372-374. 

1. («) 3141-6 ; (6) 3233-2; 2-83. 2. 29-2 inches ; 7-3 inches. 

3. ((i) 1458-,3; (6)1423-4; 2-45. 4. 7-'9 inches. 

5. (a) 196-46 ; (6) 196-01. 6. (a) 182-52; (6) 182-61. 

7. Open belt: (a) 193-30; (6) 19314; 0-08. Crossed belt: (a) 205-10; 
(6) 204-25 ; 0-41. 8. 24-95; 9-46; 37-80; 174-40. 

9. cii = 10; D2=24-64; <^=16-43; Da = 13-67; d, = 27-14; 6 = 164-8; all in 
inches. . . , > 



ANSWEBS 


I 


m 


m, 

11 . 


.10; D 2 -— 24; <^ 2 — 16; D3=13-|-; ch~ 
10*25 ; 12-34 ; 14*25 ; all in inches. 


r ,; ^=170-8; all in incbes. 



12. B and d, 14-20 ; C and c, 12*17 ; D and 5, 10*04 ; all in inches 

13. 183*82 lbs. ; 91*91 lbs. 14. 123*75 lbs. ; 68*75 lbs. 

(l)H = 14*9i ; (2) H= 13*37. 16. (1) H = 58*47 ; (2) H = 53*95. 

(1) 5=5*13 inches ; (2) 5 = 5*43 inched ^ 

(1) 5=16*76 inches ; (2) 5= 18*68 inches. 

(1) /= 302 lbs. per square inch ; (2) /= 344 lbs. per square inch. 

(1) V = 25i4 ft. per minute; (2) V = 2710 ft, per minute. 21. 80*9. 
Maximum horse-power =20*56, when v=96*9l feet per second. 
19*15 ; 42*61 lbs. ; 4*29. 26. 125*5. 27. 14 feet 6 inches. 
Telocity, 170 ; horse-power, 167. 

Maximum horse-power =200, when v=176. 30. 1*5 ; 7-3. 


15 . 

IT. 

18 . 

19 . 

20 . 
22 . 
26 . 
28 . 
29 . 


XXIII. p. 387. > 

1. 23*75 inches; 0*7854 inch. 2. 0*9425/: 1*2566»". 

3. 4 • 5 ; (1) 7 and 9 ; (2) 29 and 35. 

XXIV. pp. 393-396. 

I. 14*8 inches, 59*2 inches. 2. 20, 90, 39*39. 3. 450; 1003*5 lbs. 4. 16. 

5. 60. 6. (a) 142|-; (5) 19*8 seconds; (c) 1465 lbs. 7. 1*573. 

8. (1) 0; (2) -f-49; (3) -51. 

9. n revolutions per minute anti clockwise ; straight line through centre of A ; 
ellipse, centre at centre of A, major axis equal 3 times distance between centres 
of A and 0, minor axis equal | major axis. 10, 50 in same direction. 

II. (1) +9 ; (2) -25*2. 12. 62*95 inches. 13. 44. 

14. 7i in same direction. 16. -176. 16. 30 to 1. 

17, 62 and 2 revolutions per minute in same direction as arm ; 206*45 lbs, 

18. 4-70. 19. (1) 0; (2) +80; (3) -48. 

20. 240 revolutions per minute in same direction as E. 

21 . ( 1 ) +21 ; ( 2 ) - 22 * 8 . 

XXV. pp. 411-413. 

6. (a) 23*56 ; (5) 35*34. 

XXVIa. pp. 417-419. 

I. 75 lbs ; 126* 52'. 2. 861*5 lbs. ; 108* 26' to first radius ; 26*3 lbs, 

3. 36*1 lbs., 15 lbs. 4. 9*386, 4*614 ; 102*8. 

6. 572*2 lbs., 381*4 lbs. ; 20 lbs. 6. 24*64 lbs. on A, 20*36 lbs. on B. 

7. 6415 lbs. on the bearing nearest to the crank, and 1480 lbs. on the other; 
541 lbs. in the plane nearest to the crank, and 283*4 lbs. in the other. 

8. 201 lbs. each; left-hand balance weight 157° 37' in advance of left-hand 
crank ; right-hand balance weight 202° 23' in advance of right-hand crank. 

9. Forces on bearings. — Left-hand, 50*2 lbs. ; right-hand, 120-5 lbs. Balance 
weights, — Left-hand, 12*6 lbs. ; right-hand, 38*1 lbs. If the 10 lbs. mass leads, 
then the 12*6 lbs. mass is 159* 58' ahead, and the 38*1 lbs. mass is 127° 20' 
ahead of the 10 lbs, mass. 

10. 37*8 lbs. in plane P at 227* 5' ; 34*5 lbs. in plane Q at 34° 1'. 

II. £c= 83*67 lbs. ; angle between D and A, 37° 51'. 

XXVIb. pp. 428-430. 

1. J inch ; 4087 lbs. 2. 0*004 inch. 3. 382 lbs. ; 255J lbs. ; 126J lbs. 

4. 787 lbs. ; ^j = ^2=23* 12' (see Fig. 092, p. 423h 
6. 311*5 lbs. ; 6»i = ^2=22* 23' (see Fig. 692, p. 423), 

6. 333 lbs. ; ^T = ^p = 5° 43' (see Fig. 693, p. 424). 

7. 162 lbs. in each driving wheel, and 68 lbs. in each trailing wheel. 

8. 366 lbs. in each driving wheel, and 108 lbs. in each trailing wheel. 

9. 2*46 tons. 10. 5*6 tons. 11. 360 lbs. and 240 Ib^. 
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APPLIED MEOHAHICS 


12. 385 ]l)s. and 175 lbs, ; 'all cranks in same plane, intermediate crank on 
opposite side of shaft to outside cranks. 

13. X, 271 lbs., 19® 2*r In front of C, A leading; Y,. 530 lbs., 70® 27Mn front 
of B, A leading. 

14. ,C, 5411 IbSo 103° 38^ behind B ; D, 3530 lbs., 52^ 28-beli!iicl A. . 


XXVIL pp. 436-438. 

1. 9600 lbs. 2. 9-45;' 0^5nb. '3. 69'2 ; 416. 4. 22,670. '5. 8392 lbs. . 

6. 253|-t.ons; 10| ft. 7. 7-30 tons ; 13*04 tons. 

8. 3*24"5 lbs. in each bottom screw, 0*649 lb. in each top screw. 

9. 604*5 lbs., 04 1*5 lbs. ; in horizontal line 0*4 inch below, and equally distant 
from, centre of door; 623 lbs. 10. 6*39 feet. 11, 3386 lbs. 

12. 444*3 tons; 8*3 feet. 13. (1.) lbs. ; (ii.) 

14. 4*2 inches from bottom ; 10*21. 15. 1*798 feet; 1*752 1661. 

16. 4300 tons at beginning of voyage. 18. 2°. 


■ . XX¥ina. pp. ■454-456. 

1. 19*3 lbs. per square inch ; ,1*92 inches. 2. 1*22 lbs. per square inch. 

3. 31*0 lbs. per square inch. 4. 48*11 cubic feet per second. 5. 1924, 

6. 2520. 7. 3*48 inches. 8. (1) 650 ; (2) 1300. 

9 . 5*67 radians per second. 10, 78*2 feet per second. 11. 8*7 feet per second, 
12. 40*4 feet per second. 13. (i.) 25*38 ; (ii.) 25*39. 

15. 0*613; 0*957; 0*641. 16. 0*622. 

17. 1481 with coefficient of discharge, =0*61. 

18. 3 hours 6 minutes 49 seconds with coefficient of discharge = 0*62, 

19. OJ seconds wdth coefficient of discharge = 0*62, 

20. 8 seconds with coefficient of discharge =0*62, 

21. 37 minutes 19 seconds. 22. 0*619. 23. 89 7. 24. 91*9. 

25. 8*88 feet, 26. 22*1 cubic feet per second with 0*6, 

27. 10*3 inches with ^=0*6. 28. 4*87, 

29. 2*64/ti cubic feet per second ; 672. 

30. Total discharge about 6480 cubic feet. 31. 13*7 inches. 32. 130489. 


XXVIIIb. pp. 472-475. 


1. 64*4. 2. 61*8. 3. 0*707 inch ; 1*74 inches ; when I*=:0‘66. 

4. 30,805; 1419. 5. 126,367,280; 5470. 6. (1) 2*47 feet ; (2) 1*17 feet. 

7. 4*92, 8. 51*9 feet. 9. 169. 10. 13*5 cubic feet per second. 11 . 0*73 foot. 
12. Discharge, 2*33 cubic feet per second; hydraulic gradient, 1 in 62*1; 
pressure head, lo*5 feet. 13. 1 : 

14. 46,100 ; 8390 gallons, or 18*2 per cent. 16. 158*5 feet. 

16. 3*55, assuming that the total loss of head is equal to the difference in the 


levels of the two ends of the pipe. 

17. 2*12 and 1*52 cubic feet per 
second. 

18. 59*8 cubic feet to B and 69*3 

cubic feet to C. 19. 70*1 feet. 

20. 2*75 inches. 22. 527. 

23. The curves are shown in Fig. 
850. Total loss of horse-power asked 
for=6‘94. 

24. 5*50 inches. v 

25. 4*15 inches; 840 lbs. per square 
inch; 303*2, 

26. s = 6*5 feet; ^=3*72 feet; 

6 = 12*84 feet. 

28. 1*062:1. 

29. 3*17 feet per second ; 976 cubic 
feet per second. 

30. 1*49 feet. 31. 6 feet ; 1 in 3517, 



32, 476. 35. 84,790. 


ANSWERS 
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XXVIIIc. pp. 483-484. 

1. (a) 38 lbs. ; (h) 19 lbs. 2. (a) 152 lbs. ; (b) 59*4 lbs. 3. 0*863. 

4, Maximum horse-power =9* 59 at 25 feet per second. 

5. 1831 ; 29*2 per cent. 6. 1393 ; 22*2 per cent. 

7. 2973 ; 41*1 per cent. 8. 220 lbs. 9. (a) 126 lbs. ; (h) 66 lbs. 

10. 12 0 ; 93*3 per cent. ll. 974 lbs. ; 67*3. 

12. (a) 72*6 lbs. ; W 18*1 lbs. 

13. Acute angles between AB and the tangents to the vane at entrance and 
exit, 53° 48' and 36° 12' respectively. Pressure on vane, 0*645 lb. 

14. Acute angles between horizontal and tangents to vane at entrance and 
exit, 73° 41' and 47° ,16' respectively. Pressure in direction of motion 68*4 lbs. 

15. Direction of total pressure inclined at 7° 56' to direction of motion of 
bucket or vane. Magnitude of .total pressure, 193*7 lbs. Pressure in direction 
motion, 191*8 lbs. Maximum efficiency when velocity of buckets is 82*8 feet 
per second. 

16. 9317 ft. -lbs. 17. 862*6 lbs. 

18. 34*7 feet per second ; 25*7 ; 2051 lbs. ; 21*9 miles per hour. 


XXIX. pp. 496-498. 

I. 6600. 2. 63*7. 3. 4*03. 

5. (a) 75*7 per cent. ; {h) 181 feet; (c) 0*459:1. 

6. Maximum B.H.P. = 1*61 ; maximum efficiency, 79*3 per cent. 

7. Taking efficiency at 80 per cent., horse-power =235*5. 

8. Mean diameter of wheel, 2*28 feet ; diameter of nozzle, 0*461 inch; horse- 

I ■ .power, 16*3. ■ . 

10. i;i = 152*5 ; Ci=75*9 ; tei=84*5 ; ^2=94*9; ^2=24*9; ^2=99°; 

revolutions per minute = 181*2; horse-power =318*5. 

II. Cl =Wi = 42*57 ; C2='Uq=BS'21 ; V2—1S'9; 30'; revolutions per 

mmute = 203*3 ; horse-power = 273. 

12. 5*4; 81*5 per cent. 13. 68*7 per cent. ; 11*8. 

14. (Referring to Fig. 795, p. 494) = 13'; angle UiBiCi= 78° 54'; 

^=21° 52'. 

15. 9° 28' ; 747*6 lbs. 16. Inlet, 48° 54' ; outlet, 11° 19'. 

17. At inlet, 65° 9' to the tangent to the periphery ; at outlet, 21° to the 

tangent to the periphery ; 89 per cent. ; I 

19. Velocity of outer periphery of wheel, 35*8 feet per second ; guide angle, ’• f 

6° 23'; vane angle at exit, 12° 37'; outer diameter, 1*96 feet; inner diameter, Jj 

0*975 feet ; widths at inlet and outlet, 0*34 feet and 0*68 feet respectively, ■ \ 

neglecting thickness of vanes. i: 

XXX. pp. 518-519. 4 

1. 22*09 ; 3*34. 2. 2851 lbs. ;■ (a) 2*25 cubic feet ; (5) 0*102 cubic feet. 

3. {a) 489*3 lbs. ; (6) 873*8 lbs. ; 1*65. 

4. (i.) 319*7 ; (ii.) 38*07 ; (iii.) 76*1 per cent. ; (iv.) 39,560; (v.) 39*27. 

5. 1638 lbs. ; 1583 lbs. ; 14,496. 6. 141*5; 196*7; 10 lbs. 

3.1. (1) 11° 34' ; (2) 104*6 feet ; (3) 47*6 feet. 12. 23*7 feet per second. 

13. 60 per cent. ; 250 ; 198 revolutions per minute. 

XXXI pp. 528-529. 

1. 1*71 pence. 2. 1,102,700. 3. 1061 lbs, per square inch. 4, 14*76 inches. 

5. (a) 1139; (5) 1040. 6. 40*24; 66*22. 

7. (a) 19*84 tons; (b) 101*01 tons. 8. 12,959 lbs. ; 53,996 ; 3*32 inches. 

9. 2013. 10. 649; 20,388. 11. 32*9 inches. 12. 4*70 inches; 9*73 inches. 

13. 1792; 4032; 7168. 14. 1720; 3890; 6934. ^ 

16. 16*16 tons per square inch ; 87*4 feet. 16. tons. 17. 53*4 pev' ceiit* 

18. (1) 3970 lbs. ; (2) 9*63. 19. 6*06 cubic feet; 13 inches. 

20. 1 '53 feet per second. 
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Absorption dynamometers, 347- 
Accelerating effect of gravity, 1 
Acceleration, 16 

Acceleration diagrams, piston, 303 
Acceleration, piston or slider, 301 
Acceleration-space diagram, 287 
Acceleration-time diagram, 286 
Accumulator, hydraulic, 521 
Accumulator, intensifying, 523 
Accumulator, Tweddeirs differential, 
523 

Addendum circle, 376 
Addition of vectors, 13 
Air chamber, 504 
Algebraical formulse, 2 
Aluininium-oopper alloys, tests of, 184 
American turbine, 493 
Analogies of linear and angular mo- 
tions, 31 

Angle, friction, 261 
Angle of repose, 261 
Angle of twist of shaft, 80 
Angular acceleration, 16 
Angular acceleration of connecting-rod, ‘ 
307 

Angular momentum, 21 

Angular motion, 15 

Angular motion diagrams, 290 

Angular velocity, 16 

Angular velocity of connecting-rod, 305 

Annealing, 180 

Annular valve, 508 

Anti-friction curve, 267 

Arc of approach, 379 

Arc of contact, 379 

Arc of recess, 379 

Arch, three- hinged, 197 

Arithmetical mean, 3 

Arithmetical progression, 3 

Artificial head, 433 

Autoloc, 411 . 

Axial flow turbines, 493 
Axis, instantaneous, 18 
Axis, neutral, 104 
Axle, friction of, 270 
Axode,. 1.8 

Balancingr, 414 et seq. 

Balancing of locomotives, 422 


Ballast, 244 
Ballast guards, 244 
Ball, fracture of, 176 
Ball valve, 507 

Balls, crushing strength of, 189 (lx. 7) 
Band and block brakes, 845 
Band brakes, 344 
Barker’s mill, 491 
Barlow’s curve, 443 
Barlow^s formula for thick cylinders, 
161 (Ex. 20) 

Bath lubrication, 274 
Bazin’s channel formula, 470 
Beam sections, equivalent, 105 
Beams and bending, 87 6‘e^. 

Beams and girders, 214 
Beams, continuous, 126 
Beams, deflection of, 113 et seq. 

Beams of uniform strength, 107 
Beams, resilience of, 132 
Beams, shear stresses in, 148 
Bearings for girders, 221, 239-242 
Bearings, methods of lubricating, 273 
Behaviour of materials in testing ma- 
chine, 170 ciseg. 

Belgian truss, 203 

Belt dynamometer, 362 (Ex. 11) 

Beit dynamometers, 357 
Belt gearing, 363 et seq. 

Beit gearing for non-parallel shafts, 368 
Bending beyond elastic limit, 109 
Bending by forces in different planes, 
101 

Bending combined with tension or com- 
pression, 153 

Bending moment and shearing force 
diagrams, relations between, 92 
Bending moment diagrams, 59, 88 
Bending moment, equivalent, 144 
Bending, moment of resistance to, 
104 

Bending moments on beams, 87 
Bending, positive and negative, 88 
Bending, stresses induced by, 103 
Bending to circular arc, 113 
Bernoulli’s theorem, 439 
Bevel wheels, 384 
Bevis-Gibsou torsion meter, 360 
Bibliography, 13 
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Bmomial theorem, ,3 

Block brake dynamometer, 347 . 

Block brakes, 345 
Bob- weights, 427. 

Bocorselski’s universal joint, 407 
Bollman truss, 200 ' ■ 

Bolster plate, 221 

Booms of open web girders, 234 

Booms or flanges, 217 

Borda’s mouthpiece, 460 

Bow’s notation, 36 

Bow-string girder, 233 

Box girder, 216 

Braced girders, 231 et seq. 

Bracing, overhead and sway, 247 
Bracing, secondary, 201, 236 
Brake strap, 282 

Brakes and dynamometers, 344 et seq. 

Brasses, tests of, 182 

Breaking load, 68 

Bre.ast wheels, 486 

Bridge floors, 242 

Bridges, cantilever, 131 

Bucket, 499 

Bucket, Doble, 488 

Bucket, Pelfcon, 488 

Bucket pump, 499 

Bull engine, 293 

Buoyancy, centre of, 436 

Camber and deflection of girders, 223 
Cam follower, motion of, 397 
Cams, 397 

Cams, cyclindrical, 401 
Cams, interference in, 404 
Cams, rotating, 399 
Cams, sliding, 398 
Canal lock, time of filling, 450 
Cantilever, 89 
Cantilever bridges, 131 
Cantilever, deflection of, 113, 114 
Carnegie Z-bar column, 61 (Ex. 6) 
Centimetre, 2 
Centre, instantaneous, 17 
Centre of buoyancy, 436 
Centre of curvature, 9 
Centre of parallel forces, 44 
Centre of pressure, 47, 433 
Centre of stress, 47 
Centre, virtual, 17 
Centres of gravity, 45 
Centrifugal force, 19, 20 
Centrifugal force of revolving mass, 
414 

Centrifugal pumps, 512 
Centrifugal tension in belts, 369 
Centrifugal tension in revolving hoop, 
76 

Centripetal force, 19 
Centrodo, 18 
Centroids, 45 
Chain gearing, 370 
Chain, Kenold’s, 371 


b Chain, slider crank, 308 
^ Chain, swing,i.,ng block .siider-crank, 308 
‘ Chain, tiirning slider-cran.k, 308 
Change speed gears, 389 
Channels, flow of wator in, 470 : 
Chezy^s formula, 465 
Circle, friction, 270 
. Circle of curvature, '9 
Circular pitch, 375 , 

Circumfe,rential pitch,. 375 
Coefficient of contraction, 447 
Coefficient of cubical elasticity, 66 
Coefficient of discharge, ,448 
Coefficient of elasticity, 66 
Coefficient of elasticity of volume, 66 . 
Coeffioie.nt of fluctuation of energy, 320 
Coefficient of fluctuation of speed, 322 
..Coefficient of friction, 260 
Coefficient of rigidity, 66 
Coefficient of transverse elasticity, 66 
Coefficient of velocity, 447 
Collars, friction of, 266 
Columns and struts, 162 et seq. 
Combined plunger and bucket pump, 
502 

Com.pensating lever on dynamometer, 
349 

Composition of forces, '34 
Composition of velocities and accelera- 
tions, 17 

Compound strains a.nd stresses, 138 et 
seq. 

Compressibility of mercury, 431 
Compressibility of water, 431 
Compressive strain, 64, 65 
Co.mpressive stress, 64, 65 
Concrete beams, reinforced, 109 
Conical valve, 506 

Connecting-rod, angular acceleration 
of, 307 

Connecting-rod, angular velocity of, 
305 

Connecting-rod, distribution of weight 
of, 421 ' 

Constant of integration, 7 
Construction of parabola, 10 
Continuous beams, 126 
Continuous delivery pump for high 
pressures, 503 

Continuous girders, advantages and 
disadvantages of, 130 
Conversion of space-, velocity-, accele- 
ration-time diagrams, 28% 
Copper-aluminium alloys, tests of, 184 
Copper-tin alloys, tests'of, 183 
Copper-zinc alloys, tests of, 182 
Corrugated iron, 204 
Cottered joints, 77 
Counterbracing, 233 
Counter efficiency of a machine, 27 
Coupled locomotives, 425 
Couples, 44 

Coupling, Oldham’s, 408 
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Coupling, nniversal, 405' 

Crane, hydraulic, 527 ' 

Crank effort. 316 
Crank effort diagrams, 317 
Cranked shaft, stresses in, 146 
Critical load for a long column, 162 
Critical velocity of water in pipes, 
,461 

Grossed arm governor, 332 

Cross girders, '242 

Crushing strength of materials, 186 

Cubical elasticity, coefficient of, 66 

Cubic equations, 3 

Cup-leather packing, 520 

Curb roof truss, 198 (Ex, 8) 

Current, radiating, 442 
Curtain plates, 234 
Curvature, centre of, 9 
Curvature, circle of, 9 
Curvature, radius of, 9 
Curve, anti-friction, 267 
Cycloid, 11 
Cycloidal curves, 11 
Cycloidal teeth, 378 
Cylindrical cams, 401 
Cylindrical shells, thin, 76 

Darcy’s formula, 463 
Deck bridge, 242 
Definite integral, 7 

Deflection due to circular bending, 113 
Deflection of beams, 113 et seq. 
Deflection of cantilever, 113, 114 
Detent, 408 

Diagram, acceleration-space, 287 
Diagram, acceleration-time, 286 
Diagram, elfort-space, 283 
Diagram, effort-time, 284 
Diagram, load strain, 69 
Diagram of work, 25 
Diagram, velocity-space, 287 
Diagram, velocity-time, 286 
Diagrams, angular motion, 290 
Diagrams, bending moment, 88 
Diagrams of governor, effort and power, 
339 

Diagrams, shearing-force, 88 
Diagrams, stress-strain, 68, 186 
Diametral pitch, 375 
Diaphragm plates, 219 
Differential accumulator, Tweddeli’s, 
523 

Differential coefficient, 6 
Differential gear, 391 
Direct driven steam pumps, 509 
Discharge, coefficient of, 448 
Doble bucket, 488 
Double-acting piston pump, 502 
Drowned orifices, 449 
Drowned weirs, 453 
Dynamics, 1 
Dynamometers, 347 
Dyne, 2 




Eddy current brake dynamometer, 353 
Efficiencies of centrifugal pumps, 515 
Efficiency of a machine, 27 

Efficiency of inclined plane, 262 . 

Efficiency of riveted joint, 73 j 

Efficiency of screws, 264 f 

Effort, 26, 283 

Effort, crank, 316 

Effort diagrams, piston, 313 

Effort of governors, 338 i 

Effort-space diagram, 283 
Effort-time diagram, 284 

Elasticity, 66 * 

Elasticity, modulus of, 66 

Elastic limit, 66 

Elastic strength, 68 

Electrical units, 26 

Ellipse, momental, 57 

Ellipse of stress, 147 

Elongation of test piece, 171 

Empirical formula for struts, 166 

End posts, 239 

Energy, 30 

Energy, fluctuation of, 319 
Energy of water, 439 
Engineer’s units of force and mass, 18 
English truss, 202 
Epicyolic train dynamometer, 356 
Epioyclic wheel trains, 391 
Epicycloid, 11 
Equations to parabola, 10 
Equilibrium polygon, 37 
Equivalent beam sections, 106 
Equivalent bending moment, 144 
Equivalent twisting moment, 144 
Equivalent uniform dead load, 93 
Erg, 2 

Euler’s theory of long columns, 164 :: 

Exponential series, 3 I 

Face of tooth, 376 
Factor of safety, 68 
Fan brake dynamometer, 352 
Fast and loose pulleys, 366 
Fatigue of metals, 179 

Fink truss, 200, 203 v !f 

Fish-bellied girder, 216 
Flank of tooth, 376 
Flats, 217 

Flitch beam, 135 (Ex. 19) 

Floating bodies, 436 

Floor plating, 244 

Floors, bridge, 242 

Flow of water in channels, 470 

Flow of water in pipes, 465 

Flow through cyclindrical mouthpiece, ' 

458 

Fluctuating loads, effect of, 178 
Fluctuation of delivery in crank-driven 
pumps, 508 

Fluctuation of energy, 319 

Fluctuation of energy, coefficient of, 320 ’ ■ 

Fluctuation of speed, 322 
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Flak! friction, 4.60 
Fluids, 431 
Fly-wlieels, 321 ' 

B^oot-poiincl, 24 
Foot" ton, 24 
, Force, 18 

Force, moment of a, 20, 42 
Forced lubrication, 274 
Forced .vortex, 443 , , 

Forces, composition of, 34 
Forces, lettering of, 36 
Forces, parallelogram of, 34 
Forces, polygon of, 35 
Forces, resolution of, 34 
Forces, resultant moment of a system 
of, 43 

Forces, triangle of, 34 
Formulm for shafts, 82 
Forth Bridge, 132 
Fottinger’s torsion meter, 359 
Ifoundation bolt, 79 (Ex. 20) 
Fourneyron turbine, 493 
Fracture by shearing in tension and 
compression tests, 175 
Fracture by tension in torsion tests, 
176 

Fraoture in tension test bar, position 
of, 173 

.Framed structures, stress diagrams for, 
191 

Francis turbine, 493 
Francis’s formula, 452 
Free vortex, 443 
French truss, 203 

Bb’cciuency of contact of wheel teeth, 
376 

Friction and lubrication, 260 et seq. 
Friction angle, 261 
B'rietion axis of a link, 271 
eviction circle. 270 
F'riction, fluid, 460 
Friction of an axle, 270 
Friction of band on pulley, 277 
Friction of governors, 334 
Friction of pivots and collars, 265 
Friction of screws, 262 
Friction of sliding keys, 275 
Friction ratchets, 410 
Function of a governor, 329 
Functions of tt, 1 
Funicular polygon, 36, 38 

Gas-engines, fluctuation of energy 
in, 320 
.Gases, 431 

Gearing, belt, rope, and chain, 363 
€t seq. 

Gearing, toothed, 375 et seq. 

Gears, change speed, '389 
Geometrical mean, 3 
Geometrical progression, 3 
Girard impulse wheel, 489 
Girder, bow-string, 233 


Girder, box,. 216 
Girder, fi.sh-bellied, 216, 

.Girder, hog-backed, 216 
.Girder. lattice, 232 
Girder, Warren, 231 
Girder, wind, 246 
Girders, braced, 231 
Girders, plate, 21.4 ct seq. 

Governors, 329 rt seq. 

Gradient, hydraulic, 463 
Gramme, 2 

Gravity, accelerating effect of, 1 
Gravity, centres of, 45 , 

Guest’s formula for shafts, 145 
Gutermuth valve-, 508 

Hardening, IS2 

Hardening effect of overstraining, IT? 
Harmonic motion, simple, 296 , 

. Hat-leather packing, 520 
Head, artificial, 433' 

Head race, 485 

Heat, mechanical equivalent of, 31, 
Helical springs, 83 
Helical teetln 380 
Hog-backed girder, 216 
Hollow shaft, 82 
'Hooke's joint, 405 
Hooke’s iaw, 60 
Hoop tension, 76 
Horse-power, 26 
Howm truss, 232 
Humpage's gear, ;192 
Hunting c<jg, 376 
Hurdy-gurdy, 487 
Hydraulic accumulator, 521 
Hydraulic crane, 527 
Hydraulic gradient, 463 
Hyd.raulic inteiisifle,rs, 524 
Hydraulic lifting- jack, 526 
Hydraulic mean depth, 461 
Hydraulic press for making lead pipes 
525 

Hydraulic pressure machines, B2i)€ts€q* 
Hydraulics, 1 

Hydraulics, general principles of, 439 
et seq. 

Hydrodynamics, 1 
Hydrostatics, 1, 431 et seq. 

Hyperbolic logarithms, 4 
Hypocycloid, il 

Impact of jet -on cup, 479- 
Impacfc of jet on fiat vane, 475 
Impact of jet on succession of vanes, 
''477 

Impulse, 19 
Impulse turbines, 493 
Inch-pound, 24 

Inclined plane, efficiency of, 262 
Indefinite integral, 7 
India-rubber disc valve, 508 
Indicator diagrams, 313 
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Inertia curves, 57 • 

Inertia, moment of, 21, 50 
Inertia of reciprocating parts, 315 
Inertia, principal axes of, 56, 58 
Inertia, rotational, 21 
Instantaneous axis, 18 
Instantaneous centre, 17 
Integral calculus, 6 
Intensifiers, hydraulic, 524 
Intensifying accumulator, 523 
Interference in cams, 404 
Internal teetli. 3S2 
Inversions of mechanisms, 308 
Involute teeth, 380 
Inward flow turbines, 493 

Jack, hydraulic lifting, 526 
Jack, screw, 279 (Ex. 14) 

Jet reaction wheels, 491 

Jockey pulleys, 368 

Joint, Hooke’s. 405 

Joint, tie-bar. 75 

Joints, cottered, 77 

Joints for hydraulic pipes, 521 

Joints in boom plates, 235 

Joints, riveted, 72 

Jonval turbine, 493 

Journal bearings, friction of, 272 

Keys, friction of sliding, 275 

Kinematioal equations, 16 

Kinematics, 1 

Kinetic energy, 30, 439 

Kinetic energy of rotating body, 30 

Kinetics, 1 

King-rod, 202 

Klein’s construction for piston accelera- 
tion, 302 
Knot, 16 

Kutter’s channel formula, 471 

liame’s formulae for thick cylinders, 

169 

Lattice girder, 232 
Lav 7 of a machine, 27, 28 
Laws of friction, 260 
Lead-tin alloys, tests of, 184 
Lettering of forces, 36 
Lifting crab, 394 (Ex. 7) 

Lifting jack, hydraulic, 526 • 

Limiting angle of resistance, 261 

Linear acceleration, 16 

Linear velocity, 16 

Link polygon, 37 

Linviile truss, 232 

Liquids, 431 

Load, 64 

Loaded governors, 333 
Loads, fluctuating, 178 
Loads, travelling, 93 
Load-strain diagram, 69 
Locomotives, balancing of, 422 
Locomotives, coupled, 425 


Logarithmic series, 3 
Logarithms, 4 
Loss of energy or head, 448 
Loss of head due to friction in pipe, 
462 

Loss of head due to obstructions in 
pipes, 458 

Loss of head due to sudden contraction 
of pipe, 457 

Loss of head due to sudden enlarge- 
ment of pipe, 456 
Lowell formula, 452 
Lubrication, bath, 274 
Lubrication, forced, 274 
Lubrication, pad, 274 
Lubrication, ring, 274 
Lubrication, syiasb, 275 
Lubricator, needle, 273 
Lubricator, syphon, 273 
Luders’ lines, 175 

MacMnes, 26 

Machines, hydraulic pressure, 520 ci seg. 
Marlborough wheel, 389 
Mass, 18 

Maximum shear stress due to combined 
twisting and bending, 144 
Mechanical advantage of a machine, 27 
Mechanical equivalent of heat. 31 
Mechanical properties of steel after 
heat treatment, 179 
Mechanics, 1 

Mechanisms, miscellaneous, 397 et segf. 
Mercury, compressibility of, 431 
Metacentre, 436 
Metals, fatigue of, 179 
Meters, torsion, 358 
Method of sections, 196 
Miner’s inch, 448 
Mitre wheel, 384 
Mixed flow turbines, 493 
Moduli of various sections, 105, 106 
Modulus of beam section, 105 
Modulus of elasticity, 66 
Modulus of elasticity of materials, 187 
Modulus of rupture, 109 
Moment of a force, 20, 42 
Moment of inertia, 21, 50 
Moment of inertia, fundamental ex- 
amples, 62 

Moment of inertia theorems, 51 
Moment of momentum, 21 
Moment of resistance of shaft to tor- 
sion. 81 

Moment of resistance to bending, 104 
Momental ellipse, 57 
Moments and centroids, 42 ei seq. 
Moments of inertia of various sections, 
105, 106 

Moments, principle of, 44 
Momentum, 19 
Momentum, angular, 21 
Momentum, moment of, 21 
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Mortice wheel j 376 
Motion and force, 15 et seq. 

Motion, Newton’s laws of, 19 
Motion, simple, harmonic, 296 
Mouthpiece, Borda’s, 460 
Mouthpiece, flow’ through cylindrical, 
' , 458 

Multi-stage turbine pumps, 516 

Mapierian logarithms, 4 
Nautical mile, 16 
Needle lubricator, 273 
Neutral axis, 104 
Neutral surface, 103 
Newton’s laws of motion, 19 
Nominal and actual stresses, 170 
Normal pitch, 381 
Notched bars, 174 
Notches, rectangular, 451 
Notches, triangular, 453 
N -truss, 231 

Obliquity of action between wheel 
teeth, 379 
Oil hardening, 182 
Oldham’s coupling, 408 
Open web girders, 231 et seq. 

Orifices, large rectangular, 450 
Orifices, partially submerged, 453 
Orifices, submerged, 449 
Oscillating engine mechanism, 308 
Otto cycle, 320 
Outw^ard flow turbines, 493 
Overhead bracing, 247 
Overshot water wheels, 485 
Overstraining, hardening effect of, 
177 

Packing for hydraulic rams and pis- 
tons, 520 

Pad lubrication, 274 
Parabola, construction of, 10 
Parabola, equations to, 10 
Parallel flow turbiues, 493 
Parallel forces, centre of, 44 
Parallelogram of forces, 34 
Path of approach , 379 
Path of contact, 378 
Path of recess, 379 
Pawl, 408 
Pelton wheel, 487 
Pendulum pump, 309 
Pendulum, revolving, 329 
Pendulum, simple, 299 
Pent roof truss, 198 (Ex. 6) 

Periodic time, 297 
Permanent set, 66 
Phoenix column, 61 (Ex. 8) 

Piezometers, 464 
Pin wheels, 382 
Piston, 499 

Piston acceleration, 301 
Piston acceleration diagrams, 303 


Piston effort diagrams, 313 
Piston velocity diagrams, 300 
Pit work, 293;^ 

Pitch circle, 375 

■ Pitch line of toothed wheel, 375 
Pitch of teeth, 375 

Pitch surfaces of toothed wheels, 375 
Pivot, ScMele’s, 267 
Pivots, friction of, 265 , 

Plane motion, 15 

Plate girder, worked example, 223 
Plate girders, 214 ct aeq. 

Plate girders, riveting of, 220 
Plate girders, weight of, 223 
Plunger, 499 
Plunger pump, 501 
Pneumatics, 1 , 431 
Poisson’s ratio, 155 
Polygon, funicular, 36, 38 
Polygon of .forces, 35 
Polygon, vector, 13 
Poncelet water wheel, 487 
Porter governor, 334 
Positive and negative bending and 
shearing, ,88 

Potential energy,, 30, 439 
Pound, 18 

Power of governors, 338 
Power transmitted )>y 369 

Power transmitted hy wire ropes, 370 
Power transmitted through a pipe, 467 
Pratt truss, 231 
Pressure, centre of, 47, 433 
Pressure energy, 439 
Pressure, resultant of, 433 
Principal axes of inertia, 56, 58 
Principal axes of stress,,, 141 , 

Principal stresses, 141 
IMncipai stresses due to combined 
bending and twisting, 143 . 
Principle of moments, 44 
Prony brake, 347 
Proof load, 68 
Proof strength, 68 
Proof stress, 68 
Proportions of teeth, 376 
Pullen’s friction brake dynamometer, 
350 

Pulleys, stepped, 364 
Pump, pendulum, 309 
Pump valves, 506 
Pumps, 499 ci , 5 ‘eg. 

Purlins, 201 

Ctnadratic equations, ' 2 
Qneen-rpd, 202, ■ . ■ 

Quick return motion, Whitworth, 308 

Rack, 382 
Kadian, 16 

Eadiating current, 442 
Eadius of curvature, 9 
Eadxus of curvature of beam, 103 
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Eadins of gyration, 21 
Bafters, 201 , , 

Bail bearers, 242 , 

Eaiiway brakes, 346 

Kaiiway bridge floors, 242 

Rankin e-Grordon formula for struts, 166 

Eatcbets, 408 

Rate of work, 26 

Ratio, Poisson’s, 155 

Reaction of jet, 479 

Reaction turbines, 493 

Reciprocal figures, 37 , , ' 

Reciprocating parts, inertia of, 315 
Rectangular notches, 451 
Rectilinear motion, 15 
Reinforced concrete beams, 109 
Relations between bending moment 
and shearing force diagrams, 92 
Relations between c, E, C, and K, 156 
Relative motion, 15 
Renold’s chain, 371 
Resilience, 69 
Resilience of a beam, 132 
Resolution of forces, 34 
Resolution of velocities and accelera- 
tions, 17 

Rest and motion, 15 
Resultant moment of a system of forces, 
43 

Resultant pressure, 433 
Residtant vector, 13 
Retardation, 16 

Reversal of shearing stress in beams, 
100 

Reversed efficiency of a machine, 27 
Reversible ratchets, 409 
Reverted wheel trains, 391 
Revolving pendulum, 329 
Revolving vane, action of jet on, 482 
Rigidity, coefficient of, 66 
Rims of pulleys, 365 
Bing lubrication, 274 : 

Ring, strength of, 154 
Riveted joints, 72 

Riveting in booms, 235 . 

Riveting of plate girders, 220 

Rolled joists, 214 

Roller for cylindrical cam, 402 

Roller, fracture of, 176 

Eollers, crushing tests on, 189 (Ex. 8) 

Rolling load, 93 

Roof coverings, 204 

Roof Goverings, weight of, 210 

Roof trusses, details of, 205-210 

Roofs and roof trusses, 201 et seq. 

Root circle, 376 

Rope brake dynamometer, 351 

Rope pulley, 366 

Rotary motion, 15 

Rotating cams, 399 

Rotating guides for sliding piece, 275 

Rotational inertia, 21 

Rupture, modulus of, 109 


Safety, factor of, 68 
Saw-tooth truss, 202 
Scalar quantities, 12 
Schiele’s pivot, 267 
Scotch turbine, 492 
Screw-jack, 279 (Ex. 14) 

Screws, efficiency of, 264 
Screws, friction of, 262 
Secondary bracing, 201, 236 
Section modulus figures, 105 
Sections, method of, 196 
Sensitiveness of governors, 335 
Series, 3 

Shaft, angle of twist of, 80 
Shaft, moment of resistance to torsion, 
81 

Shafts, formulas for, 82 
Sharp-edged orifices, flow through, 447 
Shear stress equivalent to two normal 
stresses, 140 

Shear stresses in beams, 148 
Shear stresses on planes at right angles, 
equality of, 139 

Shearing by forces in different planes, 
101 

Shearing force at concentrated load, 91 

Shearing force diagrams, 59, 88 

Shearing forces on beams, 87 

Shearing, positive and negative, 88 

Shearing strain, 64, 65 

Shearing strength of materials, 187 

Shearing stress, 64, 65 

Shock, 69 

Silent ratchet, 410 

Simple conical pendulum governor, 332 

Simple harmonic motion, 296 

Simple pendulum, 299 

Simple strains and stresses, 64 et seq. 

Simple torsion, 79 

Slates, 204 

Sleepers, 244 

Slider acceleration, 301 

Sliding cams, 398 

Slider-crank chain, 308 

Slider velocity diagrams, 300 

Sliding friction, 260 

Sliding keys, friction of, 275 

Slope of bent beam, 114 

Soaking, 182 

Space average and time average of a 
force, 284 
Speed, 15 

Spherical shells, thin, 76 
Splash lubrication, 276 
Springs, helical, 83 
Statical friction, 260 
Statics, 1 

Steam pumps, direct driven, 609 
Stepped pulleys, 364 
Stepped teeth, 386 
Stiffeners, web, 219 
Stiffness of a beam, 116 
Strain, 64 
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Strain, compressive. 65 
Strain, sliearingv 65 ' 

Strain, volume, 65 '■ ■ ■ 

Strains and stresses, compound, 138 
■ et seq. 

Strains and stresses, simple, 61: et seq. 
Straining pulleys, 368 
.Strength, 68 
Strength, elastic, '68 . 

Strength of a ring, 154 
Strength of wheel teeth, 107 
Strength, proof, 68 
Stren^.h, ultimate, 68 
Stress, 64 

Stress, centre of, 47 
Stress, cotnpressive, 64, 65 
Stress diagrams for framed structures, 
191 et seq. 

Stress diagrams for wind pressure, 194 

Stress, ellipse of, 147 

Stress, principal axes of, 141 

Stress, shearing, 65 

Stress, tangential, 65 

Stress, ultimate, 68 

Stresses in a cranked shaft, 146 

Stresses induced by bending, 103 

Stresses, nominal and actual, 170 

Stress-strain diagrams, 68, 186 

Str.i!ig€-ir plates, 234 

Submerged orifices, 449 

Successive differentiation, 9 

Suction tube, 496 

Suppressed weir, 451 

Sway bracing, 247 

Swinging-block slider-crank chain, 308 
Swinging slider-crank, 309 
Syphon lubricator, 273 

Tail race, 485 

Tangential stress, 65 

Teeth, cycloidal, 378 

Teeth, helical, 386 

Teeth, internal, 382 

Teeth, involute, 380 

Teeth, proportions of, 376 

Teeth, stepped, 386 • , ; - 

Tempering, 182 

Tensile strain, ‘64 

Tensile strength of materials; 187' 

Tensile stress, 64 ' 

Tension test bars, long short, 174 

Theorem of three moments, 126 

Theory of long columns, 164 

Thick hollow cylinders, 158 

Thin cylindrical shells, 76 

Thin spherical shells, 76 

Three- hinged arch, 197 

Three moments, theorem of, 126 

Through bridge, 242 

Tie- bar joint, 75 

Tiles, 205 

Time average and space average of a 
force, 284 


I Time of flow’ tlirough a.n orifice, 449 
I'. Toothed gearing, 375 seg. 
j Torque, 20, 25 
Torricelli’s theorem., 446 
Torsion meters, 358 
Torsion, simple, 79 

Tower’s experiments, on friction, 269, 
, : , 272 
Tractrix, - 267 
Train of whe^els, 388 
Trimway rail section, 62 (Ex.. 14) 
Transformation of moments of iiie.rtia, 
56 

Transmission. d..yiiamometers, 347 
Traiisve,rse elasticity, coefficient of, 66 
Travelling loads, 93, 98 ■ 

Triangle of forces, 34 
Triangles, formulae for, 5 
Triangular notches, 453 
Trigonometrical .formiilse, 4 
Trough floors, 244 
Truss, Belgian, 203 
Truss, Boll man, 200 
Truss, English, 202 
Truss, Fink, 200, 203 
Truss, B'rerich, 203 
Truss, Howe, 232 
Truss, Binville, 232 
Truss, Pratt, 231 
Truss, saw-tooth, 203 
Truss, Whipple-l\lurphy, 231 
Turbine pumps, 516 
Turbine, Scotch, 492 
Turbine, Whitelaw’s, 492 
Turbines, classification of, 493 
Turbines, impulse, 493 
Turbines, reaction, 493 
Turning moment, 25 
Turning slider-cran'k chain, 308 
T Weddell’s differential accumulator, 
523 

Twistin.g moment, equivalent, 144 

U-leather packing, 520 
Ultimate crushing strength of mate- 
rials,. 186 

Ultimate shearing strength of mate- 
rials, 187 

Ultimate strength., 68 . 

Ultimate stress,' 68 ' 

Ultimate tensile' sfc,rength of materials, 
187 '." 

Unbalanced effort, 283 
Undershot water wheels, 487 
Uniform velocity, 15 
Universal coupling, 405 
Useful load, 64 

Vacuum chamber, 506 

Valves, pump, 506 

Vanes of centrifugal pumps, 514 

Variable velocity, 15 

Vector, 12 
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Vector polygon, 13 ’ 

Vector quantities, 12 , 

Vectors, addition of, 13 
Velocities of water in pipes, 461 
Velocity, 15 

Velocity, coefficient of, 44.7 
Velocity diagrams, piston or slider, 300 
Velocity of, approach, 447, ,452 
Velocity of whirl,, 483 
Velocity ratio in 'belt gearing, 363 
Velocity ratio of a train of wheels, 388 
Velocity ratio of a inaoMne, 26 
Velocity ratio of follower and cam, 404 
Velocity-space diagram, 287 , 
Velocity-time diagram, 286 
Vena contracta ^ , 447 
Venturi' water meter, 440,; 

Victor turbine, 493 
Virtual centre, 17 
Virtual slope of pipe, 464 
Volume strain, 65 
Vortex, 443 , - 

Wall plates, 202 
•Warren girder, 198, 231 
Water, compressibility of, 431 
Water, energy of, 439, 

, Water meter,* Venturi, 440 

Water, weight of, 1, 436 

Water wheels and turbines, 48,5 3 ^ seq. ■ 

Web bracing, 235 

Web,p,lates,, 218 

Web stiffeners, 219 

Weight, 18 


Weight of plate girders, 223 

Weight of roof coverings, 210 

Weight of water, 1, 436 

Weirs, 451 

Weirs, drowned, 463 

Wetted perimeter, 461 

Wheel teeth, strength of, 107 

Wheel trains, 388 

Wheel trains, epicyclic, 391 

Wheel trains, reverted, 391 

Wheels, bevel, 384 

Wheels, pin, 382 

Whipple-Murphy truss, 231 

Whirl, velocity of, 483 

Whirling liquids, 444 

Whitelaw’s turbine, 492 

Whitworth quick return motion, 308 

Wilson- Hartnell governor, 342 (Ex. 16} 

Wind girder, 246 

Wind pressure, 194, 246 

Wind ties, 201 

Wire rope pulley, 366 

Wire ropes, power transmitted by 370 

Work and energy, 24 et Beq, 

Work by an oblique force, 24 
Work, diagram of, 25 
Work in raising a system of weights, 
24 ■ 

Work in turning, 26 
Working load, 68 
Working stress, 68 
Worthington pumping engine, 510 

Yoiiag’s modulus, 66 
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